B.C.lUunavues

SAJAYHUK

[10 BBIC

EU

MATEMATHKE




Laana 1
BENMECTBEHHBIE (AEACTBUTEJLHLIE) YHCJIA

§ 1. Ocnosanie nousTHR

1. TIpencrasiicniNe BeANECTBEHHLIX “MCEH B BuAe GeckoneMHLIX Ae-
camiELx. ApoSeli. MEOXCCTBO PEINECTBEHNBIX YKCE)] pa3OHBaeTCs HA
JBA MHONECTBA! PAUHOHANLHEIX H MPPAIHOHANLHEIX yHcen. Payuo-
HAALHYAM HAIRBALTCH WHC/O, KOTOPOE MOXHO OpPEACTABHTh B BHAE
plq. Toe p B ¢ — nenwle wMcna, OpHIeM g#0. Hppayuonasshsim
BA3LIBACTCH BCAKOE BEIISCTBEHHOEC THCAD, KOTOPOE HE SBJAETCA pa-
DIMOHAMEELIM.

‘Thoboe BemecTBERHOE TMCI0 DPEACTABEMO B BEAe OeckomeuHOlM
AecarEaHO# apodH a, ay, a;, 03 ... Gy ..., e @ — mofoe Lenoe YUCIo,

3 a,, @, a3, ..., Oy ... — MHC]E, NPRHAMAIONTHE LEJLE SHAYCHHS OT
0 a0 9(0<a,<9).

Begxoe pagaosa TEHOES YHCAO pfg sansercs naGo nentimM, ;mbo ero
MOXHO OPeACTABHTH B BHZC XOHETHOH MM neproanYeckou Oeckones-
Hol necaTAvEOM Apobn. MppanaoEansroe xe YHMCIO MPEACTABIACTCH
nenepuogEvecKkoi Deckonedsol geceradnoii qpobiio. Hanpamep, pa-
NHOHAMLEHEE WHCNA 3/4 B 1/3 ApeNCTASIAIOTCA COOTBETCTBCHHO Clic-
IVIOIEME JecSTHYHNME gpobama: 0,75 1 0,333 .. eppanyona TEHEIS
4yHcHa ﬁ H 7 OPCACTABNAIOTCK COOTBETCTBEHEO HENESPHOMYSCKHAMY,
DeckOEEUBLIME AcCATHIHNME Apobamu: 1,41421356... u 3,14159...

1. OnopeacnuTs, XaKHE B3 JABHEX GCCROEEIHRIX JCCITHIHbIX n{o-
Geli pan@oEANLEBle MHCIA, KaKHe — HppanmoHamkHEE: 5,42424 4

0,32375375...; 1,313013001...; 7,1308367...
2. JokasaTh, ¥TO UYKCHAO

0,1010010001 1000 ... 01  PPPAUMOHAILHO.
n Hyneit

3. Ilpusecrn npamMep, MOKARBAKUIHE, 9TO CYMMA ABYX HPP
OHAJLHEIX YACEI MOXET OHTh YHCIOM pPAlAOHATIBHBIM, )

4. IIpABecTR DpEMEpP, NOXA3LBAIOMHEHA, 9TO PA3HOCTL ABYX
PANHOBAITBHBIX MHCGT MOXeT GHITh YHCIOM PAalHOHATBHLIM,

5. Noka3zatk, 9T0 CYyMMA, Pa3HOCTh, OPOH3IBEACHHE H
PANEOEANLHOrO YHCIA &% 0 M HppanUOHATLEOTO YHCHA f ecTh
HPPANHOHALHOE,
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6. [l0Xa3aTh, 4TO 4/2 — HPPRNEOHATLHOE WHCIIO.
7. Hoxazath, 4T0 /3 HE ABIEETCE PALIRCHANLHEIM YHCIOM.
yEclosnie mHoxecrsa. IIycte X —— Hexortopoe

MHOXECTRO BCMECTBEHELIX Yucel. Torha 3amuch X€XY o3HavaeT, YTO
YHCIO X DPHHALICKHT X, 2 3amuch Y¢X 03HayaeT, uUTO 4MCHO X HE
nprEagIexHT X.

Ecma X, ..., X, — HEKOTOPH HC/IA, TO 38HECH X'={X, ..., X,}
O3HAT4ET, IT0 MHOKECTBO X COCTOMT H3 YMCEN X;, X, AHAJOTHY-

HHEH cMeIcH uMeeT 3amach X={x,, X, X3, ...}.

Mycre X v Y — ppa mHOMKecTBa, amuck XY ozmayaer, 9ro0
X ecth mogMHOXKECTRO MBOXKECTBA Y.

IIyers P({x} — xaxoe-To cpolictBo 49mcaz x. Toraa 3samuck
{x|P{x)} oBo3navacT MHOKECTBO BCEX TAKMX YHCEN, KOTOpkie 06-
JlapaoT ceoiicreoM Px}).

Ilycre a u b — xea vucha, ppudeM @< b, ByaeM HCOONIB3OBATH
creqyrompe ¢003HANCHUS H TEPMEEOIOTHIO!

x|a<x<b}=[a, b] — ompesox (cezmenm),
x|a<x<b}=(a, b), {xfa<x} (a, + o), {xlx(b} (—<0, b,
{x|—co<x<+co}= s + 00) — tamepeassi;

{x|a<x€b}- a, b], {xia$x<b}=[a, b), {x|agx}=la, +0),
{x |x<b} (= c0, b] — nosyunmepsasue.

Bee e M:noxema HR3RBAIOTCH nposexcymramy. IIpoMexyTxn
[a. 8], {a, B}, [a, b) m (a, b) HAZWBAOTCE Koweunvimu, 6 ¥ b — BEX
Konyasy., OCTAIEERS NPOMEXYTKY BAIBIBAIOTCK Hecnonetsbimt,

BemecTeesaRie YHCIA HIOOPARAKTCH TOUKAME HA KOOPAHHATHOM
Opamoii*, mO3TOMY MHOXECTBO BCCX BEIECTBEHHBIX {—00, + 00)
HA3EIBAIOT YNeA080i npasoii, 3 CAMY YMCIA ~— MOYKaML.

Iycrs g — nponsBoabEag Touka yucnomoll mpaMoili u & (rpeacce-
Ead Oykpa «3HCANOEY) - DOJIOXHTEILROS uHCHO. TOrAa HETCPBAN
(a—:z, a+ &) HAIBIBACTCH -OKPECMHOLMNG MOYKY d.

8. Yem orTmumaercs axrepsan {(a, b) ot o a[a, b]?

9. Y3 orpesxa [a, 8] ynanen mnrepsan (g, b). UYro octamocs?

, 10. I/I‘? oTpeska [1, 8] yaanes uarepean (3,,5). Kaxue npoMexyTka
AIIECE

. 11. Vi3 maTepBana (—10, 5) yaanen otpesox [—35, 3] Kaxue
MEXYTKH OCTRIHCH?

* § 2. Ipanu YECAOARIX MHOEECTR

nyc'[‘l: X — HEOYCTOE MHOKECTPO BEMIECTBEHHRIX THCCH.
Oupenencume. Muoncecmao X naspieaemen 02panuuennsis caepxy
9y}, ecau cyuecmsyem wucao ¢ maxoe, wmo OAR wobozo xeX
emcA Hepasencmso x<c¢ (x=c).

NOMHEEM, YTO XOOpAHHATHOS NIpsMoli BazmmaeTcs OpIMis, Es Kotopol
TOYXA, SRAKFOLIASCY HANAROM OTCYETd, MicITabfHELil oTpesok N noxoxe-
sANpanIcHEe,
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HHCIO0 ¢ B 3TOM CIyI3¢ HAKIBACTCH SEPXHCU [ HUNCHEL) 2paHbiO
MHOXECTRA X,

MHoXecTBO, OrpaHHeHHOE K CRCPXY M CHH3Y, HA3HIBACTCN 02pa-
HUUCHNVIM,

Hpmmepnl. 1. JlioGoif xoHeMHME DpoMexyTOK orpaduver, 2, Hu-
TepBaj (g, + ¢0) €CTh MHOKECTBO, OTPRHHYEHHOE CHH3Y, HO B Orpa-
HHYcHHOE chbepxy. 3, MErepman (—c0, +¢0) €CTh MHOXKECTBO, HE
OrpaHMYeHHOC HE CBEPXY, HH CHM3Y.

Hammensmes (manGonnines) B3 wices, OTPAHAYMBAOINIMX MHOKE-
cTB0 X ceepxy (CHEZY), HAILIBAETCH MouNoli eepxneil (wuxcneli) 2po-
Kejo MHEOXeCTBA X M 0603HAYaeTCH cuMBONOM sup X (inf X)*.

CuolicTeo Toumoil pepxueli (amxmeif) rpanu. Kax ot mMaso nu Goito
uucso &>0, cyyecmsyem wucsao xe€X maxoe, umo x>supX—e
(x<inf X+¢).

Teopema. Jioboe nenycmoe ozpawuvernoe csepxy (cnusy) wuc-
A0B0E MHONCECTNIEO UMECIN MOUNYIO SEPXHION0 (HUXCHIOW ) 2paKb,

Ecnu MROXECTBO X He OrpaBHYeHO CBEPXY (CHH3Y), TO OMIDYT
sup X'= + oo (inf= — ).

1

1
Hpwvep, MoxazaTs, 4To MHOKeCTBO X ={l__, i, PR } orpaug-
YeHo. YCT4HOBMTD, XaKHe YMCHA ABIAOTCA ero rpansmi. Halrm

TOYHEI® BEPXHIOK ¥ HEKHIOIO FPAHHE 3TOI'0 MHOXECTBA.
Pemenue. IIpn mobonm HaTYpanbEOM 71 BEIROJIHAIOTCH HEpABCH-

CTB2 0<£ <1, nosToMy maBHOe MEOXecTBO X orpammveno. Taxum
ofpazom, MHCI0 | — Bepxpsg rpaEh, 2 IHCIO () — ero HEXHAS

H&xmu, 970 wHcno | sBnsercy TouBOH BepXHeii rpAnLI0 MHEOXE-
crBa X, 1. €. wro sup X'=1. Jlas sroro, cOrnacHo ¢poicrBy TouHOH
BepxHell TpaHM, HAZO IOKA3aTh, 4T0 Aas Jmoloro &>(0 cymecTsyeT

1
HATYPAJILHOE IHCIO 7 TAKOE, ITO BHIONHAETCH HEPABEHCTBO ~> 1 —é¢.
n

1M MCIoM 1 spaserca n=1, Tax xax 1> 1 —¢g — BepHOe HepapeH-
creo ang moboro £>0, 9T0 B TpeboBaIOCh ROKA3IATH.

JokameM Temeps, aTo yHcno () gBAMeTcH ToYHOR MmEXHel rpaghio
muoxecTBa X. [NX 3TOTO HAZO IPOBEpHTE, uTO 1A mxoboro &1
CYINECTBYET HATYPANLHOS MMCIO /# TAXOE, YTO BLIIONHASTCE HepaBeH-

1 1 1
cTBO - < (+& HMH - <¢. Pemas HepasescTBO, mOIyYaeM n>-. Biap
n n &

xakoc-Ha0yAb BATYpAIRHOS 1HCIO B >§, nonyyEM Tpebyemoe Hepase-

HCTBO, & ITQ, COTJIACHO CBOHCTBY TOYHOM HH¥HEH IPARHN, M 0IHAYACT,
910 YECIO () SBIAcTCA TOMHOM HAKHEH IPAHBIO MHOXKESCTRA X, T. €.
inf X =0,

*Supremum (1a1.) — BANPRICIICE,
Infihum (xer.) — EAEEEOLE,
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UTMeTHEM, 9TO JAEHD MHOXECTBY A TOYHAY IPARL 1 NIpPHHEHAL-
JICAHMT H APJICTCH Cro QIBIITHEM 9ECIIOM, 8 TOMHAA HHAHAS PaAHE
0 me OpHHAIUIEAHT # B 3TOM MHOXKECTBE HCT HAMMEHBINETO IHCIIA.

123
12, Hokazath, 4TO MHOXECTBO X' = —,—,—,...,L,.
2'3°4" " ntt

HO. YCTAHOBATL, KAKHE YHCIIA EBJIAFOTCE €ro rpanaMi. Hality Tou-
HHEE BEPXHIOKY H HHXHIOI TPAHM 3TOT0 MHOXECTBA (n — HATYpa-
IBHOE YHCIO).

13. [IpuBeapTe OpHMEpPH MHCIOPhIX MHOXECTB X, y KOTOPHIX:
a) sup XeX: 6) sup XéX; B) inf XeX; r) inf X¢X. Mmeer 1r MuONKE-
creo X B caywasx a) u 6) maubospluce, 2 B CIYJasx B) E )
HaMMeHEInee yucno?

14, IIpameayTe TpPHMEpP 4MCIOBOTO MHOMECTPA X, KOTJa
inf X=sup X.

15. IIpuBemuTe npuMep aucIoBore MuoxecTna X, xorna inf XeX,
a sup X¢X,

6. MoXHO 1A YTBEDXIATE, 9TO AJIA HEOTPAHHYCHHOIC IHCIOBO-
ro muoxectpa X cepxy (chA3y) HafineTcs GeckOHCIBOE MHOMECTBO
;{uoeg‘} Gombmux (MeHbIIMX), vem modoe Hanepes] 3aJaHHOS WHCIIO

Y

17. Hoxasats, 5T0 Muoxectse X={...—~3, -2, —1,0, 1,2, 3...}
BCEX MENBIX YHCEN HE OrpaHHYEHO HM CHH3Y, HM CBEpPXY, T. €.
supX=+co H inf X=—c0,

18. Joxasate, w10 MHozecTBO X={1, 2, 3, ..} HATYpaNLHEIX
9HCeJNl He OTPAHHMEHO CBEpPXY, T, €. Sup X =+ o,

19. Toxazatk, ¥T0, XaKkosel O HA Gnuin wHCHA g H b, 0 <a<h,
CYIIECTBYET TaKoe nenoe 1ucno n>0, wro an>b.

20, Iiycts X W Y — Apa HemyCTHIX YMCHOBLIX MMoiecTBa. [o-
E43aTE, 4TO ecnu YC X, 10: a) sup Y<sup X; 6) inf Y>inf X,

21. Ilycte X ® Y — npa HEDyCTHIX 4HCNOBBLIX MHOXecTsa. [Jo-
KA3ATH, YTO:

a) sup {z|z=x+y; xeX, yeY}=sup X +sup ¥;
6) inf{z|z=x+y; xeX, ye¥}=inf X +inf Y.
22. Ilycrs X ¥ Y — ABa HEOyCTHIX YHCNOBRIX MEoxecTBa. Jlo-

Ka3aTh, 4TO eclid kaxaoe xeX Menbme moboro yeY u mm moboro
&> 0 cymectpyroT x€X B y€¥ Takme, uTO y— X <¢, To sup X=inf ¥.

.} orpasnve-

§ 3. AGco/moTEAS BETETHEA BEIIECTREHHOIO TMC/IA

Onpenenenue. Abcomomnoft eeauuunofi (ute Mooysem) wucaa x
HALIEAEMCR CAMO YuCA0 X, ecau X =0, nau wucso —x, ecau x<0.

A6coroTHAS PeIAYMHA THCcnIa X 0003HAYaLTCd CHMBOTIOM )x|.
Taxum o0pazom,

=1* ecnn x 220,
=Y —x, ecnm x<0.
Hanpamep, [+ 5|=35; [—5|= —(—5)=5; |0]=0.



UCHOBHEIC CBOACTRA A0COMIOTHEIX BEITHYHE!
i =0. 2°. Rl=|-2x], 3°, —lx]<x<x],
4°. Hepasercrpo [x|< e(e>0) o3mavaer, 970 —s<x<E,
5°. Hepapenctso [x|Za{a>0) oamavaer, wro mmbo x=¢, nmebo
X&G —0.

6° ety +l. 7° ety lx]-lyl 8. e yl=Ix) bi.
. 51=E:(y¢o).

Tpemep 1. Halitrn pemenns ypaesenpni: 1) (xi=x+4+2; 2} x|=
=x-—2; 3) x+2kv&_l 3.

Pemeune. 1) IIpr x>0 aMeeM x=x+2, oTkyaa 0=2 — Bepep-
HO€ paBeHCYBO; ClemoBaTensHo, pewenni mer. [Tpy x <0 nomyuaem
—x=x+2, o1Kyaa x= — | — peHicENe YpIBHEHHY.,

2) Ilpu x20 BMeeM x=x~2, oTxyaa (= —2 — HePEPHOC paBeR-
CTBO; CleiopaTelIbEo, peinenni ner. Ipa x <0 nonyvaem —x=x-—2,
oTxysa x==1>0, YTo DpPOTHROPETHT CAENAHHOMY DpPEeANONOKCHHIO
x<{. Tarum oﬁpasou, YpPaBEEHHE HE HMCET perieHnil.

3) Ilpm x20 umeeMm x+2x=3, oTeyma x; = 1. IIpn x <0 nonyva-
eM x—2x=3, orkyna x;=—3. CuenopaTetEo, x1=] B ;= —3 —
pelnenns ypABHEHHS.

Ilpamep 2. PemyTh ypaBuerHe |x--5|=x-—35.

Pemenne. Ilo onpeaenesmo, |x]=x opu x;O CrenopaTennpHo,
JAaHHOE YPABHEHHS OpeacTABRMYCE B BRARe x— 520, orkyna x5,

Ilpamep 3. PeinMTs HEPABEHCTBO [2x-l]>2x—1.

Pemenne. Tax xax |x|>x Toxbko mpH x<0, TO HEpaBEeHCTBO

COPABCIUTHBO SIS TeX X, Op# KoTophX 2x— 1 <0, oTkyza x<§.

Iipamep 4. PemuTh HepaBeHCTBO lx--3[>2.
Pemenme. B cany ceolictea 5° SymeM mmer: x—3>2 wm
x—3< -2, oTRya nonyyaem oteer: nabo x> 5, mbo x< 1.
IIpumep 5. Hoxasars HepaBeHCTBO ll.xl-]ynslx— .
Pemenne. B cuny ceoiicts 2° r 7° EMeem
k=y1Zx|-ly| B lx—pl=|—(x—p)|=lp—xZp-Ix. @)
YMEOXad BTOPOS ECPABCHCTBO HA — 1, nomydaem
—x—yl<k-yl. @
OGsequnan (1) 1 (2), naiigem —x—y{< ¥}~y <|x—-y|. otkyna b cu-
ny ceoiicTsa 4° |lx}— Pl <|x- .
Peomth ypaBHEHHA H HEPABEHCTBA!

23. |x|=—x. 24, [x|>x.
25, [x—2]<3. 26. Ix—i]>2.
27. |x|=x+1. 28. [x]<x+1.
M P - = —(x%—- .
29. o Eoves 30. |x*—5x+6|= —(x*—5x+6).
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3l (x*=Ddx+6|>x*—~Dx46. 3 \x_—l x=1
" k1

x+1
33. Ix+4|=|x—4|. M. x—11+]1— 2x1 2|x].
35. |3-2x]—1{=2|x]. 36. nx] smx-
37 x*—2|x—3=0. ].;:tlz
39, 12—-3x|—=1]>2. 40, +2x+5)+(x-—5)l = |2+
+2x+5|+lx— 5.
41. I(x‘x:4)4—-(xz+2)|= 42, |x? —3x|>x?|—|3x].
43 x- 3|+ Jx+3]>8. 44. |x+3|—lx+li<2
L +2 =1. . e+ 1]+ 2]=
- x+l[+3]x+2| x—l l.x+12x+3|>2x+4
49 lx —3x=3|>{x*+7x—13|. —3}<3x—3
x—3x42[+x20. 52 x’+2|x+3| 10<0.

Tnana 2

UMCAOBBIE IIOCJIEJOBATEJIGHOCTH U TEOPUSA
IPEAEJIOB

§ 1. Yncnosnie NocaeA0BATE/ILHOCTH

1. Oupenencane wmcnosoil DOCIEN0BATELHOCTH.

Ounpenenenne 1. Ecau KaxncO0My uwucAy B w3 HGMYPAANOZ0 DAOG
vuces 1, 2, 3, nm, nocmaescno 8 coomeemcmeug eewjecmeernoe
sucao x,,, 0 MHONCECTED SERICCINBEHHBIX HUCEA

Xy5 X7y X3, » Xns

NaIISACINCA NUCAOGOH ROCACOOEAMEALHOCIIBIG UAU NPOCTO NOCACO08Q-
MeAbROCIIbIO.

Yucna xy, Xz, X3, , Xa, HASLIBAIOTCA IACMEHMaMU (HACHAMU)
BOC/IEAOBATEIBHOCTH, CHMBON Xy — OGWUM IACMEHIMOM (YALHOM)

NOBATELHOCTH, & B — HoMepom Isemewma. Kpatko mocneno-
HOCTb O503HAYAKOT CHMBOJIOM {X,}.
Tocnenosarensaoctd {x,+y,}, {Xa—ya}. {XVu}s {:—"}. Y2 %0 HA3LI-
n

4 COOTBETCTRERHO CYMMOl, PUTHOCIIBIO, NPOUSBEOCHIEM 1t UGCM-
ABYX LOCJIeNOBATENLHOCTER: {X,} H {ya)-

umep 1. flana dopmyna obiero 3neMeHTa HOCNENOBATEILHO-

n
.x,-—_'_—l. HammcaTs NSTE OSPPHIX 3EMEHTOB NOCISAOBATENDL-
n

gienue. Tfomaras mocuepoparentuo n=1, 2, 3, 4, 5 B oOmem
Te X, omydaeM X, =1/2, x,=2/3, x,=3/4, x,=4/5, x;=5/6,




1, HADHRCATH OATE NCPBEX INCMCHTOP KAXAON H3 nOCICACBATCIL~
1

HOCTEl, D2AaRBRX HXx OOmuMu snemenrapmu: 1) x,=2"+l; 2} x,=
=220 =l = (=) ML gy o SO
“R"!-l’ 3) Xp = ”*l! 4) xﬂ ( l) R" ] 5) xn 2 .

2
2. 3pas BeCKONDKD HEPBRLIX MCMEHTOB HOCACHOBATENLHOCTH, HA-
nucars opMyny obmero 3neMeHTa NOCHEA0PATCNBHOCTEH:
111 1 i 1
1)1

A D TR S TR
1.7 ,.1 _6
D 1;2-2-3— 3 .0 4) 2 10; 26, 82; 242; 730; ...
) 4 9 16 25 ) 310 %
S -LL-LLE -1

3. HanmcaTs neTe DePRHX 30eMeHTOB B dopMyny obimero sneme-
HT8 Kaxnol H3 nocneA0BATeILEOCTEH, 3A0AHEHIX BX PEKYPPCHTHEIMA
COOTHOMCEAAME:

D ximl, Xosi =%k 2) X1=1, X1 =X +3; 3) y=1, Xari=(n+1) xsy
4) x =2, xa+l=xa'3; 5) =1, Xa=Xy+ Xy 4. + Xy

4, TMocnexoBaTEMLEOCTE {X,} 3AJ4CTCA ABYMS NEPBRIME ICMEH~
TAMH X, =0, ;=1 ¥ PeXYPPCHTHLIM COOTHOMEHHMEM Xy43=X,,)— Xa
ans moboro nz 1. Halith xe M Xgss

2. Orpamsuemnnic § BEOTPAHNICHEEIC NIOC/ICROBATEALEOCTN.

Ompenencame 2. IJocredosamesvuocms {x,} uassisaemcn ozpanu-
wennodl céepxy (cnusy), ecau cywyecmsyem vucao M (m) maxoe, umo
moboll sxemewm x, 5mofi nocaedosamesvrocmu yoossemsoprem Hepa-
sencmey x, <M (x,2m).

Oupenenerme 3. Mocsedosamessuocms {x,} nasseaemes ozpamu-
uerioll, ecAu OMA O2DARUMERA U CEEDXY U CHUIY, M. €. CYljecmsyrom
wucsa m u M maxue, umo #10boti 38emerm IMol NoCA08GMERLHOCIIM
yoossemsopaem nepasencmean ms x, <M.

Onpenenenne 4. Mocredosamemuocmy {x,} wasweaemcs neozpas
Huvennoil, ecau 04AR moboz20 noAoNCUMEAsRO20 Yucaa A cyuyecmeyem
FACMENM X, SMOTE NOCAED08EMEABHROCIN, YO06ACMSODAIOWULE HepaseH-
cmay by > A.

Ipamepse. 1. Hocmegosaremsaoctsy 1,2, 3, , m,

CHE3Y (m=1), HO BE OrpaBWYeHa y-
2. NocnegoparensuocTs —1, —g, -3,

ceepxy (M= —1), HO He orpaEAMeHA CHHIY.
11 - ;lt, OrpaHAYCHA, TAK

—n,

3. Hocnenosatemsuocts 1, 33
0<x, g1 (m=0, M=1).
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4, llocnenoparemsnocts -1, 2, =3, 4, =5, ... ,(-)'n, —
HeOTpaHHYCHHAd, TaK Kak gnA moforo umcna 4>0 cymecreyer
JNEMEHAT 3Toff MOCIEHOBATCIBHOCTH, YAORICTBOPMIONMA HepaseHcT-
BY |x,| >4 (1. &. 6o x,> A4, mabo x,< — A).

5. Kaxne A3 HOCIEAOBATEIbBOCTEH HBISIOTCH OrpAHHICHEEIMM:

1 T
-1 —1;1; —-1; 1; ;( ]);

2 34 56 n
2y 2; 4,68, 10, 12, ...;2n;
J) sinl; sin2; sin3; sin4; ;sinm
H ;=23 ~4 5 ~67% . (-1

123435 n

AT
LLLLLL
Nal;in2;In3;In4; ;lam 17

3. Beckomesmo Gommmpe B GeCKOBEMEO MAJILIE LOCASNODATEIHHOCTH .

Oupeneacune 5. Hocaedosameasnocms {x,} nasvisaemer becxome-
YKo BOALUION, eCaU DAR HOOOZO NOAOHCUMEALHOZO wucAa A Cywecmay-
em nomep N maxoil, umo npu n> N evinosHAcMCcA Hepasencmso

ped > 4.

Ilpumep 2. Hcnonkiys ompejenexue 5, MOKA3ATh, ITO DOCIENO-
BATENLEOCTS {n} sBageTca Geckoneuno Gonbmroi.

Pemenne. BozpMem mo6oe sucno 4> 0. VI3 Eepanencrea |x,|=
m=|n| > A nonysaem n> A. Ecym p3gTe N2 A, To nna peex n> N Oyner
BHIONNATECH |Xu|> 4, T. €. mOCreqoBaTeNnbHOCT: {n} GecxoreTHO

as.

Jamenanne. JInbas GeckoretHO S0MIbIIAA HOCAEAOBATEABHOCTD
nsercd HeorpaEMdMeHHo#l. OFHAKO HEOTPAHAMEHHAS LOCIeAOBATe-
JBHOCTE MoxerT M He OnThL Oeckomewno Gomsmol. Hanpamep, He-
?rpmmenuas nocnegopatenseects 1, 2, 1, 3, 1, 4, .., 1, n,

n+l, He spiaerca OeckoHeudo Gonbmoli, mockoMbXy IipH
>1 HepapeBCTBO [x,|>A4 He HMeeT MeCTa IS BCEX 3JIEMEHTOB
¢ HEYETHRIME HOMEPAMH.

Oupenencume 6. Tocsedosameasnocms {o,} nasvisaemen becxone-
Maaoil, ecai 043 2106020 NOAONCUMEABHO20 HUCAG & CYUeCmBYem
ep N maxoil, umo npu n> N e6nosHReNCR Kepasencmso o, <&,

Ilpamep 3. Mcoomeayn onpeaencune 6, pOXasarb, 9T0 MOCHEAO-

n
emwesne. BospMeM moSoe ymcno £>(. Ha mepaseBcTBa

, 1 1
E|<s gonyiaeM n>-, EciH BIATHL N=[ T, TO AnA BCex n> N
8

HOCThH {1} arngercy GecxoBedHo MATIOH.

P
#.

oGoamEn maub ' -
on 1¢} oSesmusty usbomiter epe M0, 2o Ipesoconmice X
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OymeT BEONEATECH [6,]| <&, T. €. DOCHENOBATENBHOCTD {1} Becroney-
.

HO MAnag.
Teopema. Ecau {x,} — Becxonewro Oosvuas nocaedosamens-

nocm, x,%0, mo nocaedosamesstiocms {a,} == {—j:} Geckoneuno masan,
u, obpamuo, ecau {o.} — Beckoneuno Masan nocaedosamesvHocms,
oy #0, mo nocaedosamesvrocms {x,} ={£} becxorneuno bosvwuan.

6. Joxaratp, 9T0 DOCNEACBATENLHOCTD {3‘/'_’] aeasercs Gecxone-

yHo Sonbmoi.
7. HDoxazats, 9ro mocaemopavemmmoctr: 1) {—a}; 2) {»?};

3) {(~1)""""n} — smamorca GecxomewHO GONMBITRME.

8. JloxazaTh, YTO LOCHCAOBATENLHEOCTH =D 2} gBaseres Gec-
n+1
XOHESIHO MBIOR.

9, Joxasath, 4To mocleaoBaTenbHOCTH: 1) {(—"ui.}, 2) {-l;}
k>0 3) {%} — gBAIOTCH GECKOHETHO MABIMM, '

10. TToxa3aTs, 9TO HEOrpaHEYEHHAR MOCTCROBATEILHOCTD n""l
e spnmercy Geckopeyao Goxpmol. { ;

11. HoxasaTs, 9T0 mOcneAoBaTebEOCTh {d'} sBasercx: 1) Gec-
xoBewro Gombniod opm |o]>1; 2) GeckoBeuno manofi opm ja| < 1.

§ 2. Cxopmumecs DoOCI6IOBETEILAOCTN

1. Oupepnenenne npene/ia DOCTEAOBATEILHOCTH,
eneEme. JucAo a HAIWEREMCR NPEOeAOM NOCAEOCBaMEALHO-
cmu {X,}, ecau Q4R 2106020 NOSONCUMERSNOZO WUCAQ & CYWECIEYEM

romep N maxolt, umo npu n> N swnosusemcn nepasencmeo
%, —al <s.

ITpa 3TOM NOCHEAOBATCABEOCTE {X,} BA3BIBACTCH CXo0Awedcs,
P TIPOTABHOM CIyIae — pacXxoofuyelic.

Obozmavenue: lim x,=a WK x,~—4 OpE 11— 0,

Nl
Ilpamep 1. Mcnonesys omnpedeicHBC Openesa, AOKA3aTh, ITO
- u —

Hﬁ A+l L
12



FEIIEHNE, DBO3IpMCM MIODO0C 9HCIO >V, lak KaK | X,— 1=

n 1
—:;-—l -7 TO ;1 HAXORIEHAS 3Ba4YeHnil 1, yIOBICTBOPAIOIMMX
n n

1
Jxs— | <&, ROCTATOMHO PEDIHTH HEPABEHCTBO -:-1-<e, OTKYZa loTy-
n

9HM n>1—:—f. Ecns BaaTs N=[‘T_B], TO anx Beex n> N Gyaer sumon-

HaTRCH X, — 1| <8, T. &. lim ——=1.
A=0C

12. Hoxasare, ¥TC lu:n:v.w'—=1
o I +22—4 3

13. Joxasars, yre lim l=0.

u-onoz’
n+1 20 -3n+1 2
4, , 410: 1) lim —-=0; 2) lim —————s==—;
14, Hoxasars, uro: 1) lﬂ pe g; 2) ll_:: W
, (—'l)-_ \ \ n—n—6 . . 3’...1_
i 204 i ST im >
n+3

15. Hapecrno, uro lim

L - x

poro BRIOIHASTCA HEPABEHCTBO l%:-;lg -~2| «<g, rae £=0,1; 0,01; 0,001.

=2, Halitu Bomep N, Haumuas ¢ KoTO-

1 1
16. Jokazarh, ¥TO NOCHEAOBATENLHOCTD {l+5+...+;} AMEET

CBOHM OPEAEIOM THCHO 2.

n
17. MoxasaTs, IT0 HOCNEAOBATENEHOCTD {-—_} HMEET CBOMM Hpe-
2
ZernoM ugcno 0,

18. Hoxasate, 710 lim (/n+1—4/n—1}=0.

Jamenanse. EcIn HOCREA0BATENLHOCTD {x,} Becromeuno Soms-

mag, To oumyT lim x,=co. EciE npH 3TOM HAMHEASA ¢ HEXOTOPOTO
A~00

HOMEPA 71 BCR DJIEMEHTR HONOKHETC/ALEH (OTPAIATSILHAL), TO MHAGIYT
lim x,= + oo (— o). [oBopaT, 4To Hecxoneuno Goybmas nocrenoBa-

A—n iy

TenLHOCTE MMeeT SecxoEeTHBIl Openen.
19. Tlpusectu npuMepsl nocnenosarenpuocredt {y,} u {x,}, ana
koTophx limx,=0, lim y,=c0, a npousreacame HX {x, y.} MUIAIOCH

13



OOCHeAOBATENRHOCTEIY: A) CXOAMIOCHCH; ©O) DECKOHeuHo MAJIOH,
B) Geckomeumo Sombmoii; r) pacxoasmedics,
20. T]puBecTH IpEMEPH TAKEX NOCRENOBATENLEOCTER: {X,} ¥ {),},

uro lim x,= +c0, limy,=—co u, kpome toro: 1) lim (x,+ y)=0;

2) Iim O+ )=+ 00; 3) lim (x,+y)=1; 4) lim (x,+),) Be cyme-
cTByer. e e

2. Ocuopnnie cRONCTEA CXOANMPXCH DOC/ILNOBATENbHOCTER .
Teopema 1. Cxodruancsa nocAedosamebRocms Gepanuiend.

Teopema 2. ITyems lim x,=a, limy,=b, mozda: a) lim (x,+
Lol 1}

L g Lad- 1

ty)=atb; 6) lim (x, y)=a'b; 8} lim (x.fy.)=afb(b#0).

[ B -]

Teopems 3. Ecau lim x,=a, im z,=a u 047 scex n swnosnaom-

L] -] N=—+00
CA HEPABEHEMAd Xy K V2 K 2y, M0 lim y,=a.
A=)

Teopema 4. Ecau lim x,=0 u nocsredosameasnocms {y,} — ozpa-

LBt ]

ruvewngs, mo lim (x,y,)=0 (npousseoenue becxoneuro masoit na ozpa-
HINENIYIO €Cmb DeCKaReXHO MAAQR).

R 3
21. lim 232+ 2. im 22,
H—m 2::'2_1 L2 ll’+’l 2
. +4 o f In
B. E r4s’ 2. :_,m; (1!!;:-1*33——1)'
. N Cos N .
2. lﬂ (5n+ll+_lo.;-)' %. i_,m; n’+’1'
27, lim 2% 28, lim 2,
ae M1 A-+0o P +1
: " . 53
29.:2?)3— :l. mi}?:gx 2.
al nsinnal
1. li . 32, lim .
3 P-E: {(r+1)—n! y—y 2H1
2' n
33. lim . M. lim :
new 241 rew A+
35. lim —"—. 3. tim (’—"4-‘“2)
o /MR peo VIFL R

14



7. lim (/n+1—/n).
39. lim (/n*+n—~1—
—-y/n?~n+1).

4l. lim l+2+3+...+n.

3
P L

38. lim (V2n+3—4/n—1).

40. lim n*(n—/n*+1).

4. mn( oot +l)

Lol ] 2

. 14494, 402
44, lim —
weg P FINE2

. 1 1 1 142434+ +n
45. lim [—-+——+...+ ] 46. lim ———o——,
o L1'2 23 n(r+1) A a 9t +1

. 143454, +(2a~1
47. lim @D
2w JF24A4 L n

§ 3. MouoToRERIe DOCIEAORETRILBOCTH

1. Oupenencae MONOTORNLIX HOCICAOBATEIBHOCTE.

Oupesnenenne. [Tocsedoeamemnocms {x,} naswsaemes sospacma-
owell, eca X < X3€ X s L Xn € Xn g1 S oo ; HEYDSIBDMOWedd, ecau x, <
EXE XK E X Xy 1 S ..y YONBAIOW L, EOAU X1 Xy X3S 0. 2> X >
D Xyl 2 ooy HEBOIPACMAIOWEH, ECAU X\ Z Xy 2 X325 0 i B X B Xy | 2 na

Bee TagkHe nOCHenOBATENLEOCTH 00BeAMHSIOTCE 06mENM HAZBaHY-
&M sonomonkibie, Bojpacrarmue u yOrmalonge HalkBAOTCA CPO20
MOROMOHAMN MU,

INpamepus. 1. ITocneaoparensuocts 1, é % - 1. yOLBAFOmAN
el HEA. 1111 1 :

2. Iocnegoparensioets 1, 1, -, -, -, -, ., -, -,  HeBOIpacTa-
2’2’73 non

JOmAad H OTPAHNY¢HHAS,
3. INocneporatenpocTs 1, 2, 3, ..., 7, PO3pacTawOIlas ¥ HEOI-
paHEYeHEAA,
4, Hocnenonamnocrs 1,1,2,2, 3,3, ., n n, ... sieyGumBaromad
H Beorp 1 2 3 n

5. I'Iocncnonammoc'rb -, -

2°3° 4" a1’
B OTPARHICHHAS.
48. NoxasaTh, 9TO DOCHEAOBATENLHOCTE € ODNIAM ATEMEHTOM

L]
x-—;ﬂ-—-i MOHOTOHEO BO3pacTalola.

BO3pAcTAODIAS

15



49, AO0K&3aTh, 4TO HDOCIEnORATCILHOCTDL C:O00HMHM ICMEHNTOM

n
Xy=— MOHOTOHHO yOmBaromag.

50. oxasate, 4TO IOCNEAOBATENLHOCT: {72} MOMOTOEHO BO3-

pacraromas.
n+1
51. Hoxasars, 9TC DOCHEAOBATENPHOCTD {-—-—} MOHOTOHEO yOul-
n

Baromas.

52. Joxasate, TTO DOCHEHOBATENLHOCTD {[\/1_1]} MOEOTOHHO He-
yOEBAIODIAS.

10
53. BLECHATY, MOHOTOEEA JIR MOCICAOBATENEHOCTE {—;} H eCTh
R

7R y Hee Haubommmi# ¥ BaEMeHLIAR IneMEeHTHL.

54, HJoxazath, 9T0 HOCIENOBATEIBHOCTE {2"} MOHOTOHHO BO3-
pacTaloman.
S5. Hoxasats, 9T0!

1) HocnegopaTemLREOCTS {;:-3} MOHOTOHHEO YOhIBAIOMIASA.

n—1
2} ITocnemosaTenbBOCT {—-——} MOHOTOHHO BO3PACTAOIIAL.
R

3) HocneaopaTelLBEOCTE {ﬁ} MOHOTOHHO BO3PacTAIODIAS
H OrpaBHEICHA,

4) IocneaoBaTemEOCTL {1 +-‘—.} MOHOTOHHO YSLIBAIOIAA M OTpA-
2
EHYCHA.
5) IlocneAOBATENILROCTL {3 :
3

1
} MOHOTOEHO YORIBjOMAas B Orpa-

EHYeHA.
2. Tipaagag ¢XODMMOCTE MOSOTOBHEIX HOCTeA0BSTCIREOCTEH.
Teopema. Monomonnaa 0zpanuienian ROCAEO0GAMEALHOCING UME-

em npedea.

56. Noxarars CymMeCTBOBARRE IPEAEA HOCISNOBATENLEOCTH

{ 1 1 i }
—— g —— ek, B
1]
241 241 2941 21
57. oxazars CYMECTEOBAHEE Epeacia NOCIC/OBATEILHOCTEM;

1 1 1 1
1) -3—11'-32 21‘-3! 3+...1'— p +o ds
+ + + 3 +n

2 l+1+ ! + +1+ }
223 234 " m ¥
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1}
3 {1 +§;+-3—2+ et }

58. Hoxa3aTh, 4TO DOCIEIOPATSILHOCTD {—'} CXOOMTCH, H HallTH

H
ee mpesed.

59, TlocneaoBaTENEHOCTD {X,} 3A0AHA PEKYPPCHTHEM COOTHOLIC-
HHEM X1=+/3, Xp4;=+/3+x, Hoxasars, ¥TO 3T2 DOCHCOOBATEND-

HOCTh CXOJBTCH, H HaliTh e
60. ITocnenoraTema0cTs {x,} 3a.uana PEXYPPEHTHRM COOTHOIE-

HHEM x;=J§, Xa1=4/ 2+, HoXa3aTs, 90 373 MOCICAOPATENb-
BOCTH CXOQHTCH, H HaliTH e¢ eIl

61. ITocnenoBATENBHOCTS {X,} 304aHA PEXYPPEATHRIM COOTHOME-
HHCM X|=4/2, Xy =,/2.7,.. JoxazaTs, 4TO 3TA ODOCNEROPATENBHOCTS
CXOAETCH, H HAMTH ee Openern.

62. Hoxasare, 4T0 ROCIEACBATE/IBHOCTD {"'} cxoamTCd, H HafiTe

ee Ipenen.
3. Yncno ¢,

YncnoM e HaznBaeTca npeaen lim I+-:; "=¢, D10 YACIO BPpPALN-

OHAPBO ¥ NpROJMXEHHO PABHO ?32,71828 Jlorapajpmzt ¢ oc-
;{onannml € HA3BBAKIOTCH EATYpAThHEIMH H 0603HauarOTCA
og, x=|n x,

Haira openemss:
6. m(1+ )' . . lim(l—s)"
65. hm(1-3—n) 66. ]im(l+:)'+’
6. m(_’t . 68. um(1+1)“‘
Ao M1 Ao "
69. iimn[ln(n+3)—!nn]. 70. lim n{lo a—In (7+2)].

. hm(l+ ) 2. lim (";“3)“



1Lapa 5
AHAIIUTUYECKAS T’EOMETPUA HA TLIOCKOCTH

§ 1. Hampapnesuile 0TPeIXE M MY Se/ A M. Yucionax mpaman

1. Ocs m orpeaxn. Ipamas ¢ pufpananM HA Hell noaoXATE -
HLIM HAnpABJCcEREM HasbBaercs ocwio (pEC. 1). PaccMoTpuM Ha ock
Ape OPOH3IBONLERE ToTKH: 4 B B,

Oumpegencage 1. Ompesox ¢ zpanuunvimu mouxasu A u B naswea-
EMER KGNDABACHKIIM, ECAYU YRAIAHO, KAKAR U3 movex A u B cuumaemer
NOYAAOM, G KAXOA — KORYOM OMpeInd. —

Hampannennstii oTpesox oboanawaercs AB*, rae A oGosuavaer
HARYANO, 2 B — xoHen oTpe3ka. —_

Onpeaencase 2. Besuvunoli AB nanpaesemmozo ompeska AB na-
3bIsaEMCR gewyecmaennoe uucAo, pasnoe |AB|, ecau nanpasaenun om-

peIxa u ocu cosnadaom, u paswoe — |AB|, ecau 3mu wanpassenus
RPORIUEONO AONCHYL.

Ecm TousM 4 B B HANpaBJeEHOro OTpe3ka AB COBIARAIOT, TO

PeTHMMHA AB pasHa HY/UO, 3 HANPABISHAS Ee OOPENEICHO,
Ocaoruoe TOMNECTRO. dan mobux mpex mouer A, B u C na

ocu sesuvuna ompesxa AC pasna cymme sesusun ompesros AR u BC,
m. e, AB+BC=AC.

2. Uncnosas uopaMan. Koopdunamuoli npamoil HAIKBACTCH OpS-
Max, HA KOTOpoll BLIGPAHKI TOYKA, HBAAIOINASCH HAYANOM OTCHETH,
MACINTa0HbIl OTpeaok R NONOXHTCALHOS HAIPARJICHHE (OBA CTAHO-
BHTCHE OCBIO).

Iycrs M — npouseoJbBat TOYXAa XOOPARHATHOH npsaMoil (pec.
2). Koopmusato Touxd M HasmBaeTcs BEMIECTBEHHOE WHCIO X,
paBHOe BemamHe QM Hanpae/eHBOrO oTpesxa OM: x=0M. Yucno
X Ba3mBaeYCH Koopdunamoi mouxy M. Cumpon M (x) ozmagaer, uro
To4ka M EmMeeT XOOPAKHATY X.

HTax, BemecTBEBHEE MHCIA H300paRAITCE TOYKAME XOOPIUEAT-
Ho# mpamoii. [ToaToMy MHOKECTBO BCEX BRINECTBEHHbIX MHCE]] HARbI-
BAIOT usicAveoil npamol, & Moboe yucno — moukoti amoli npamol.

Ecma M, (x;)) ® M,(x;) — AB® mPOM3IBOJNEHKE TOYKH SHCIOBOXK
opsMoi, To hopMmyna

M\My=x;—x

BLIpARkACT BemmMEEY oTpeaka MM, bopmyna
1ML M) =%~ x,))

BRIPAXAET Or0 ITEHY.
1. ITocrpouts Ha uncHopoM OpsamMod Toux A(—5), B(+4)

*Haoroa obolpanaror A-j‘
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B C{—21) E HaHTH BeJHMIHAEN AfH, DL —
8 AC orpesxos AB, BC u AC. Iipose-

pln‘;, K AB+BC=AC. AQ) [
asd U3 JBYX TOYex mpasee: A (g
msBI((—a)? ( Puc. 1
axas H3 ABYX Tou¢k mpapes: A {(d)
nnm B (2a)? ® 2 L >
4. Haitta penmuuny AB u anuny |AB| Puc. 2

OTpe3xa AD, 3aJaHNOTO  TOYKAMM:
1) A(3) u B(ll) 2) A(S) u B2);, 3) A(—1} B B(3); 4) A(—95)
nB( 3, 5) A(~1)u B(~3).

5. BuMHCTHTE KOODORABATY Touku A4, ecny mspectHn: 1) B(3)
B AB=S; 2) B(2) m AB=-3; 3) B(—1) u BA=2, 4) B(-9)
B BA=-3; 5 B(0) u |4B|=2 6) BQ) u MB=3; 7) B(-1)
u |[AB|=35; 8) B(—5)u [4B|=2.

6. JlocTponTh Ha WHCIOBOY HpAMOH TOMKH, KOOPAEHATHL KOTO-
pHIX  YOOBJACTBOPAIOT ypaBuemmsM: 1) |x|=2; 2} |x—1f=3;
3) [2x—3|=2x—3; 4} |1 -x|=2; 5) 2+x]=

7. OxapakTepEIOBATE PACHIONOKEHHE Ha HHUCIOBOH OpMO# MHO-
XKECTB TOYEK, KOOPAMHATE! KOTOPhIX YNOBICTBOPAIOT HEPABECHCTRAM;
1) x>2; 2) x=350; 3) 2x-3<0; 4) 1<x<3; 5) x*-9<0;
6) x’—5x+6<0 7 12— x<0 8) 3x—5>0; 9) —2gx<3;
10} x2— 8x+15<0 1) x —8x+ls>l) 12) x’——25<0
13} 16—x*£0. K xaxoMy CIYU8I0 CACIATD PECYHOX.

8. OxapaxTepH30BaTHL PAacmONOXEHHE HA YUCNOBOH mpsiMoil MHO-
AECTB TOYEX, KOOPIHHATEL XOTOPHX YAOBACTBOPAIOT HEPABSHCTBAM:
D <1 2) bcl>2, 3) k€ 4 k-2i<3; 35 k1|22
6) |x*—5x+6|>x*~5x+6; 7) Ixj<x+1.

§ 2. IIpamoyroanaas (FEKAPTODA) CHCTEMA KOOPAMHAT

JlB¢ BIZHMEHO NEPLEEARKYNSPELIE ocH OXx ® Oy, mMeromue obmee
Eauano O H OAHEAKOBYIO eguHHNy Macirraba (puc. 3), oGpasyior
MPAMOYIOJIBHYI0 (MIH JekapTOBY) CHCTEMY KOODJHMHAT HA IJIOCKO-
CTH.

'y
gk
_______ -oM A<l y>0 £>0,4>0
g 0 X
¥
7 ¥ 7 A<, yeo A>0,y<0

Pue. 3 Puc. 4
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1nama 3
AHATATIIECKAA '’EOMETPHA HA ITJIOCKOCTH

§ 1. Haopasnexsnie 0TPe3KN N EX Bemmnkl. Yucnosas npumMas

1. Ocs u orpeaxn. ITpavas ¢ PRIGPAHBRIM HA Hell DONORHTENB-
HbIM BANPABJIGHHEM HAMEBAECTCH ockio (pHC. 1), PaccMoTpaM Ha OCH
Jpe IPORIRONBEBIE TOYKH: A H B.

Onpeneneame 1. Ompesox ¢ zpanuunvimu mouxamu A u B nazwea-
EMCA HANPASACHHBIM, €CAl YNA3aNo, Kaxan 43 movexk A u B cuumaemca
HAMAAOM, @ KOKAA — KOHYOM OMpesKa.

Hanpasjessnii otpeaok o6oamavaerca AB®, rae 4 obosmawaer
¥avano, a B — xomsen oTpeska.

Onpenencune 2. Beauuwioli AB nanpassentiozo ompesxa AB na-

IWBAEMCR BeU[ECMBERMOE MUCAO, PABHOE IABI, EcAu RaANpasAenunR om-

peska u ocu coenadwom, u pasnoe — |AB), ecsu amu wanpaesewus
nPOMUGONOAONCHYL.

EcmmmAananpmenuoroorpuxaAhﬁoommm,m

penuanua 4B paRHE HYIIO, & HALpAHICHEE HE OOpPEIEncHO,
Ocueznoe TOXAECTSO. Har mobux mpex movex A, B u C na

OCU SCAUNUNG OMPEIKa AC PASHA CYMME 6EAUNUH OMPEIX08 AB u BC,
m. e. AB+BC=AC,

2. Uscnopas npsmas. Koopduxammoii npamoil Ha3LIBaeTCE Hpsd-
Masf, HA XOTOpoit BHIOPAHEE TOUKA, HBIAIOMANCA HAYAJIOM OTCYETa,
MaciTaGHbd 0TPE30K H NONOXHTENLHOS Hagpapncsne (0HA CraHO-
BHTCA OCHIO).

IHycts M -— OpoE3BONLEAR TOYUKA KOOpAMHATHOM mpamoft (puc.
2). KoopmaaTtoli Touxa M unazhBaercs BeUICCTBOHEOE YHCIO X,

paBHOE BemuTiHe OM HANpABNeHHOro oTpeska OM: x=OM. Yncno
X HasnmBacerca Keopdunamou mouku M. Camson M (x) osgavaer, 910
TOuXa M EMeeT ROOPIHERATY X.

Hrak, seInecTReHHLIE HCIA HIOOPANAFOTCA TOIKAMHE KOOPHHHAT-
HOl opaAMoil. ITo3TOMy MEORECTPO BCCX BENICCTBCHHRIX ‘HCC]I HAIKL-
BAIOT YLCA060H npasoti, & 1000e YUCHO — movxofi smoil npamoil.

Ecna M, (x;) B M(x:) — ABe HpOUIPONBHEIE TOMKH YKRCIOBOH
npaMoit, To popmyna

MM.=x,— X

BEIPRKAET BENHIHHY oTpeska MMz, dopmyna
[M1 M| =2, — x)|

BEIPAAKAST ero AIARY.
1. Yocrporte Ha wacaoeoii npamodt Towkm A(-—35), B{+4)

*Heoras oboapagnioT A}.
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H ((~—2) B HalTH BeaHYEHE A5, DC
n AC orpesxos AB, BC u AC. Ilpose-

pll'l‘h, wro AB+ BC=AC. Jeb
H3 ABYX ToYek mpagee: A (a)
msgl(ca: " 4() ped
as M3 ABYX Touck mpasce: A (a
w B (2a)? & P g ¢ -
4. Haittn pennuuny AB u qnuay |AB)| Puc. 2

OTpe3xa ADB, 3aJaHHOTO  TOUKAMM:
D AQG) u B(11); 2) A(S) u B2, ) A(—1) 1 B(3); 4) A(-5)
HB(~13)5) A(~1)u B(—3).

5. BaMHCINTE KOODAPKATY Touku A4, ecom m3pecTHn: 1) B(3)
B AB=S; 2) B(2) m AB=-3; 3) B(—l) u B4A=2;, 4) B(-5)
g BA=-3; 5) B(0) u |4B|=2; 6) B(2) u [AB=3; 7) B(-1)
u |[AB]|=35; 8) B(—5) x [4B|=2.

6. IlocTponth HA IBCIOBOH npaMOH TOMKH, KOOPAMHATH KOTO-
PRX  YIOOBNCTBOPAIOT ypasHeHEEsM: 1) |x|=2; 2} |x—1}=3;
3) [2x—-3|=2x—3; 4) [1—-x]|=2; 5) 2+x|=

7. OxapakTepHIOBATE PACHONOKCHEE HA YMC/IOBOH NpAMOHE MHO-
AECTB TOYEX, KOOPAHMHATH KOTOPHIX YAOBIETBOPAIOT BEPABEHCTBAM:
1) x>2; 2) x=3<0; 3) 2x=-3<0; 4) 1<x<3; 35) x*-9<0;
6) x’—5x+6<0 7 12— x<0 8) Ix—5>0; 9) -2<xK3;
10y x2— 8x+15<0 1) x —8x+15>0 12) x’—25<0
13) 16—x*<0. K xaxpoMy ciryqato CAENATH PHCYHOK.

8. OxapaxTepH3oBaTh pPacmoNOXCHHEE HA WUCIOBOH OPSMOH MHO-
XCCTB TOYEK, KOODAMHATEL KOTOPHX YAOBISTBOPAIOT HEPABSHCTRAM:
Dixd<l; 2) k>2 3) K< 4) —-24<3; 5 x-1|32
6) |x*—5x+6]>x>=5x46; 7) |x]<x+1.

§ 2. Ilpsmoyronsuas (NEKAPTOPE) CHCTEMA KOOPIMHAT

JBe R3aHMHO NEpUCBARKYIIAPHEIE ocH OXx B Oy, AMelomue obmee
Ha4an0 O B oOMBAKOBYIO eguHENY Mmaciuraba (pHc. 3), obpaayior
NPAMOYIOIBEHYIO (ANIH JexapToRY) CHCTEMY KOOPARHAT HA ILIOCKO-
CTH.

v
4
—-—— -y X(ﬂ,y?o }c>0,y>0
4 Z X
¥
] Y 7] x A0, 4<0 £20,4<0

Puc. 3 Puc. 4
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Uk Ux HAIWBACTCA OCb0 dbhoyice, OCh Uy — ocolo opounam,
rouka O — mavasom xoopdunam. ILiockocTs, B xoTopoil pacionoxe-
HEI ocH Ox u Oy, HA3BIBAETCE KOOPOUNGmEol nAocKocmvio M ¢DO3HA-
qaeTca Oxy.

IIycTs M — OpoM3IBOILHASA TOUKA ILIOCKOCTH. ONycTHM M3 Hee
nepueiaakynapu MA u1 MB Ha oca Ox u Oyp. [IpaMoyronsEwnve
KOOpPAHHATAMHA X H ¥ TOUKHE M HaswpawTtcda penwumen 04 5 OB

HALP2BNEHHNX oTpe3koB OA4 u 0B: x=04, y=0B8.

KoopoauaTil x B ¥ TOMKH M HAZHBAKTCA COOTBETCIBEHHO €8
abeyuccoii m opounameii. Caveon M{x; y) o3nadaer, 410 TOUKA
?e{ EMECT XOOPANEATH X H y. Havano x0opA#HAT HMEET XOOPAHHATH
0; 0).

Taxem oOpasom, xakpoidl TOWKe M DIOCKOCTH COOTBETCTBYET
mapa Ydcel (X, ¥) — e¢ NPAMOYTONbLARIE KOOPAHHATH,

Ocu xoopauear pa3GHBAKOT IUIOCKOCTE HA 9eThIpE YACTH, HX
HA3RIBAKOT YEMdePMAMY, KAOPAHMAMY BITA KOOPOUHGIIHbBIMY Y2AGMY
H HymepyloT pumckams nedpamu I, 11, 11, IV Tax, kax nokalaHo Ha
pHC. 4, Ba TOM X¢ DHECYHKe YKA3aHH TAKWC JHAKH KOODAMEAT TOYEK
B 3ABHCHMOCTH OT HX PAcIONOXCHNS B TOH MMM HEOH YeTREPTH.

9. TlocTpoiiTe Toukn 4(2; 3), B(4; ~1), C(~1; 7), D(=2; =13),
E(0; 2), F(4; 0).

10. He crpos Touky A4 (1; - 3), BEIACHHTD, B XaKO# YETBEPTH OHA
pPacIoNOKEHA,

11. B xaxHx 9erBepTax MOXMET HAXOAHTLCA TOUKA, eciH e¢ abe-
LECCA DONOKATENHEAT

12. Ha oce Ox e3aTa Touka c xoopauHarolf (—35). Kaxopw ee
KOOPAMHATH Ha IOCKOCTH?

13, HaiiTy XOOpAMHATH TOYEK, CHMMETDHYHKIX OTHOCKTENLHO
ocu Ox Toukam: 1) A(2;3);2) B(—3;2);3) C(—1; —1);4) D(g; b).

14. Halita xoopHHATH TOUYEK, CHMMETPHMHLIX OTHOCHTEILHO
zs:nD(Oyb)romM 1) A(-1; 2); 2) B(3; -1) 3) C(~2, ~2)
a;

15. Hafite KOODOHHATH TOYEK, CHMMETPRYHEIX OTHOCHTEIBHO
Havana KOOpZEHAT ToukaM: 1) 4(3; 3); 2) B(Z -4 N C(-2 1)
4) D(a; b).

16. HaiiTH XoOpOHHATE TOYMEK, CHMMETPHYHLEIX OTHOCHTENERHO
OGHCCEKTPHCH! BepBOr0 KOOPZHHaTHOTO yriaa toakam: 1) 4(2; 3);
2) B(5 —2):3) C(-3:4).

17. HalfTH KOODOHEATHI TO4YEK, CHMMETPHYHEIX OTHOCHTCIHLHO
OMCCEXTPHCH BTOPOTO KOOPAMHATHOrO yraa rtouxkam: 1) A(3; 5);
2) B(—-4;3%3) C(7; -2).

18. Jama Touka M (3; —1). Hanucatk KOOPJMHATEI TOYUCK, CHM-
METPHYHEIX OTHOCHTENEHO ocH Ox, ocm Oy, Havasa KOOPAMHAT
# OHCCEKTPHCE KOOPAHHATHONC YIia,

19. OopenenuTsh, B KAKHX YETBEPTAX MOXET OLITh PacmonoxeHa
Touka M(x; y), ecnm: 1) xy>0; 2) xp<0; 3) x—y=0; 4) x+y=0,
5) x4+y>0;6) x+y<0,7) x—y>0; 8) x—y<0.
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S 3 1IpoCTeMpipe 344 SHAJETEYECKOH INeOMeTPHR gl INIOCHROCTH

1. Paccrosnue d mexay ApyMa Toaxamu M, (x;; y.) ¥ M2 (xz; y2) Ba
ILNOCKOCTH

d=+/ (X,— 2 )2+ (= y)*.

II. Tlromane S tpeyronbruxa ABC ¢ pepnmmamu A4(x; y),
B{(x;; y)) m C(xy; y3)

=§ (xz—x1} 3 —y)—(x—x) (— ¥l

ITl. Henenme orpesxa b JaHHOM OTHOINEHAN, Ecu Touka M (x; )
JeMMT OTpe3ox ¢ koHuamm M, (x; y,) B M; (x3; y») B OTHOIICEAM

=—— TO
|MM;|
x4+ 2x3 »n+in

X= H .
1+24 ¥ 1+4

B YacTHOCTH, Op¥ JAENiCHHM DOOONEM, T. €. B OTHOIICHHH Ax=1,

X1+ X2 yYi+p

B

20, Hapnr rouxy A{(x;: y)) u B(x;; ). Hoxasats, aro dopmyna

PAaCCTOMHES MeXIy ToukamMH A B B He 3aPBECET OT 3BakoP HX
KOODIUHAT.

21. a) Kaxaa Touxe maneme ot ocm Ox: A(2; —5) wma B(3; 4)?
6) Kakas H3 3THX Tovex Aankine ot ock (y? B) Uemy paBHmI paccro-
ARHA OT TOUKE A (g, b) Bo oceli Ox u Oy cooTpeTCTBeHHO?

22, Janet Touwkm A (0; 0), B(3; —4), C(—3; 4); D(—2,2) 7 E(10;
—3). IeJMTh PACCTOSHRAE d MeXAY Toukamu: 1) Au B;2) BaC;
NAaCH CuD;5)AnD,6) DrE,

23, BramcuuTs Wwiodlah TPEyTONbHAKS, BEPLIMEAMH KOTOPOIO
spnsioTea Touxm: 1) 4(2; ~3); B(3; 2) u C(-2; 5); 2) M,(-3; 2),

MZ(Ss —2) H M3 (ls 3)! 3) M(B’ _4)5 N( 2! 3) H ‘P(4; 5)

24. Touxa M spanerca cepequnci oTpesxa (A, COSAMEAIOMEro
padano xoopauEaT O ¢ TOWKOH A{—S5; 2). Hajitn xoopmmmEarh
TOuKE M,

25, IToctponuts Touku 4 (4; 1), B(3; 5), C(—1; 4) 7 D(0; 0). Ecu
TOYKH NOCTPOCHEl NPapHILHO, TO MONy4YeH XBaapar. Kakopa ero
wromans? YeMy pabBHa ANHHA CTOPOHM 3Torce Kpazpara? Halite
XOODOAHATHE CEpPEMH CTOPOH KBAApATa.

26. TInomame TpeyroiabHuxa paBEa 10 xB. en., Ape ero pepmm-
Hel — TOUKH A(S; 1) u B(—~2; 2). Haiith xoopoMHSTH TpeTHEil
BEpPIIHHE]L, €C/IE H3BECTHO, 9TO OHA JeXHT Ha ock abeumec.

X=
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gh &/« DAHTH LIOMIANE YETHRIPEXYTONEL-
HEKA ¢ BepmEEAME B Touxax A(3; 1)
B4; 6); C(6 HuD(S; —2).

8 28, OnpeperuTs cepeqUHEl CTOPOH

TPeYTO/IbHBKA ¢ BepumHamu 4 (2; —1),
4 B4, 3)uC(—-2; 1)
_ 29. Town 4(—2; 1), B2, ) s C(4
A X —1)— cepenmHLI CTOPOH TPeyroibHHKS,

D HaiiTa XOOpAHHATH €r0 BEPHIME.

Puc, § 30. Haiita x0OpAMHATH LEHTpA TS-

HECTH ONHOPORHON IUTACTHHXH, HME-

omel gopMmy Tpeyronsauxa ¢ pepmmEamu A (2; 4), B(0; 1), C(4 2).

31. IInomans TPeyronbEMEKA paBHa 3 XB. eA., ABE €r0 PEpIIH-
Enl — TomxA A(3; 1} 1 B(l; —3). HaiitH xoopammaTu
BEPIIHHAL], €CIH HIBECTHO, YTO OHA JIECKHT HA OCH OPAMHAT.

32, IInomaas gapalrenorpaMmMa a 12 xB. e¢i., ABE €10 BEp-
meae — 109xd A(—1; 3) B B(~2; 4). Haiita npe Apyrue BEPIIHEL
3TOr'C NAPAJINCIOrPAMMA, CCIH H3BECTHO, YTO TOUKA IEPECCICHAN €ro
Imarosanedf nexur Ha oca abcnmce,

33. BepmmEn TpeyroimuEka — ToIEM A (3; 6), B(«l 3) rC(2
—1). Haltta aAnmny ero sRICOTR, OpOREACHHOMN 13

34. Tpa sepmann napannesorpasma —— Touka A4 (3; 7), B (2, -3)
g C(—1; 4). HaliTy AMEEY ¢ro PRCOTH, OOYIICHHOH H3 BEPIIHHE
B na cropogy AC.

35. Otpesox, orpammuennrt Tomxame A(1; —3) B B(4; 3), pas-
JeleH Ha TPH paBEEC 4acTH. OQmpenenTh KOOPAHHATH TOYEK Jacne-
HEA.

36. OnpeacneTh KOOPIMHATH KOHIOP 4 B B oTpeska, xoTOpKI
TouyraME P (2; 2) 1 Q(1; 5) pasAenes na Tpu paBHKIE YACTH.

. Hpsnaan mpoxomer wepes touxm AM(2; —3) u N(—-6; 5.
Haﬁ'rn HA ?T0# DpaMofi TOUKY, Op/EATA KOTOpOoil paBsa —3.
38. ITpsmas npoxomzaT ueped ToukH A(7; —3) u B(23; —6).

HaiiTh Touxy nepeceserms Tol npaMoll ¢ ocklo aGeomce.

39. T H mm napasIenorpasMa — touku A (3; —35), B(S;
-3, C ( 1; 3). Oupeaenure 9eTBEPTYI0 BepmuuHy D, mpoTHBOIO-
noxHyo B

40. Ha mnocxocra naan Trouxa A {0; 0), B(x;; ») 8 D{x; ) (puc.

5). KakgBe KOOpHBMHATH BOLEHA HMETh TOURa C, 9TolBl YeTHpEXY-
roasuex ABCD 61 mepannenorpadom?

§ 4. Tlonsparie KoOPAMEATE

HosspHEAR CHCTCMA KOOPANHAT OUPEAENNETCH 3AMRAAEM HEKOTO-
poit Toaxr O, HalEBaeMOHA noMocomM, Bexoaaniere a3 Hee ayda OF,
B&3LIBAEMOTO noAsproil ocvio, B macmTaba KN BIMepeHHs JIHE
OTPE3KOD.

ITyers 3apaEa mongpeas CHCTEMA KOOPJAHHAT B OycTh M -— mpo-
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H3PONBHAA TO'YKA mnockocTH. O603HAUEM 9epes p PACCTONHHE TOYKH
M ot Touku O, a Yepe3s ¢ — YIOJ, HA KOTOPbIH HYXHO IOBEPHYTH
OPOTHP YRCOBOH CTPCIIKH NOJAPHYIO OCh AMA COBMEINEHMA C AY4OM
OM (pac. 6).

Hoanpubimu Koopiunamamyu TOUKH M HAILIBAIOTCA THCIA O B .
Yucao p HAILIBAIOT NOAADHBIM DAOUYCOM, & @ — NOARDHHIM Y2ZAOM.
Camsox M (p; ¢) oboapavaer, 910 Touka M EMeeT NONAPHBIE KOOP-~
JEBATRH p U Q.

OOHMHO CYHTAIOT, IO P H @ HIMEEMOTCA B IpeJenax:
0gp<+m, 0Lp<2n OpEaxo B page CIy4aes paccCMATPHBAIOTCH
yriml, Gonbintke 2%, a TAKKS OTPHUATCALHEIS, T. €. YIIIh, OTCUMTHBA-
€MbIC OT MONAPHOH OCH IO YacoBOl cTpenxe.

Ilycte HAMANO HPAMOYTONBHOH CHCTEMEL KOOPRMEAT HAXOAMTCA
B IOJIOCE, & NONOXHTEILHAR HOAYOCH afcmace COBIANAET ¢ mOMMp-
HOll OoCBIO B TWycTh TOYKA M MMEET OPAMOYIONbHbIE KOOPIHHATHI
X M y H DOJEPHEIE KOOPIMHATH p H ¢ (pEc. 7). Toraa nepexoxn or
HOJAPHEIX XOOPAAHAT TOMKH M K OpAMOYTONBHEIM OCYIIECTBIACTCH
oo GopMynaM

X=pcos @, y=psin g,

3 BRIDAKEHHE MOJMPHEIX KOOPIAHHAT 9¢pe3 NPAMOYTOIbHES CleayeT
B3 aTux dopMym:

p=/X 17, tgqo=§. (1)

Hpamep. Manw npaMOyrojabHble XOOpAMHATH Touks (2; 2). Hali-
TH €& IOJIMPHEIE ROOPABHEATH, CYHTAA, YTO HOJIOC COBMCIICH ¢ HAYA-
YI0M OPAMOYIOJLHOH CHCTCMEL XOODANEAT, & HOAAPHEAS OCh COBIAIA-
€T ¢ mOJIOXETeIpHOE monyockio aficnucc.

Pemenue. IIo dopmynaMm (1) mmeem p=2./2, tgr?=1’ OTKEYyDa
p==%{4 amA p=>5x/4, Tax Xak ¢ E3Meuierca oT 0 go 2x. Ho 1ax xax
x=2>0 8 y=2>0, To cnenyer B3ATH p="7/4.

41. I1. OMTE TOMKH, 3QTAHALIC NOJAPHEIMH KOODANHATAMM:
A@2: mf2); B(3; =jd); C(3; 3nj4); D(4; 0); F(2; 3n{2) = P(3; x).

42, Haditu DOngpHBIE KCOPOWMHETH TOYEK, cmme?mmux 0T-
HOCMTENLHC NONApRO# oca Toukam A (3; n/3), B(4; —=n/4).

px]



45. rladTH DOJRpHEE XKOOPAHHATH TOUEK, CHMMETPHYHEIX OT-
HOCHTeNIEBO moxioca ToukaM A (1; n/4); B(S; ~x/3).

44. Jlasu Touka B Hongpaoil cEcTeMe xoopauuar 4 (2; =/4), B(4;
7{2). HaliTh X OIpSMOYIroNbHLIE XOOPAHHEATHI,

45, HaHu Touxms B IpamoyronkHol cucreme Koopamear M, (0; 5);
My(—3; 0); M, (\/5; 1). HailTy ¥X DONZPHELIE KOOPAHHATEL

46. Jlaun Toukm B moympHOH cucreme xoopmmuaT A (8; —2a/3)
u B(6; n/3). Halite ponspELie XOOPAMEATLI CEPEHHEI OTPE3IXKaE,
cocHHHSIOMEro Toukn A 1 B,

47, Jasn ToukH B nmondpHoil cucTeme koopruEar A4(3; n/6)
1 B(5; 2n{3). Haiitu paccrommee 4 Mexny Humm,

. Jaus! Touxu B monspHoli cucreme xoopzuuar A4(p; @)

¥ B(p,; ;). HaiiTn paccTosiEme d MeXAy HEMH,

49, OpEa B3 BeplIEH TPeYroNbHHKA OAB HAXOAMTCH B mOJIOCE,
npe npyrae — Touxu A (5; 2/4) m B(4; n/12). Haiita nromans 3toro
TpeyroibEHKA.

50. HaliTH mnomajp TPEYro/lbHAKA, BEPIIMAK KOTOPOrO -~ TO9-
xu A(3; n/8), B(8; T=f24) u C(5; 5xn/8).

51. Jaea Touxa B nonapHO# cECTeMe KoopaunaT (10; =/6). Halith
€¢ NPAMOYTOALELIC KOOPARHATRI, ECJM H3IBECTHO, YTO HOMKOC MONAp-
HOH CHCTEMH HAXOARTCA B Touke (2; 3), a NOJAPHAS OCh OAPANIEILHE

ocH aGemmee.

§ 5. Ypanueame NRAAN KAK MHOMECTEO TOK IVIOCKOCTH

PapeHCcTRBO BHAA
F(x,y)=0 1ty

HAZLIBACTCS YPaSHEHUCM ¢ O8YMH NEPEMEHHLIMY X, %i £CIIH 3TO pPaBeH-
CTBO COpaBeqNuBO HC ANA Beex nap wmcen x B y. [lpamepw ypapme-
amif: 2x+3y=0, x*+y* —25=0, sigx+siny— I'=0.

Ecin (1) copasepymeo g BceX Hap 4HCE]N X H J, TO OHO
HAWBACTCH moxcdecmsom. IlpuMepsl  Toxpects: (x+y)i-
—x2—2xy=y*=0, (x+y) (x=y)=x*+y*=0.

Oupenencume. Ypasuerue (1) nasvieaemen ypaswenuem sunuu L (¢
300a8NHOIl CUCEME ROOPOURAM), eCAL IMOMY YPACHEHUWIO YOO8AEMEops-
om Koopdunamet x u y aoboti mouxu, sencaujed na auwvu L, u ne
YO08LemaopRIOM KOOPIUHAINBL HUKAKOT MOYKU, He Aedcauiels Ha smoii
AUHUU.

H3 onpeagncHEs cienyer, 4TO L mpenpcraenser cobol
MHOXECTBO BCEX TEX TOUEK ILIOCKOCTH iﬁ ), KOOPAHBATH KOTOPHIX
YOOBIACTBOPIIOT YparHeHHo (1),

Ecin (1) sBnseTcs ypapsenueM nusny L, T0 rOBOPAT, 4TO ypaBHe-
aue (1} onpeaenser (3agaer) muEmo L,

Jlupua L MoxeT onpenensThCE H YpapHEHHEM BHIA

F(p, p)=0,
COMEPHAMEM HOJISPHLIE KOOPAHHATI.
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5Z. HABB TOUKH M, (& —<), Mals 2), Myls —1), M, (3 —3),
Ms(5; —5), M¢(3; —2). YCTAHOBHTL, Kakue U3 JARBRIX TOYEK JIEKAT
HA JIANMM, onpenenenBoli ypapuennem x+ y=0, n Kakp¢ HE JCKAT HA

53 YeranoBuTh, XAXHE JMHHA ONPEASNIFOTCH ypapHeHEAMH (1 (no-
)y D) x—y=0, 2) .\:2 :.v2 0, 3) x‘+y —0

4 x’+y +l 0 S) p=a@, tac a>90, — NOJISPHIIE K
ABHATEI, lf‘x 6) x=ly: ®) b’l Ix[. r) x+ixl—?+|yI,
DD K+t 8 e,

54. Oama rowxm M, (1; /3), My (2; 0), Ms(2; nj4), M,(\/3; x/6)
B M;(1; 2n/3). YCTAROBHTE, XAXHE M3 AAHHRIX TOYCK JIEXAT HA NHHAH,
onpeAeNeHAOHR YpABHCHHEM B NONAPHRX KOOPJHHATAX p=2COS@,
H KaXHE He JeXAT Ha Heif

£S5. BripecTd ypapHeHHe MBOXCCTBR TO4YEX, KAKIAN H3 KOTOPHIX
orcrout or Touku C{o, f) Ha paccrosmmd R. MupiME cropamu,
BRIBECTH yPARHEHHe OXKPYXHOCTH pagnyca R C LEHTPOM B TOYKe

C(as,f).
. IToxasate, 4To ypapaense x? +2x+p?=0 3aaaer Ha MIOCKO-
CTH HEKOTOPYXO OXPYAHOCTE.

57. Ha nnocxocTH naamM To4kH A u B, HafitTe MHoXecTRO TOYEK
M, yaaneHHRX oT A BABOS Naibille, YeM OT B.

58. YcraHoBuTD: a) nexuT M Touka N{4,1; 1,9) Ha oxpykHEOCTH
c nearpoM C(l; —2) m paguycom 35; 6) nexur 1w Touka K(0;

6—2) na 310l e OKPYRHOCTH; B) JexuT J1E Towka £ (160; — 1) Ha
OKPYXHOCTH ¢ nentpoM (147, —6) m paguycom 13.

. Hanmucarts, ypasuesne oxkpyxuoctH ¢ gearpoM C(—2; 3) u pa-
auycoM, papEnM 5. MseectHo, 4ro Touxa A (2; — 1) nexur Ha 3roi
oxpyxsocTH. Halith a.

60. Hanucath ypapHCHHE JHEHM, [0 KOTOpoil APHEETCA TOYKA
M(x; y), papaoynancauas ot To9ex A (0; 2) m B(4; —2).

61. Haomcats ypapHeHEE TpaekTopuM Towu M(x, ¥), xoTOpas
OpHE CBOEM JIBUNXEHUA OCTAETCA BEROE Bimxe k Touke A(—1; 1), vem
K Touke B(—4; 4),

62. Hanucarb ypapHEHHE MHOXCCTBA TOUEK, CYMMA paccrosEmit
xaxzolt u3 xoTophix oT Tovex F (2; 0) m F,(~2; 0) papma

63, Hanucarp ypapHEeHNE MEOKECTBA TOYCK, PARHOYJATIEHHRX OT
TOYKH F(2 2) u ot ocH Ox.

64, Hanucats ypaPHeRde THEWH, IO KOTOpOH ABHXETCA TOYKA
M (x y) OCTABAACH BABOE Aajbuie oT ocH Ox, weMm ot oca Oy.

65. Hanucatrk ypapBeHHEC MHOXKECTBA TOYEK, PABHOYIANIEHHRIX OT
ocH Oy & Touxe F(4; 0).

66. Hamrcats ypa.nuenue JIHHMH, 0O X0TOpOH ABEAETCA TOYKa
il((x y), paBHOYA4TeHHAS OT HAYana KOOPAMHAT H -OT TOGYKH
67. Hanuca’rb ypapHenue TpackTopun toaku M(x; y), xoropas
Np# CROSM ABHAKCHHH oCTaeTcH Bapoe Oimxe x touke A (0, —1), seM
x Touxe B(0; 4).

25



§ O JluHRw peproTd DOPEIAKA

1. ¥Vpapueune npamoil ¢ yriaoamM xodddummesTom
y=kx+8, {H

rAe k paBcH TAHrency yIJIa o HAKIOHA npamoil k ocn Ox{k=tga)
H HAsLBACTCH y2a06tim KOIPguyuenmom, b — penumuuna OTpPeIKa,
OTCCEaEMOro npaMoil Ha ocH Oy (puc. B).

IMpumep 1. CocTaRRTs ypasHeHHEe OpAMOM, oTcekaiomedt Ha ock
Oy orpesok b=1 g obpasyromeli ¢ ockio Ox yroa x=x/6.

Pemenne. Haxomum  yrnoso¥  xooddmnwesr: k=tga=
=tgulﬁ=l/ﬁ. Ilogcrasnga k B & B ypasBemre (1), nonyuacm
HCKOMO¢ YPaBHCHHE HpIMOiL:

y=%x+3 unn /3y—x—3/3=0.

2. Y HNe NpEMOil, DpoxoaEmeR Uepe3 ASHHYI0 TOUKY
M(x., ¥1) ¢ HaRHEIM YTAOBLIM KOMHERENTOM:

y=y=k(x—x). @

Ilpavep 2. CocrapETh YpaBHcHMe OpamMoH, npoxousoieil depes
touaxy M (2; 1) m ofpasyromeii ¢ oceio Ox yroa a=n/4.

Pemenne, Haxomam  yrnosolf  xoabdumment: Kk=tga=
=tg(n/d)=1. [ToacraBass JaEELIE XOODJAHATE! H 3Ha4YeHue X B ypa-
BHeHRE (2), DOTyTaeM BCKOMOE YPARHCHHE MpAMOH:

y—1=x-2um y—x+1=0,
3. Ypasuenme npmuoi, Opoxogumedl Gepel Ase JEHHLIE TOUKR
Ml(xlv yl) u M!(xis Yz)

y=n *-x
—_— o)
Yi—»n X—x
IMpumep 3. CocTaBaTh ypapHeHHe UpaMoli, mpoxolame# uepes
TOUKE M, 5; e M, (5; 4).

Pemerne. Iloacrasnas JAHELIS KOOPAMHATHI TOYeX
M, 1 M, B (3), nomysaeM wHcxoMoe

x—3 y-1
YPABECHHC npmon. "—2—-""3'— HIIE
Ix—2p—T=0,
Obmee ¢ npsMol
Ax+4By+C=0, )
—> rne A, B, C.— npoussonsabie k02d-

dungenti. (4 @ B He paPHN HYI
ONHOBDEMEHHO),
Puc. 8 Tpumep 4. [lano obmee ypaer



HHE liX—D0y— 0= NAODACATL YPABHEHHE C YTJIOBRIM KONPOHIHCH-
TOM.
Pemenue. Paspemus ypapzenne HpAMONR OTHOCHTEIBHO Y, DOJY-

4deM YPABHGHHE ¢ YINOBRIM Ko3dpHUHeHRTOM: y=-5- x—13. 3gecn
ke=m b=—13.
5

Ecma » ypaBHennd (4) xaxofi-To B3 Xo3pPuIEenTOB paseH
HYJIO, TO:

4
[} opu C=0 y= —5¥— OpsMas NPOXOOHT Yepe’ HAYANI0 KOOp-
IRHAT;
C
2) opu B=0(A4#0) x= —— =@ — TpaMas Napajieibaa ocd Oy;

3) npu A=0(B#0) y= —§=b—— OpAMas DAPAIUIENbHA OCH Ox;

4) upa B=C=0 Ax=0, x=0 — ocs Oy;
5! opr A=C={0 By=0, y=0 — oce Ox.
EH O4H M3 xo3pbEmMEenTOD ypapHeHNS (4) He paBeE HYITO,
TO €ro MOXHO NpcofpalopaTs X BAXY

®

c C
TAe a= -—; H b= —;mammu OTPLIKOB, EOTOPRIE OTCCKACT

OpaAMAS HA KOOPMMHATHEIX OCAX. YpapHeHHe (5) HABLBAETCH YPABHE-
HHeM OPAMOH «B OTpeIxax».

IIpumep 5. IIpsmas 3apana ypapsenem 3x— Sy+15=0. Cocra-
BHETE A4 5Tofl MpAMOHE YPABHEHRE «B OTPE3IRAIY.

Pemenne. Hna naEBOE DpAMoll YpapHCEEE B OTPE3RAX»
HMEET BYA

x ¥y
Sii=l.

68. CoctapaTh ypaBHcHEE OpaMOH, oTcekaromei Ha oca Oy 0T-
pesok b=13 u ofpasyromelk ¢ ocrro Ox yroar: 1) 45° 2) 135°. IToctpo-
HTB 3TH HpaMEIE,

69. CocrapuTh ypaBEeEH: mpsmol, npoxonsmeil sepes Havalo
XKOODIHMHAT B cocTapnaomedt ¢ ockio Ox yrom: 1) 45% 2) 60°% 3) 90°
4) 120°; 5) 135°.

70. CocranuTh ypaBHCHEE OpsMoif, Dpoxoasmei wepes Havano
KOOpAHHAT H Yepe3 Touxy (—2; 3), B DOCTPOHTSH ee,

71, Onpenenurs mapaMerpur £ B & J1a xaxpoll B3 npsMarx:

) 26~3y=6;2) 2x+3y=0;3) y=-3;4) T+3=1.

72. IloctporTh  mpsmmie: 1) Ix+4y=12; 2) 3x—4y=0;
3) 2x—5=0; 4) 2y+5=0.
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13, UnpefendTh DapaMETpEL KX H & OpAMOH, NPOXOJHIE 4epes
Touxy A(2; 3) B cocrapnmomeif c ocuio Ox yron 45°. CocraBurh
ypaBHeHEE 3TOH EpaMOii,

74, VYpapaeuus gpamex: 1) 2x—3y=6; 2) 3Ix—2y+4=0 npaBe-
CTH X BHIY «B OTPC3IKaX» HA OCHAX.

75. Hamacats ypapHEEHEE NpAMOi, Hpoxoadiues yepes Toaxy A (4;
3) m orcexaromeli 0T XOOPARHATHOTO Yrna TPEYTOAbHEK MUOMANBIO,
papHOK 3 kB, ea,

76. Hamacars ypapHeENe npsMol, mpoxonsmed uyepe3 TOUKY
A(—4; 6) m oTcexatomeil OT OCEH XOOPANEAT TPEYTOJALHEK JLIOMA-
IBIO, oK 6 xB. en.

. Hanacats ypaBHeHHe npsmol, mpoxoasmeif 9epe3 TOIRH
A(—l;%}nﬂﬁ; -2).

78. Hanmcate ypapHeRHE npaMoil, opoxogmneif wepes Touxy A (2;
3) ® cocrasnmomei ¢ ocklo Ox yrox: 1) 45° 2) 60°% 3) 135%
4) 0°, — E NOCTPOHTE te,

79. HanucaTh ypaBHeHHS HPAMBIX 3a0AHHERIMH HapAMETPAMM:
1) b=-2, a=80° 2) b=—2, ¢=120°, — 1 DOCTPOHTE HX,

80. OnpepensErs TOSKE OepecedesHy npamol 2x—3y—12=0
€ OCAME KOODAHHAT K NOCTPOHTE 3Ty IPAMYIO.

81. Haiita 107Ky DepecencHMs ABYX TpaMux 3x—4y—29=0,
2x+5y419=0,

82. Cropons AB, BC u AC Tpeyronsunka ABC JaHE COOTBEICT-
BeHRO ypasHeERaMH 4x+ 3y —5=0, x—3y+ 1020, x—2=20. Ompege-
JHETh KOOPAHHATH €rC BepIlHH.

83. HanucaTts ypapHCHES JRYX HPAMHX, OPOXONAINEX YCPE3 TOY-
xy A{4; 5), Tax, 9To0K ogua OHnAa Hapannenkma ocE Ox, npyras
napannensua ocu Oy,

84. Hanucat: ypasHEeHRE OpamMol, na Holi ocE Oy o or1-
cexatomcii A ocH Ox oTpe3ox, parHeiE: 1) 4;2) —5m 3) 0.
85. Hauncats mpamoli, ma JIEEOK ocH Ox B 0T-

cexarometi Ba oct Oy oTpesox, papEnii: 1) 6;2) —2;3) 0.

5. ¥roa mexny amymz npambive. Ecnw masecTHH yriosrre xosd-
tammenTr &, B k; ZBYX DPIMEIX, TO OIIBH M3 YITIOB § MEXAY STHMH
OpEMEIME onpenenacTces no bhopmyne

&y -k

Ttk ()

tgp=
Bropoii yron pasen z—¢.
VcioBRe NapanieILEOCTH ABYX NPAMEIX: Ky =K,.
Ycnopse nepocHRKyISPHOCTH ABYX OPAMEIX: Ky= —é.

Tipamep 6. [Be npaMdie 3a[36L ypasHeHEsMM y=2x+3
2 y= —3x+2. Ha¥Ta yromn MexJ[y 3TUME OpIMEIMA.
Pemenue. UmeeM k=2, k;=—3. Iloaromy mo dopmyne (6)

HAXOAAM
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Taxam ofpazom, ONHH M3 YIIOP MEXNY NJAHHELIMH OPAMLIME PABEH
#/4, npyroit yron #n--n/d=13In/4.
p 7. Tloxa’ate, 4¥ro npamee 4x—6y+7=0 m 20x—
—30)r=11=0 vapansennanl,
Pemepue. Ilpupens ypasneHme xaxgolf nopsvoli k sERy (2),

noaydaeM y=gx+z H y=-2-x—13—;, oT1kyna k,=k,;=2/3. Cnegopatens-

HO, IPSEMEIE napa.lmenmu

pmuegs Ioxasate, 4TO npsamnie 3x—S5Sy+7=0 & I0x+
+ 6y~ 3 =0 nepnenaUKyIApHEL.

Pemenne, IIpupens ypapHeEMe Kamaod npamod k BEAy (2),

DOAy3aeM y=§x+; Hy= —§x+£. 3neck &, =3/5, ky= —5/3. Tax xax

1
k= % TO OpAMBEIE NEPUCHAMKYISPHEL
1

86. Ompepenurh  yron Mexay npaMsiva 1) y=2x—3
" y=ix+l; ) Sx—p+7=0 u 2x—3p+1=0; 3) 2x+y=0

By=3x—4;4) 3x—4y=061 8x+6p=11.

87. Cpenn npaMuix 3x—2y+7=0, 6x-—-4y—9=0, 6x+4y ~5=0,
2x4-3y—6=0 yxarars napaileIhbEHS B DEPICHABKYNIIPHEIC

88. B Tpeyrosmumxe ¢ pepmagamu 4 (—2; 0), B(2; 6) n C@ 2)
DpOBSAEHE! BEICOTA BD u Meamans BE, Hanpcats YPABHCHHE CTOPO-
uur AC, Mepgadi BE u prcotH 8D,

89. Hammucate ypapHeEMS OPAMEIX, OpOXOOAITHX Yepe3 Havanlo
xoo&;mna‘r nopx yrioMm 45° x ppaMoit y=4—2x,

Hanucares ypapHeHMS OpPAMALIX, OPOXCAAIIEX 4epe3 TOUKY
A(—1; 1) non yrnom 45° x npamoii 2x+ 3y=6.

91, Hamucats YPaPHeHRe HEPICHAUKYNISPa, ONYMENHOro A3 ToY-
xu A(6; 2) ua opamyro x—4y —7=0.

92. HamacaTe ypaskesne OpsMmoH, ecnm Touka 4(2; 3) caymut
OCHOBAEHEM DEpHOeHuKYIApa, OOYINCHHOTO M3 Ba4aJia KOODJHEAT Ha
3TY OPAMYIO.

93. Hanmcats ypaBAEHE® npsmoit, mpoxomsnueil uepes Touxy A (5;
5—4) 21{ cgcrgnnnomeii € Ochl0 OXx TOT Xe yroia, 9To B OpsMas

x+2y—3=10,

94, Hanoncates ypapHCHHe nopsimoit, npoxogsmell wepes TOuKy
A{-4; J B DapannensgRoif apyroi opaMoi x+2y+3=0,

amHCATh ypaBECHEE GpAMOH, EpoxopMuel sepe3 TOUKY me-
pecellemu npaMBEX 2x—3y—1=0 u 3x —y—2=0 nepueHauKyIIpEO
npamoll y=x+1.

96. Mas Tpeyronbuex ¢ sepmmaama 4 (—2; 0), B(2; 4) u C(4; 0).
Hanucate ypaBHCHHS CTOPOH TPEyTONLHHKA, MeAHAHLI AE, BRICOTH
AD m waiite AnuBy MeoHAHE AE,
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G, IIOPMaNLHOe YPABHeHNE DPAMON. 'AcCTOSHEES OT TOYKH o DpA-
moii, ITycte Ba wrockocTE Oxy nana Bexoropas upamas L. IlpoBe-
AeM 9epes BAYANIO0 KOODAMBAT DPAMYIO 2, NEPOCHAHKYIApHYIO AAH-
BOK, H Ha30BEM €€ HOPMAAbio X r.;lpauoii L. Obo3gauumM vepe3 N rouxy
nepeceicHEs ROpMATH ¢ opamol L. Ha wopmass BpeaeM Banpane-
HBe or TOMkE O k Towke N, O003HaTAM uepes « yroj, 8a KOoTophid
HYXHO DOBCPHYTh NPOTHB T8COBOH CTPE/IKH o%%-nqmmquem
e¢ ¢ HOPMANLIO, Fepe3 p -— JUIBY oTpeaka ON (puc. 9). Toraa
YpapHEEHe JaHEOH mpAMoll MOxeT OHTHL 33MMCAHO B BHAS

xcosu+ysing—p=0, )

ROTOPOE HAMLIBACTCH HOPMAAbHbIM Ypastenuem Opamoit L.,

Yrob mpasecrn obmee ypapuenue npaMoll Ax+ By+ C=0x 5o~
PMATSHOMY BHJTY, BYKHO BCE WiIEHK €10 YMHOXHTD HA ROPAUPYIOwuil
MHONCUMEAD

1

=+ ” 8
ot T @
B3ATHE CO 3HAKOM, OIPOTEPONONOKERM 383Ky C. Ecxm C=0, To 38aK
HOPMEDYIOMIET0 MHOXHTEAS MOXEO 6path OPOH3BOILHO,
lycrs L — npamas, 3ajaHEas HOPMadbERIM ypabmemseM (7),
H oycrb My (xs; o) — TOURA, He Jekamas #a sroit opamoli. Torma
paccrosEBe d 0T TowxH M, no npsmoit L Moxer ORITH BRMHCIEHO DO

dopmyne
d=|xyco8 ¢+ yysin a—pl. ©)

Ipsvep 9. Hagw npamvasg 3x—4y+10=0 1 Touxa M ¢; 3). Haii-

TH pacCcTosHES 4 oT TO9KE M po AanEoH npamoil.
Pemenne. TIpuseaeM AasHOC YPABHEHAE K HODMATLHOMY BHIY
(7). Anx sroro Haiinem Do opmyane (8) HopMmEpylonmit MBOXKRTEND
1

N

HOPMAILHOE YPABHCHEE

=—§. YMHOXAN AABAOS YPABHEHHE HA K, HOITYYaeM

3 4
—-x+-y=2=0,
44 5 3
ITo gopMmyne (9) HaxOZHM BCKOMOE pace
AN 3 4
n CTONHRE: d=l—§'4+;'3-4-|—21=2.
97. IIpEBecTA K HOPMAIBHOMY BHATY
P obmne ypaBHeHAy IPSMBEX:
ol A E 1) 4x-3y—10=0; 2) gx—§y+10=0;
X

3) 12x—5x+13=0; 4) x+2=0.
98. HaiiTr paccrosars Touex A4 (4; 3),




oL 1), O ) U0 V) oT opamolt 3x+4y— 10=U. liocTponts
TOYKE K NPSMYIO,
99. Iloxasars, wro mpameie 2x~3y—6=0 n 4x—6y—25=0 na-
PAINENLHERKL, | HafiTH PACcCTORMHC MERAY HEMHM.
100 Ha#itu k B3 yenopus, %To upman y=kx+35 ymarema or
HAYAJA KOOPAHHAT H& PACCTOSHME d=
10E. Handecats-ypaBaeHne Mnoxccma 'roqex, YAATEHHBIX OT Ops-
Mol 4x—3y=0 Ha 4 enuHBEON.
102. Hanucatr ypasEenMe mnpaMol, yaaneEHO# OT TOMKER
A(4; —2) Ba 4 epguune B DapaIensEOd npssoit 8x— 15p=0.
103. Haitta anumy BRICOTH BD B TpeyrosieHHKE ¢ BEpMIHHAMM
A(-30), B(2; 5)u C(3; 2).
104. Hauucars ypaseesne npsMofi, mpoxomsmeli sepea TOUKY
A(2, 4) ¥ yaanegHo# OT HAYaN4 KOOPIMHAT HE PACCTOAHEE d=2.
105. Yepea vawano XoopAEHAT OpPOBeAcHA OpSMasd HA OQHHAKO-
BOM PECCTOSENHE OT To9ex 4 (2; 2) m B(4; 0). HaiiTH 310 paccrosnse.

§ 7. CMansauie 32298 HA IPAMYIO

106. CocranbTe ypaBHCHHS, KOTOPhIC ONHCWBAKOT CIEAYIOMEE
MBOXCCTBA TO%eK: 1) mpamMyro, mapamiensHyio ocu Ox, mpoxoas-
myio uepes Touxy (I; 0); 2) npmylo DAPATUTENBHYIO OPAMON y=x
H Opoxoasmyio qeped Touaky {(—3; 7); 3) MEHORECTBO TOYEK, HAXOLA~
IIHXCH HA PaccTosHEyA 2 OT OCH Oy.

107, IIpugyMaTs COOTHOMIEHHS MEXIY X H Y, KOTOphIE 3aJa30T Ha
KOODAHHATHOH IIIOCKOCTR! l% napy npaMelx y=3x B y=x-3;
2) opvye y=x ¥ 109xy (—1; 2); 3) BCIO YACTE IIOCKOCTE BLINE
mpamMoii y=x (prmovuag 3Ty OpaMyn); 4) trac'rb ILIOCKOCTH MeXy
mpaMuMa y=0 g y=1 (0e3 3THX OpAMEX); 5) BHYTPEHHOCTH KBAA-
para ¢ sepmunamu B Touxax (0; 0), (0; 1), (1; 1), (1 0).

108. Ha maocxocTy Zapbl TPH TOYKH: A(3 —6), B(—200; 400),
C(1000; —2000). Joxasarsh, ITO OHH JEKAT HA OAHOH MPAMON.

109. HaiiTu, xaxme Tpu 23 Touek A(l; 3) B(—2; 1); C(—-1; 7)
D(3; 1) nexaT Ha ogROH mpsSMOWH.

110. HanrcaTh ypasHc¢HHe OpaMofi, napajulensnol GaccexTpHCce
I xoolpma'moro yria 5 npoxogsames yepes Touxy (0; —5).

111. HapnucaTer ypaBRecHHe npamoii, DapamnensHod npaMol
y=2x+ 1 u opoxoasmeit sepes Toaxy (0; 2).

112, Haew n 2x+y—6=0 1 pa Beit aAp¢ ToIXH 4 ¥ B ¢ op-
AHHATAME Y,=6 4 y,= —2, Hanucath ypaBHcHHC BHICOTH AD Tpe-
yroneauxa AOB, BaiTH ce JIAHY M MJOMALL TPeyTonbEERa ADB.

113, HaiitH ypasEeHEe npsmoii, mpoxoisme#l uepe3 TOuKY
{—1, 1) Tax, arobpl ccpeANHA ©¢ OTPCIKA MEKAY NPSMBIMH

X+2y—1=0u x+2y—3=0 nexana ga npamok x—y—1=0.

114. Haitra Ipanaem OBCCEKTPEC YIIOB MEEAY HPAMBIMH
Ix+4y—1=0n 3y+5=0.

115, Haiite MBOXeCTBO TOMex M, PA3HOCTH KBAJPATOR PaccTOd-
yall XoTOpHX A0 ABYX JAHHLIX TO4eK 4 H B paBHA JaHHOM BENEVHHC
¢. [Ipu kaxix 3EAvEHHAX 2 337344 HMEET peineaue?
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116, NalTH ypapHeHH¢ KACATENLHOM K OKPYRHOCTH x“+y°=3},
npoxoadiel wepes Touxy (1; 2).

117, Halitu ypapaeEEAa OOIIHX KACATENBHBIX K OKDYXHOCTAM
x24yt=6x n x2+y>=6y.

118, dasn rouxn A (~4; 0) B B(0; 6), Yepes cepeandy oTpesxa
AB npoBecTH upAMYIO, OTCCKAIOMIYIO HA OCH (x OTpeiox, BaBsoe

wem Ha ocH Oy.

119. 3 Bavana XOOpAMEHAT DPOBEACHEE ABE B32HMHO DepOeH-
BEKyIspHLle OpsaMbie, oé;;asylomuc ¢ opaMoii 2x -+ y=g pasnoGen-
H TpeYrombHEK. HaillTe mnomane 3T0ro TpeyroJbEAKA.

120. Jlasm ypaBEeHHS GOKOBRIX CTOPOH PaBHOGERpEBHOro Tpe-
yroneEERA 3x+y=0 B x—3y=0 u Touka (5, 0) HA €ro OCHOBAHMH.
Hatita nepeMerp B mucmans TPeyroIsHHKA,

121. B tpeyromuuuxe ABC paunl: 1) ypasheRme cropousl AB
3x42y=12; 2) ypanuenne BricoTH BM x+2y=4; 3) ypapHeHHE BLI-
coTeL AM 4x+y=6, rae M — Touka nepecevenus pricor, Hanuears
ypazfepns cropod AC, BC u pricoTar CM.

122. Ige CTOPOHE NAPANNEIOrPaMMAa JaJAHL YPABHCHUAMH
y=x—2 g Sy=x-6. JIRAroEamH €ro NEPecexasOTCa B HAYAJIE XOOD-
muaat. Hanucate ypaBHeHHAN ABYX NPYTHEX CTOPOH DapajuIelorpaMMa
H ero nuaronanei.

123. Hapncars ypasHeHMs CTOPOH TPEYTONLEHAKA, 3HAS O/IHY €ro
pepmuERy A (0; 2), B ypapHennd BHCOT BM x+y=4 u CM y=2x, rne
M — TOUKA DepecedCHHN BHICOT.

124. Hamwcary ypaspenme mpaMoli, mpoxonsmeil wepes Touky
M nepeceaemns npsmiix Sx—y+ 10=0 1 8x+4y+ 9=0 u napannens-
poit apsMoi x+ 3y =0,

125. Hanmcath ypapHEHHE LpaMoilf, Mpoxoasmel gepes TOUKY
M uepeceqenns npaMeix 2x—3y+5=0 g 3x+y—T7=0 & Depuoen-
MEEYJIAPHOH X IIPAMOH y=2x, )

§ 8. Jlumua sTOpOTO MOPROKA |

1. Samme. Sammcom HASLIBRETCE MHOKECTBO BCEX TOYEK T
KOCTH, JJM KOTOPEX, CyMMA DACCTOAHHY OT ABYX MAABHEIX TOY
Ha3BnBREMEIX (oxycamm, eCTh BeJIAMMHA DOCTOAEHAN, GOXnIMAs
CTONHEN Mex2y GOKycaMH.

yh Dokychl IEOCA 0003HAYAI0
Gyxpamvu F, m F, (puc. 10), paccro
M HBE MeXAy BEuMHE |F\F,| — gepea 2¢
Nlyeres M — npon3BoNLAAN TO
f /r/a 2\A) awmnca. CyMMy paccTOMHE

i ——— ——— ¥ ToukH M go ¢oxycos obozHEaw
¢ a wepes 2g. Tax kax, no ompenac
HEIO, ]F1M+]F1M!>|FIF'2, T

2a>2cHa>c.
Yepes r, H r; 0003HATAIOT
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CTOAHHMEC OT TOUKH M A0 (POKYCOB {(Fr\=|if|] Fym=iF,|). “1HCHA
1) H r, BA3NBAWTCS gioxafekbiMu paduycasmu TOUKH M.
Kanposmueckoe (mpocreiinice) ypasHeHBe annunca

£+£= l,

a b

rae b=+/a?—c?, a> b. Yncna a & b HA3LBAIOTCH NOAYOCAMY IARUNCA.
OTtnomene c/a=¢-< 1 RAINBARTCE aKcyenmpucumemom 3anmea. Do-
KANbHRIE PAARYCH ONPERenmoTc GopMynaMa 7, =a+ ex, r;==a—6&x.

126. Ilocrports wumEnc 9x2+425y*=225. Ha#ira: 1) monyocs;
2) xoopnuHaTH $okycos; 3) IXCHEHTPHCHTET.

127. Mocrponrs awmne 3x+16y*=192. Hadimw: 1) monyocs;
2} xoopauBaTE POKYCOB; 3) FKCUCHTPHCHTET.

128. HanucaTh K8HOHHYECKOE YpaBHEHHE DJUIHICA, €CIIH H3IBECT-
Ho, uto: 1) paccTonnme Mex Ay pokycaMr papHo 8, a Manad monyoch
b=3; 2) boneuas monyock a=06, a ’axkcnenTpucuter s=0,5; 3) pac-
crosune Mexay GoKycaMB paBHO 6, a IKCIEHTPHCHTET &= 3/5; 4) pac-
CToAHEEe MeXAY QORYCAMH paBEo 6, a a+b=19; 5) paccTOARHE MEXITY
hoxycamMH paBEO W, aa—b=1,

129. Hanncarh KaHOHMYSCKO: YPABHCHHAES HIIIMNCA, NPOXOAAIIETO

wepes Toww: 1) M 3) u My(; 3/52)% 2) Mt 9/5)

B M2(54/5/3; 2); 3) M, (2 0) m M (1; 2).

130. Haiite nonyocH, XoOpAHHATH (OKYCOR H 3KCHEHTPHCHTET
SJITHNCA, ¢CHH W3BCCTHO, YTO 3/NHIC NPOXOAHT 4epea Toukd M, (4;

4/5/5) B M3 (0; 6).

131, dummc npoxopaT Hepes Toux M, (2; ﬁ) R M:00; 2).
Hagncars ero ypanacHHe H HaliTu paccrogaug ToukH M or GoxycoB.

132. dnmunc opoxogAT Yepes Touky M (—4; +/21) H EMeeT 3Kc-
[EHTpHCHTET £=3/4, HanucaTh ypanHende 3JUIRNCE B HAHTH (oxanb-
HH¢ PAREYCH TOYKH A,

133. Haitry qiupy xopam smumnca x2+42y?=18, gensmeit yrou
MeEXAY OCIMH HOROIAM,

134, Ha snmance 9x2 + 25y =225 najita TO4YKy, PRCCTOSHAE KOTO-
poii or mpasoro dokyca B weThIpS pasa Oogblue paccTOosHML €e OT
nesoro joxyca.

135. OpauHaThL BCEX TOYEX OKPYXHOCTH X+ y? =36 coxpameHk
prpoe. Hamacats ypaBnense noxysennoll sopoili xpunoil.

136. OnpenenaTh TPaSkTOPHIC TOUKH M, KOTOpPag IpH CBOEM
nnnxefm octaerc panoe Gnmxe x Touke F(—1; 0), veM k npaMoid
x=—4.

137. ox AB nocrosHEO#l ANMHH a+ b ABHXETCA Tak, 4TO
ero xomen A cxone3aT oo oce Ox, a xoBen B — no ocu Oy. Onpene-
JNTh TPAEXTOPHIO JABHXCEHS TOMKH M oTpeska, nendmeif ero 4acTe
BM=au MA=F (anneoTageckuil uapryns Jleosapao aa Bua4n).
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13%. UnpetiTs, NEPEcexacT i JA0AHHAS npsMmas L JAHHRIR
agmnc I, XacRCTCR &ro /M NPOXOAMT BHE €r0: l)?:zx-y-aso,n

gq-g-l; 2) Li 2x+y—10m0, I, §+§=I; 3) L 3x+2y—-20=0, I
£+y—z-1.
40 10

2. I'mreplona. Inepbosodl HASEIBACTCA MHOXECTBO BCEX TOYEK
ILIOCKOCTH, AN KOTOPHX MOAyIL pPa3HOCTH PACCYOSEEE OT ABYX
DERHAMX TOYeX, HAILBACMEIX (OKYCAME, €CTh BEIHYEHA NOCTONHHAS,
MEHLINAN PACCTOMHEE MexTy .

®ozyc rmuepbonmt obosHavaror Oyxpamz F, m F; (pec. 11),
paccrognge Mex Ry Bamu |F, 5| — wepes 2¢. [lycte M — opouzsomn-
Bag Touxa rEmepbons. MoAyns pasHOCTH paccTosHEE OT TOWKR

M o 2a. T y
T R e S0t im0 ducas Pl 5 A
HRIKBAOT (Poxassnpisg paduycamu TORKE M ¥ 0003HASAIOT epes
F; Ny
Kanommyecgoe (npocreiiines) ypasaenne runepGonnt
2y

It

rae b=./c*—a’. Uncno ¢ walumaeTcy Oelicmeumensuofl, 2 TMCNO
b ~— aseumoti nosyocrmu 2imepboas. OTHOMEHEE ¢fa=8> 1 HAILBA-
CTCH SKCyenmpucumemon aunephoss. Doxanbusle pagHycul oupenc-

nmorcs dopMynanm r, =|ex+dl, r;=lex—al. lIpamsre y= :t-Ex HA3kI-
ey

BAOTCH acusmmmomany 2unepbosn, DanepGonm ;;--.;-l H g-—;-l
HAALBAIOTCH CORPRAMCEHNLIML,

139. Iocrpours rmmepGony 16x2—9y? =144, Haifta: 1) geitcr-

E MHHMYI0 OONYOCH, 2) xoOopAsHaTH (oxycop; 3) axc-

s 4) ypahHeEuS acCHMUTOT,
lg IMocTpouTs rmpGoni 3x2—4y*=12. Hailma: l% AclicTaR-
TeRLRYIO B MHENMYIO HONYOCH), )IOOMII!I'H:I B; 3) sKCUeHT-
g grm, YDaBHCEEA ACHMMII-

141. Hanucars xamommwec-

S ——. ¢ X0¢ ypanHeHRe THuepbOIL, ec-

‘ ki - 1) mn;;ge MeERy ¢o-

y 2 X xycnup 2c=10, a MexIy Bep-
INHEEAME 28 §;

2) BeliCTBETCNRHRL HOIYOCH
am24/5, & IECUCHTPHCHTET
s=4/1, 2;

Puc. 11



J) pacCTONHRE MY POKycaMu ¢ =0, & IKCOCHTPHCHTET &= 3/<;
4) paccrosuze mMexay Goxycamu 2¢=20, a ypanHenue ACHMOTOT

4
¥y= i;x’

5) MHERMAax Doayock b=4,a PacCTORHME MERY doxycamu 2¢=10.

142, Ha ramepbone x*—4y*=16 p3asra Togxa M ¢ opIMHATOH,
paemoii 1. Haiitu paccrosume ce oT $HOXYcoB.

143. I'moep6ona npoxouaT 4yepes Touiky M (6; —2.,/5) H HMECT
MEEMYIO Donyock b= 2. HanrcaTk ee ypaBEEHHE H HAHTH PACCTOARAA
To4YkHE M oT QoKycoR.

144. Hanucarts ypaBEenBe ranep0oibl, EMelomeil Bepmunil B do-

X
xycax, a Goxycel — b BepIIHHAX IHICA §+;=1.

145. Hapmcars  ypapHeHMHd  XacaTelbHEX K remepbone
x%—4y?=16, npopeneHHEx B3 ToukH A (0; —2).

146. Haiita paccroasne dokyca ranepboas g-‘g =1 ot ee acuMm-
OTOT H YOIl MEXJY ACHMOTOTAMH,

147. Oppenemxrs TpaekTopuio TouwkE M(x; y), koTopas IpH
?(genﬁ)mn ocraeTcd BABoe 0/mKe X npAMoOlH x=1, 1eM K TOUKe

148, OnpenemuTs TpaekTOPHIO TOYKE M, KOTOPas NBHXCTCH TaK,
YTo oc'rza,e'm:x{2 BIBOC Aambme oT TouxH F(—8; 0), weM o1 npsovoid
x=-=2

149, HaiiTH MHOXECTBO TOYEK, ANIN KOTOPLIX OPOHIBLACREE pac-
CTOARRIL 1O [RYX AAHHEX NEPeCEKAIOIINXCA IPAMEIX paRHo C =coanst.

3. Napaboius. /Tapabosoii HAKIBACTCE MHOXKECTBO BCEX TOYCK
IWIOCKOCTH, KAKIAY B3 KOTOPhIX HAXOOUTCH HA OHHAXOBOM PACCTORA-
EEE OT AAHEOH TOWKHE, EaskBacMoil GHoKycoM, H OT ZARHOM npsMOH,
HAa3RBaeMOll AUPEXTPECOH H HE NpoXOAAMLIel Tepes doxyce.

IIycts M — opomsponnBas Touka mapabonn. Poxyc napabonm
obo3raqator GykBoli F, a uepes r— paccrogHde or Touks M Jo
boxyca (r=|FM}), wepea d — paccrosusae oT TOMKN M 00 JHUPEKT-

HCHI, @ 9epe3 p — paccTodHue 0T Goxyca Ao AEpEeRTpHcH (puc. 12).
YHHY p HA3HIBRIOT NAPAMEMPOM NApa-

y i y

Kamopmugeckoe (mpocreiimee) ypaBHe- d /
BEe napaonsl M

y =2px.

ITapabona mmeer doxyc F(p/2; 0) 2 nupex-
TpECY Xx=—p{2; GoxaJbELI pajEyc
re=x+pf2. CaMMeTpHIHA OTHOCHTEIEHO
oci Ox. Bepmuea napabonsl EaxoadTCH
B Hayae KOOPJHHAT,

Mapa6ona x>=2py CHMMeETpHSHA OT-
HOocHTeNnsHC OCE (), ICXHT B Bepxueil mo-
NyWIOCKOCTH. Puc. 12

Pi2 (/P2

Aupexmpuca
<
T
Al
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180, llocrpont: mapaboay y<=06x, Halltg: 1) xoopaunatit $o-
Kyca; 2) ypapHenne RUPCKTPUCHL.

51. Hanncate ypasresre napabomt: 1) apoxoasmeii sepes T049-
xu (0; 0) | (1; -3) u cammerpryEOil oTHOCHTEIBEO OcH OX; 2) Opo-
xomeg gepes Touxu (0; 0) 1 (2; —4) B CHMMETPHIUOH OTHOCHTENS-
HO ocH Oy. .

152. HaomcaTs ypasHEeHHE OKPYAHOCTH, EMe10Inell nenTp B Goky-
ce napaGoiml y*=2px m xacaonleics e¢ qupexTpuca. Hadma Touxu
nepecevenns napabonu B OKPYAHOCTH.

153. HanpcaTh ypapEcHMe napaGom @ ypaBHeERe OApPEXTPHCH,
¢QIA HIBECTHO, 9T0 mapabona CHMMETPEYBA OTHOCHTEILHO OCH
Ox ¥ 4¥TO TOUKE [EPCCCUCHRA NPAMHX y=X HE X-+)y=2 NeKHT
Ba napabone,

54, Hanwcary ypasHense napaboihi B ee NHPEXTPHCH, €CIH
H3BECTHO, 9TO Dapabona DPOXOET Epe3 TOUKH NEPCCCHCHAN npaMoit
xty= Oox ORPYRHEOCTH X%+ p2 44y =0 4 CAMMETPH'NA OTHOCHTE/ -
EO ocE Oy.

155, Ha napaBone y*=6x matite Touxy, hoxamsumii paxmyc xo-
Topoil papen 4.5,

156. 3¢ Has NOBCPXHOCTL TpoRexTOpa ofpazopana Bpaunc-
HBEM N3P BOKPYT &€ ocH cEMMETPHM. Juamerp seprana 80 M,
a rnyGuBa ero 10 cd. Ha xaroM pacCTOSHEM OT BepiigHu napatons
EYXHO DOMECTHTh HCTOTHEK CBETa, CCIH JUIA OTPRXCHHA Tydei

Oy9XOM OH JOJDKeH OLiTh B doxyce napabonst?

157. M3 pepimemn napabomu y2 =2px opOBEACHE BOCBOIMOKHRIC
xopas. Hauscars ypapHCHEE MHOXECTEA CEpeHE 3THX XOPH.

158. Hammcats YPABHCHRS MEOXKCCTRA TOYCK, OZMHAKOBO YRANCH-
mbx ot Touxa F(0; 2) 1 or upaMoit y=4. HaiTH TOKM nepeceuenus
3roii XpEBOH ¢ 0CHME KCOPAREAT B DOCTPONTE ee.

159. Hanmcath ypapHeHHe MHOKECTEA TOYCK, OJHHAKOBO YAAIeH-~
HWX OT HAUAJA KOODPJMHAT H OT OpaMol x= —4. Halita rouxs
UePSCeucH HTON KpHBOK ¢ OCAMHA KOOPIMHAT H MOCTPORTE €8,

160. Hajfta MBOXECTEQ OEHTPOB OKPYyRHOCTEHR, MPOXOASTIMX Ye-
pe3 JARHYIO TOUKY A B kacaomBxca AaHaol npsmoit L.

I'aapa 4
SYHKIMA

§ 1. Ocuonane noguTHE
1. Onpenencane

me, Tyeme X ©Y— HEXOmOopbie Yic408dEe MHONCECT-
8a. Dyuxyueil | HA3HIBACMCA MHONCECTNEO YNOPAOOUEHHNX Nap wuces
(x; ¥)*, maxux, umo x€X, yeX, u xaxcdoe x 8xo0um & 0OKY u MOALKO

*Tlapa YmOEn X B ¥ HAMGBAETCE WNOopAdousiiof, SCTE YXA3RNO, XdAKoe B3 STEX
WECE] CYRTLCTCE HEPBEIM, 3 EAXOC — BTOPhIM. YOPSOOTEEEYIO NAPY WHCEN 3ACECH-
BRYOT & BAOE (X; ¥), rOe x - MEPBOS TWCI0, ¥ — BTOPOL.
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OORY NAPY IMO20 MHONCELSd, a KawCOoE Y éXo0um No Kpatinéldl mepe
8 o0ny napy. TIpu 3mos 2060DRM, ¥MO WUCAY X ROCMGRAEHO & COOM-
gememaue uucao y, ¥ nuym y=f(x). QYucso y nazvieaemcs anavenu-
em (pynwkyuu f 8 mouxe x. Ilepemennyro y Hasvisaiom 3asucumotl
nepemennodl, & NEPEMENHyI0 X — MesagucumMoil nepemenHolt (usu ap-
ZYMEHMOM); MHOKCecmao X — obsacmuio onpedesenus (usu cywecm-
808aHUR) PYHKYUU, G MHOMCECE0 Y — mHodCecmBomn 3nauenuti Pyk-

u.
Kpome Oyxeu f nmm obosnavemnii dymxnuit wemomsyor ap
ﬁynzx BATHECROTO H 4eckoro ApARHTOB, HANIPHMED: y=yy§z,
y=g(x), y=@(x), y=4(x). y=F{x) u 7. 2. Dpyramu Gyxsamm 06o-
IHAYAIOT 3ARHCHMYIO B HC3IABHCHMYIO mepemenenie. Huorsa saenca-
MYI0 NEPEMEARYK) TAKKS HA3LIBAIOT .

IIycTh Ha HEKOTOPOM MEOXECTBE X ompeaenesa dynxuns f(x);
TOT/Ja 2BaYeHue 3Tol QYHKIMH, COOTBETCTRYIOMES HEKOTOPOMY 3HA-
YEHRIO PTYMEHTA Xo, OO03Eavaior f{x,). Hanpumep, econ fﬁmx".

10 f(3)=32=9, f(~D=(—2*=4u 1. 1.

OyEKIHL, BCS JHAMCHEN KOTOPOH paBHL MeXRy coboil, HajkmBaer-
cH annoli. Iloctomsmas Jymxuag obo3gavaercs Syxpodk
c (f(x‘z Cﬁ

IIpamep 1. Halivit ofinacrs onpenencHus B MEOXECTBO IHAYCREIE
pyuxmuu y =sin x.

Pemenne. Ob6nacrbio. oupenenceas ¢yaximME y=sinx SBisercy
MHOXECTBO BCEX BEIECTBEHHBIX THCEN, 8 MEOXKECTBO JEa%ennil pynx-
IEH 6CTh MHOXECTHO BCEX HHCEI, 3AXMOYeHERX Mexay —1m 1, T. ¢,
X={—o, +ao%{u Y=[-1,1].

pawep 2. HafiTn o6macTh onpesiesieHns H MEOXECTBO 3HAMEHRHI
bymapm y=1gx.

Pemenne. QOOnacTeio onmpeaencHus QyEXUEM y=lgx sBIHeTCR
MHOMECTBO BCeX NONOXHTCNLHHX THCE], & MHOXECTRO 3HadeHRil
$YEKIME — MHEOMECTBO BCEX BEMIECTBEHHRIX uMcen, T. ¢ X=(0,
+0)d Ye=(—~w, +00).

Ilpumsep 3. Haiith obnacte omnpesenenns ¢yExoae y=

1

=g (x-1).
V=42
Pemenne. Tax xax gymxims npeacranngeT coboil cymy dyBk-
mail, To obactTe cnpenenenrs GyRXIHEA OYAET COCTORKTH H3 BCEX TeX
9Ha9CHNEH X, KOTOPHES IPAAAMICKAT OXEOBPeMEHHO O0NacTH onpee-

Nemms QyERmBi _\?__: = 1 1g(x—1). [Toatomy ofinacTb onpenene-
—x*4x+
BN 3a0ARB0H DYEKIMH OIpPeAENSETCH KAk COBOKYNHOCTD 3HAYCHHI X,
OPH  XOTODHIX  OMHOBPEMEHHO  BHOJHAIOTCS  HEPABEECTBA
~x*4+x4+2>0 1 x—1>0. D10 Gyner murepsan (1, 2).
Ilpemep 4. Haiitu ofnacTn onpepeneHus Gyuxman y=msinl—i£;.
Pemenme. Obnacts ompeneneans GyEKIMH ONpeAcISeTCS Bepa-

n



--z—x-él Boasoas B kpagpat, moaysum 4x<1+2x+x?

BEHCTBOM
B 3x% —2x—1<0, Pemas 970 BepapeHCThO, HANNEM, 9TO 06IACTHIO
onpegenennn dyaxmam Syger orpesok [—1/3, 1]

OnpeaenrTh MEOXCCTBA SHAYCHHAHM X, YIOBICTBOPRIOIINX HEPABC-
HCTBAM!
1. |xj<3. 2. x*<g4.
3. x*>16. 4, |x-2 <1.
5. &2:2+34<1 6. §x+l 2£9.

8. (x+3)°<3.

9 (Sx+ 2> 10, x> —4x+5=0,
11, x; —3x 4<0, 12, x~x*>0.

13, x2-2x+5<0,

14. x2—11x+10>0,

Haitre ofnacra onpenenerns dysxumi, sanaxabx Hopaynasa:

15. y=3x+42, 16, y=x*+5x+6.
17. y--%:% 18. y=/x—2++/2—x.
1. y=f3x—1+ ,/1—' 20. y=+/2—3x+Igx.
S—x
21, y=4/x*=5x+6. 22, y= I
-3z
23, 4 —x*, 24, y=gin3x.
25, y=«x-+cos2x. 26. y=tgx.
27. y=ctg-JS 28. y=arcsin x.
29, y==arccos(x+2) 30. y=arctg(2x+1).
31. y=log,log;log, x. 32, y=log,(—x).
3. y=loginlx].. M. y=logs(2x—1).
35. y=log; (4x—x?). -—
y=log;(4x—x%) e
37, y=3" 38, y= TNix-3
1 sinx
Y. y=arcsin_—, W y= o
41, fO)=x*+x-2, 42, f(x)=arccos(l ()
mf(o),f(l),f( 2). saitta f(1/10), £(1), £(10).

2. Yerunle w Hevermue dymopst. Dysxnms f(x), 3apapHas Ha

CHMMCTPHIHOM OTHOCETCILHO HAMANA KOOPIRAAT TPOMCKYTKS, Ea-
JRRBETCH ¥emnoill, eCId 1a oforo SHAYSHAN X B3 3TOTC HPOMEKYT-
X3 MMEET MECTO PABCHCTBO

A=x)=1).

kS



1 pAQEK WTHON (PYHKIEM CHMMETDHEYCH OTHOCNTENLHO OCH Uy,

Oyaxuns f(x), SAASEEAL Ra CHMMETPETROM OTHOCETSILEO HAYR-
12 XOODAEEAT OPOMEXYTKS, HASHBACTCK Nevenmnodl, ecnu ana maboro
AHAWHEN X N} ITOr0 OPOMEAYTER EMOCT MCCTO PARSHCTRO

N=x)=—s(x).
Mpabax BeveTEOR QYERIEE CHMMCTPHYCE OTHOCHTEILEO HAYALA
"‘m'- ABYX CTHLIX (BCTCTHRIX

oES weTEas (meversax). JlelicTsmTembRo, nyc)n. w(x)uf(x)-i-g(x).
Toma ocim f(x) B g(x) — weTnne, TO

e(—X)=f(=x)+g(—x)=f(x)+g(x)=@(x).
Ecnx ®me f(x) m g(x) — Aeversne, TO ¢ (x) Taxxe GyaeT HeverHOl,
P(~x)mf(=%)+g(=x)m —f(x)—g(x)=~[f(x)+g(x)]=
= —p(x).

AHAIOTHYEOS JOXA3ATENLCTBO passocTe Sy,
Hponne.me:ne ABYX mmwm ARyx Beaersrix ¢ymmmmll ecTh

dmmm YeTEAX, A weTBOIl QYHKIEE HA REYCTHYIO ¢CTH

Beqeraas Qysxms. B caseon aene, nycrs ¢ (x)=1(x)'g(x) m f(x)
1 g(x) — verEne QysxmuEn, TOTAR

o (—x)=f(—x) g(—x)=f(x) g (x})=@ (x);

ecal £(x) K g(x) — EeveTaRR QYHKIMN, TO

P(~X)=f(—2x) g(—x)=[—f(X)] [~ g(x)] =9 (x);
ocim me f(x) — werEas, a g{x) — HeverHan dymxmmM, TO

¢ (—x)=f{—x) g{—2}=f(x) [~ ()= —@ (x).

l'lpnnp 5. Joxasats, wro dymamun f(x)=x®—x%+x — mever-

e pyuEm: -0 <x<+®
e) Qj——i-—x; i—xs-—x’+x’—x-—(x’—x’-l-x}-:

=-— -f(x).
Tpancep dyExms 1—x3 — qermas.
Pemenn& o moupemujn(x = Pymxmuw: ~1£x<1;

ﬂ-x)-m JT=xi=fl(x). Crenosaremsuo, gyrxmas ger-

llpuap'? Apnsercs mn dyumxmmx f{x)=x*+x?, oupesencunss
» DpoMexyTxe —2<x<10, wernolt?

Pemenme. D1a $yrxims pe ssasercs BN YeTHoll, au HeseTHOkK,
Tak XK ¢e O0NAcCTs OoupelcIcHES HO OTHOCNTENLEO
Bavama xoopmkaaT. Xors opsansao f{—xj=
f(x)n’“qx’ 8. MccnenosaTh HA YETBOCTE H HERCTHOCT: QYHEHNIO

- -|-x-

ﬂ-—xjmrlﬂ'-!- )= Iuﬁ-x-—l#f(x T. ¢ tp -ao<:°<y-|;::

»



nerpopmeT paselcTsaM fl—x)=f1x) a /|- x)= —fix). Izauur, dpynx-
WHS H¢ SBASCTCA HE 9€THOH, HH BedeTHOM,

Xaxasg 53 GyExmgil aBngeTCH YeTHOMN, BeYeTHOH H Xa-
XaN He sjisercs ud 1erHofi, BM HeseTHON:

43, y=cosx+ xsinx. 4. y=x27"
48 y=2" +G)' 46. y=2xsin* x—3x>.
1 x x
41. y=(5)'—3 @ y=—.
49. y=>5log,(x+1). 50. y=x'4""
2-x y+37°
81, y=log,—. 52, y== .

y=logs < =

531 y=5-x' “. y-‘-‘xz""x.

58, y=x>+4x2, 56. y=Igcos2x.

57. ymx243x~1. 58, y=u*-2x3+3.
59, y=x>+2x. 60. y=1g (x++/1+x%).

61. Tlycrs f{x) — HexoTopas ¢ymkuus, o a Beeil
wmcaopoli npaovol. Ilexasa 0 ¢iynm|.l <p(x)=ﬁxﬂf?—:§c-c-'—;-
neTHAR, & dysmms ¥ (x) -/(:c’i’—}{-—x — as.

3, Ilepuonmiecune $ynxmm. DyExKuUES HAJHIBACTCH NEpUOdU-

yecxofi, eCHE cyizecTeyer gacio T'#0 Takoe, 4o ans Jioboro 3paue-
BME X B3 060acTH onpeneacans HDYEKINR PLOTOJMSCTCE PABEHCTEO

S+ T=f{x).

Yecno T masumaerca nepuodom dyaxune. Ecnu T — nepron Pyek-
IiH,. TO o€ NEPHOAOM SBJIRCTCE TaKke B wcae — T, Tax Kak fix—
~D=fl(x~T)+ T)=f(%).

OferHo nOR ncpHONOM..OYHKIEE HNOHHMAIOT Haumenbluutl w3
HOJIOXHATEALHEX TCPHOROP, CCaN-T3Kol nepron cymecrsyeT. Hanpn-
Mep, nepEofioM dyHEEnER sinx B "gosX #BIgercR vECI0 T=2m
:sin}x+ 7)=sin x, cos (x +2x)=cos x, &' Gynkuui tg x B ctg x — AuC-
ao T=x, -

Ecma T — nepaon dyHxums, TO ¢¢ NepaogoM SyaeT Taxxke H YHC-
o kT, rae k — moboe nenoe wcno (k= +1; +2:. ..)*. Hanpamep,
sin(]x+4n)=sin (x+2n)+ 2n]=sin (x 4+ 2n)=sin X (k=2).

9. 1loxasars, wro dyuxmus S(x)=sin©x HMeeT gepuox

T=2 (w%0).
w
Pemecnre. Vimeenm sin [w(x+-’i-“):|=sin (wx+2n)=sin wx.
o

*HelicThbAETSAEHD, 2T)m T)+T]= Ti={f{x),
31?31‘ - :E:ZIJ):E ={I(;:i2)!‘)£?/x) aT.a

4D



11pHmMe p iU, 1lokasaTh, yTO PYHKIOHA f (X)) =S5in {Ix+ 3) pMmeeT ge-
paox T--—
Pemeune Hmeem s1n[5(x+~—)+3] sin(5x + 2nx+ 3)=sia[(5x+

+3)+ 2x)=sin(5x +3).

bysxign flx) ¥ g(x) DepHOAMYECKME C HEPHOJAME
T, B T; COOTBEICTBEHEHO, TO NEPEOJOM HX CYMMM, OPOK3IPEACHHS,
PR3EOCTE H 3ACTHOTO apnserca uucino T, xpatroe T B T Heficr-
purensEo, mycte I=kT. ® T=kT:, rtne k& » Kk —
nemre gEcna. Kax Gnino noxasano, useno T suisercs mepuoaoM
dyexnuit /(x} & g(x). Torna nna pynxmer ¢ (x)=/{x) +g (x) ameem

@lr+ T fle+ D+ g+ D=1 e+ &, T)+glxA kT =)+ g ();

ans dynxmam ¢ (x)=1(x) g(x) mmeem
b+ D=flx+17) gle+ N=fx+ b T) glr+ D) =f) gl u 1. 0.
Ipamep 11. IToxasats, wro wacno T'=12x7 ecrs ncprox Qysxnum

f(x)=ccrs;x+sin;.

Pemenae. ITepnon c_:os;x ecth T =‘-‘3-’t (cm. apumep 9). Ilepuon
siﬂgjir ecth ;= 6x. Haumensoee nozoxaTeabsoe wucao T, lrpanme‘%Jt

H 67, ectn 120 (122=9T; ® 12x=2T)).
Cnepoparensao, neprop pymuapn ecte I'=12n.

Haiita nepaon dyuxiymil:
62. y=sin4x. 63. yr—-tg(x[Z)
64. y=sinx+cos2x. 65. y=cos?3x..
66. y=sin3x+sin2x. 67. y=|sinxi.
68. y=sin(3x+1). 69. y=3in*x+cos*x.
70. y=sin®(x/3). . y=}oos§l.

ni Hoxasats, aro pymxous f(x)=cos x’ Bt IBASCTCA DEPROIK-
qecro .

4. padmaecxoe mrobipaxenme Gpyunmi.
HoctponTs rpaq;:tn @yuxm:&w

73. y=4x+8. 4. y= -—;x+2.
718, y=lx| 76. y=l4x—1].

*C meronmxoldl mocTpocmny rpadmxos ¢iyExmpll MOXBO NOIHAKOMETICK B ER.:
Hlunoiee B. C. Ocaont aucuel MaTemaTanm. M., 2002,
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Ity y=lp—+l|
7. y=|x +3.

81. y==§x+lx]— | 8

830 y=‘_x +3
=3x2-35.
y=-=(x+1) 3

B: = =2
s 1,

93. y-=3x—

9. -&;ﬁ-zﬁl
y —

9. y=/x+1,

101, y= —f2x—1],

103, y=1-3/2x+1,

105- y= -‘E'— 1-

=
107, ymi=
119, y=3""2
121 y=-2"".
123. y=(12)" -2
125, y=2',
127, y=2° %,

x—-1

129, y=2"*,
131 y=i43"
y=2,

135. y=logm (2x 3).

42

8, y=—px+L|.
80. y=|x|+x.

82, y=x*+2.

84. y=2x3+1.
86. y= —4}’
88, y=(x+2)*-1.
90, y=2(x—5)*~1.
92. yax'-5x+6.
94. y=2x*—4x,
96. y=dx—x*-3,
98, y=|x*~3x—4).
100. y=4/1—4x,
102. y=/8x—~1.
104, y=1/x+2.
106, y=3—4/x.
108. y—2—-;-_'-_-i
§2x
Y
9x+4
112, Y=

4-x
114, y= h[

2+4
116. e
x+2
118. y='x+2'.
120, p=(1/4)"**
122. y=—(1/2)""'
124, y=3"-2.
126, y=3""
128, y= (1;2)“"’

l

110. y=

130 y=(1;2)"“

132, y=2%"

34, y=2""",
136. y=log;(x—2).



M, y=10gp(3—2x).

139.
141,
143.
145.

147.

149,
151,

183,
185.
187.
189.

y=log;(—x).

y=logy;[2—3x].
y=llogs (4—3x)].
y=logn (x—x?).

x+4
y=loga—.
2—x

y=login(2x* —4x+3).

cossx»+l
y 2 ‘

. y=2sin3x+1.

1

nx
1 y—“' ctg—‘-r

4
1
=§ cosec 2x.

. y=tg (x4 — x).

. y==235n(x—u{3)+l.
. y=itgx+1|.

. y=sinx+COSX.

» y=|sin 3x|.

. y=log; |sin x|.

. y=xsinx.

. y=xsin®x.

. y=arcsin(3x+1).
. y=2arctg(2x—1).
181, d

y=arcsin~.
X
1
y=arctg-.
X

|
y=arccos—.
x-3
1 L, o x=1
y=-arcsin—-.

2 x+1

140, y=logp |xl.
142, y==log|x+2].
144, y=|log; |3x+4|i.

x—1
146. y= 1031;2';:5.

148. y=log; (x> —6x+5),
21

150. y=logip ey

1 =x
154, y=§cos1tx— 1.
156, y= -——25ec§.

158, y=1-2sinxx.

160. y=cos(x+ z/6).
162. y=2sin (rx—=/3).
164. y=|ctg (x+n/4))-
166. y=sinx—+/3cosx.
168, y=sin’x.

170. y=log xcosx.

172. y=x+sinx,

174. y=|x|sin x.

76. y=arccos {(x—2).
178. y= —aresin"—:—’.
180, y= —arcctg{4x—1).

182. y=arocos—i.
184, y=amctg1.
X
1
186. y—arctg;—z.

X
188. y=arccos—.
y x+1
1

m. '=1_""——x2.
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191, y=;l;. 192. y=

B—dx+l
1 !
193, y—m. 194, y-43‘_1+2.
195, y=— L 196, y=— L
arcig (1—3x) logy2 (1-4x)
1 1
197. y= . 198, y=
y 3 {43—1 y 3x+3—x
1 1
199, y=—— o, 20. y=—r—e-.
¥ arcsin (3x+1) ¥ \/1+2x
-1 —x?
201. y=-=-x-3—_'_l 202, y= ;"—-4;
1 ix
= 2
W3 y= ez 24, y=——.
142
x-1 2(x—1
205, y= log;x_l_z. 206. y=log\p 2
207. y=xz+;. 208. yzx’—-;.
209. y=log, (>/x+1+1). 210. y=logipix?—3x+2|.
211, y= 22 y=—"

G- g

§ 2. Ilpepen x HeupepLIENMOCTR PYHKIER
1. Onpesesnenne upenens lbynmn TTycts dyaxmas f{x) onpenene-
H3 HA HEXOTOPOM OpOMEAYTKE A H mycTh TOUKA XX HIR XX,

Onpenenensie 1. Yucao A naswigaemes npedesom @dynxyuu f(x)
8 MmovKe X=X, ecau OAR m0bozo vucsa £>0 cywecmeyem wucao 6>0

maxoe, umo AR écex x€X, XX, POOSACMAOPRIOWUX HEPadeHCMEBY
1% —xol <8, swnosnnemen nepasencmeo |f (x) — Al <.

1. Hcoome3ys onpemesncHme, JokasaTh, 410 Gysxoud
J(x)=C (C — HexoTOpOe TACAO) B TOUKE X=X, (Xo — Jk050E MCII0)

AMeeT mpeacn, papi C, 1. ¢ lim C=C.
P¢megne. Bossmem mo6oe 6> 0. Torma A% moGoro wncia 8> 0

*Ineck X moxer GuTe mobuM opomexyToM paga [a, B, (a, b), (a, 8], (~o0,
+ 0) ® T.O.
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pemIOIuseTCH Tpebyemoe vepasercTno [flx)—Cl=|C—Cl=0<3; cre-
AOBATEILAO, lim C=CC,
ITpumep ztﬂﬁcnomya ONpeHesicHAE, OOKalaTh, ITO (PyHKNHA
f{x)=x B TouKe x=x, UMeeT npenen, paBHbi X,, T. €. Lim x=yx,.
Pemregne. BospMem moGoe &> 0. Toraa econ mr;_:‘)'l 8, TO AJid
BCEX X, YAOBICTBODAIOMEX HCPABEHCTBY |X— Xo|<d, BRIDONHACTCH
TpeGyemoe  HepapencTBO  |f(x)—xo|=|x— x| <& crenoPaTenLEO,
linsl X=X,
- I,l'lpnmp 3. Vcoomezya onpenencHse, ROKa3arth, 970 QyRKNES
f(x)=3x—2 B Touke x=1 uMeeT mpexcs, PaPHHIl CHMEHNE, T. €.
],ff'} Bx-2)=1.

Pemrenne. Bosnmem moboe £>0. 3afada COCTORT B TOM, YTOOR
Do 3ToMy & BHaliTH Taxce d>0, mpm KOTOpPOM HI HEPABEHCTPA
jx—1]<d cnenosano O HepabeHCTBO )p l|=l(3x-2)—l|<e.
IIpeoOpasys mocmennee HepaseHCTBO, noayyaeM |3(x—1)|<eg, =m
¢ —1|<¢&/3. Orciona PuanO, 9TO cCIM BIATH §<Ef3, TO ANA BCEX X,
YAOBIETBOPAIOMHX HepaBercTBy |x— 1| < 4, BemonHsercs Tpebyemoe

sepasencteo | f (x)— 1] <& Dro u o3uauaer, y10 E‘IJIII (3x—2)=1. B ya-

CTHOCTH, eC)d e=1, T0 6 1/3, ecin-e=1/2, TO0 8L1/6u T. I,
Hcnons3ya onpeaenense, Roka3aTh, 4T0:

213, lim (3 5)=1. 214, E}xsini=0.

215, lm}(Zx 5)=17. 216. lil:%lcosx-l.

217. lim (3x+5) =11, 218. lim x*=4,

219. im ==L =2 220. lim [x|=0.
X-’le_l x

21. 1in%\/;=\/§. 222. lim sin x=0.

223. Joxasarth, 3TO lir%(z.x—l)-?l. Ha¥itu Taxoe 8, 4robu ans
FEN

|x —2] < § Brmonnsnock [f(x) 3|=l(2x— l) 3|<0 Ol
2. Croiicrsa npeaenos. Henpe
Teopema 1. Ilyems dynxyun f(x) ogc{;) wuerom & mouxe x, npede-

st B u C. Tozda dywryuu f{x)+ g (x), £x) gx) u f)fg () ( npuCC #0)

uMeom 8 mouke X, npede.«lu DAasRYE COOMEBEMCMBEHNO
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u BIC, me Eﬁlﬁ[{(x)ig(ﬂhBiCﬁ jigo[f(x)g(x)]ﬂc.

lim Sx)ig(x)=BjC.

3amevanpe. Teopema 1 nepHA TaxKe B B CIIYYAS, KOTAQ Xy ABUS-
£TCH OOHEM H3 CHMBOJIOR <D, + ¢0 HIH — 0,

Ilpemep 4. Haiima lin:ll(?’x‘ +x+435).
Pemenme. Ha ocaonanmm Teopemil 1 (Dpenen cyMME! B IpOH3-
BEJCHBA) HMEeM Lil:l:(sz+x+S)==lxi|1113 lim x lin}x+limx+!in115==

P e ]
=3-1'14+1+5=9, Tax xax lxil-!:IIS-:S, IEEISsS, Li_r.rllx=l oM. nprEMe-

pulin2).

Onpepencase 2. Dynxyun f(x) Hasisaemen Henpepuisnoit 6 mouxe
X=Xy, 2cAU Npedes fyHKYUU ¥ e¢ Inavenue & IMol MouKe pasks, m. e.

lm Sx)=1lx).

i | . Fcnonbaya ompeaencHRc, ROKA3aTh HCOPEPHRIBHOCTD
dyaxaR ?i,x§=3x’+2x+l B TOuKe x=1.

Pemenpe. Ceavana malieM upepen naguoli Gyuxmue npa x—1:
13(3x2+2x+l)=133 lin?.x lfi.n}x+l§’_13215:}x+ljﬁl=3-l' 142 x
X I4+1=6. 3arem porMcIEM 3JHaYcHHe GYHXIGIE B TOUXE X=1:
J()=3-142-14+1=6, Bagam, aro npeacn GYEKNME M &€ 3HAYCHHE
B TOuKe X=) pasHM, T. C. liﬁf(x)-#(l); ClIeOBATEIHHO, hyHKIHES

H%m: ;D?yc;‘: ;ﬁyrmmm SGx) u g (x) nenpeprianst & mouxe x;.
Tozda ymeyuu f(x)+g(x), f(x() x(:é)ol)a S(x)ig{x) maxoce nenpepuianni

¢ amoii mouxe (vacmmoe npu g

. l+snx
Ilpamep 6. Haiirm lim ——"
Pemesne. Tax xax B Touke x=x/2 pyeximma 1, sinx, cos2x
145
HETPCPHIBESL, TO, IO Teopene 2, d)ymmf(x)=l_c:; npepHBEA

B TOWKE X=x/2, T. e, mpepen GYRKITHA H ¢ 3RAYCHHC B ITOH TOUKE
paBELl, TOTAA, NEpeXois K Opeaciy, HOIyTaeM
fim 1+einx - 1 +sin (xf2) - 1+1 =1
xosfl 1-coa2x 1-—-cos(2m/2) 1-(-1)
Honombays onpezencane, NOXA3aTh HENpPepPHBROCTL (yHKmui:
2. f(x)=C (C — sexoTOpOe Y8CIO) MR BCeX X&{— 00, + 00).
46




206, fim i+ 3543 "E‘}}'.';'S.;?i;eg_m, +o0).

27, f(x)=x3-2x+4 g ncex xe(—w, +m).

Haifta npeaem:

28, bim (*~ Tx-+4) 229 liﬁexuﬂz).
. 0—3x+2 L X =xt—x+1

230. lim Baxtd . lﬁ-_xi-:&-x_-l-z_

232, lim (sinx--cos2x). 233, lim /3+4/25.

3. Pacxpurst HeonpeAencHROCTS BRI (E; n g.

. X+6x+3
Tpmmep 7. Hm“}f?, TR

Pemenne. MuetM BoODPEACNCeBHOCTE BRAA -g Henocpeacrseano

Teopeny 1 (mpenen wacTHOro) mpAMCEETh Henbas. Heobxonmmo, xax
TOROPAT, PacKpHITh 3TY BeonpencicHaocTs, JUN 3TOro pPasTOMEM,
YECIETENDL HA MEOMETSIM K COKPATEM Ha ofmmil MEOXBETENS X+ 2,

xoTopeil ofpamaer » HyL 3HAMEBATENL ¥ YHCHETENL Apoba. IToay-
waeM

a‘+&x+a_ . (x+2)(x+4) X+
s0e2 P48 -2 (X (FP-2x+4) Fe-2 P2rsd’

Tax xax 3HAMEHATENb TCHEPh HE PABSH HYMO, TO HEOUPSACHCH-

BOCTb & PACKDHITE. IlpaMenns ret::peuy 1, OXOHYATELEO HAXOMHM

lim_(x+4)

. £+sx+a_ X2 _ —2+4 _3=_
v R I (200 (=2 —2(~2+4 12 6
Tpaseep 8. Hadiru lim ’:":

Pemernne, MeeM HCOUPCACNCHHEOCTHL BRAA g. Pasnenus =Ha
X YRCINTETL M 3BAMEHATENH NpoGH, 3 3aTeM DpNMEHEEB TeopeMy 1,

4 4
Jom Hln(.’---) lim.’a—im:
x—4 X xwwm x/ x=m xewox 3-0 3
—— e L —— e
$mo) X=2 x= 1 2 2 1-0
l-— Im|[l-—-=} flml-lm~-

X K= x} 2w zemx
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rladTH Hpenennl;
234, fim 225,

x5 x—35
sndx

" a0 sin Sx
—8x+6
238, lim T8

=3 x=3
2+2x+1

xad 232 4Ix 44
245

o x4
2x-1

244, lim —
x+m x5 42
246, lim——>.
=3, f15-3
248
250

sin 2y —cos2x-—1

" x5 cosx—EinX
LN |

T et x+1

252, lim Y21,

-+ x+1
I T
2354, fim YETIWER2
—-® Txtb b4l

256. lim

v

V5438 1

X~ 40 ’-\,/x’+3
258, g \,/1+x—-\/1--x.

x

5x
03 Nax—20/1—-x
262. fim Y FX2!,

x-+G X

235. lim nan

0 x

. En?2x
237.1:9% T

xt—x-2
, b .
239 .t-on—ll x"‘-!-l

x+3
241, m ———,
x+0 23 4 3x 44

¥ __
243, lim X%

sva | —2x7

3
s, lim 2
e x5

27. lm SRX_C8X
e~ mfd cosdx
2+
Py (x-[-_}i“'
\/x’+l
x—-s—cn x+1
’\/x‘_-s-— JaZ1
x-—m x+7 )
285, hm YZI¥
24+ 0 ‘Jx’-—Zx’
(x+ D02 +1)
#om (Ix+ DHx+5)(x—1)*
259, fim Y1Tt8x—Viiex
- sin 2x
W1+ = f1+x*

261. lim

x0 x4
263, lim — 27
l+x—1

4, PackpuTue BeonpenencimocTel susa co— o0 ¥ 0 o0,

Hai#iTE npeaens:

264. lim (/x*4x~x).
26. lim (/T+x7~).

265. lim (/*7+ax—x).
267. x]i?m (W14 %% —x).



268. lim (/x*+3x+1-

Xeert i

Y

270, Lm (e—/x2+x+1).

Xon 400

. 1 2
272. lim (;Trr_,)'

274. lim (/*x*—3-5x).

Xt w00

27%. lim( 2 _= )
a0 \3x7 4 Ix+2

278. lim (1 - %) tgfg.

280. lim (x—-’—‘)tgx.
x—nfl 2

269,

271,
273,

275,
.lim(,la — )
=0 \an*x X,

4!‘11"5

. lim xctg x.
a0

. lim

1@00 Wxt+4-~-

—/x2=3x+1).
”ljxl:lw(x—\,’xi+x+l).
i (2
x—2 (1—2-_!'-—3)'

fim_ (/9x%+1-3x).

[J3+x+x‘ J9—2r+x’:,

*-3x4+2 B=dx42

S )

S. CMemaaMLIC 33184N HA BRITMCIICHHE DpENeIon.

Hatite mpenens:
2 +4x-1
ol e x42
Jariel-x

' astw Ix+5
. lim (x—+/x2—a?%).
E—r4 00

284
286

288, lim S21%
290

29

x+x sin9x
tgx—sinx

=

1 4
=1 \x+2 x*—4

s gin(x+d}+an(x—b)
lﬂﬁ 2x ’
296. lim — 10

0 /e xsinx—cosx

ix

298. lim 5"

;-

%

2”.

'lim

tg2x
soxf) sindx
Tx*+5x+1
xvm 34 14x3 +2x

lim J1+x+x’—1_

xal x

., l—cos2x
im —.
=)  XSINnX

. xliljlm(\/P +1—4/x%—4x).

cos (x+x)—cos(z—x)
x=0 x )
lim Zxxinx.
x-0 gOG2xX—]

. lim (/> +x+1-

Xea ok 00

-2 =%).

linnl[xcosx+5(x’—3x+l)].
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300, lm'Jl‘Hr‘—V/i'Fx 301. lim xigx

I/ 1x =0 1— mx
—-Zunx 1-3/x
302, Iim
o wfomx el vy
3 =3
 lim Y 1HE WD 30S. lim (secx—tg x).
2ol [ 4 -witfd

§ 3. Cpaaxenme GecxoRemmo MamIX.
Gynxnms a{r) nasuBaeTCR Geckoneuno masol DpE X—X, (HIM
B TOUKE Xp), ECHE ’lau(x)ao. Tyems a(x) & ${x) — ame Gecxonetio
Manic PYEXTHE OPE X—X;. TOrAR:
1) ecom lim ;%-0 10 a{x) masuBaercs Secxoneuno manoit Gosee
sucoxozo mym et Blx);

2) ecnm l:m J_(;l = A#0 (4 — wncno), To 2(x) & f{x) HarsmaroTCR
6ecxonem MAALME 00KO20 NOPRONG;
3) ccmn lim (x)ﬂl o a{x) 1 #{x) HaanBaroTCR FNEUSALIIMMLIIY
m mm. OxpuBaneETHOCTH ©GO3HATALTCE TAK
~B{x) opm x-»x;
x(x)

4)ecmlhm =A %0, To x(x) BasLBacTCH Geckonenno masols
n-20 nopadxa omnocume.ashio B(x).
ABANOTHIHN® OOPSASNCHEES EMCIOT MECTO AIA CAYIASE X—Xy—,

X=+Xg4, X—— 00, X—+ 00 H X~ 00,

Ilpe cpaspennE GecxomeTHO MAJLIX YA8CTO BCTONES
cmg;o(«om).ﬁmtbymnax B TOUKE Xy — Geu:onexg

Manas Gonoe BEIcoXOro mopsaxa, Gecxo i
Xe TOUXS, TO 3TO yc.no;:m saunu:':m-r m:e m(:]==o$(.5}‘)}!n$-
MeD, X = o) TPk *s0

Tpeseep 1. Jloxmu.. 910 Opa x-+0 ¢yExmEs x’ﬂ:>1)-—6w-

:omomuﬁomemommnopma, qeM X,

Pemenye, Oeiicramrensyo, lx‘ing—-ahmx =0 TAR Xax, Ko

X x=0
ycnopmio, k—1>0.
2. Jlorasats, wro ups x—0 dyaxmun sin kx B Ix (k+0,
{9:0) — GecrOHCYHO MAJEIC ORHOTO NOPAAKA.
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eIIe¢HHEe, B CaMOM AOfJiE,

lim ankxafhm ginkx k. k
=0 [x fxo0 kx !

ITpwvep 3. Moxasars, 910 npu x—0 dyaxaun sinx ¥ tgx — 9x-
BHBAZICHTHRIE (eCXOHETHO MAMEIe (5in x~1tgx opx x—+0).
Pemenne. }Ieimmumo,

cos X

Tlpumep 4. Onpepenurs npr x—0 nopsnox Gecxonewrro mMajoff
yexnum cos 3x —cos x OTHOCHTE/BEO Geckomeuno manoll x,
Pemenne. TpeGyerca walttw  wucno 7 rakde, wrobu

cosIx—cosx

l‘u_’:% —_— OLLT KOHEHERIM H He PABHKM Hynio. Fimeem
x
limem3x-—eosx=1im —24indx unx= —2%im dnh[imf_n_xl 1 -
x- » =l ] 0 X x=0 x x=0 n-2
x X X
=221 lim ——= ~4limx>""
x—+0 xn-z -0

Ipa n<2 ljﬂx"'-_-o, 970 He HONXOART, OpY n>2 liﬂx" =00,

910 Takxe He rogarcd. Tonsko mpH n=2 Exz""-l H HCXOMEi

npeacs paper —4, T. e, KOHeTSH M OTIHYSH OT HyIR. Mrax, n=2
R GyExmEa cos3x—cosx — DeckoHEUHO MAJIas BTOPOro HOPASKA
OTHOCHTE/IbHO GeckoHewHO Manolf x ppE x—0,

Ipvep 5. C nomongic 3aMeEL 3KBHBANCHTHRIX BafiTA Opedc-

logyx—1
l)lm:ln(l+3x) 2) lim Incosx . 3) lim ln{lnx) 4) .
JMO ‘\/l——x’— X=bp 2.x 2%’ x—-3

5),]j-|:£ ___-_-Ul-l-x;:-x’—.

Pemenne. 1) Ameem ln(l+3x)~3x; sinSx~5x*. IloaroMmy
h‘mh(,lﬂx) 1im3—-t=3.
=0 sin3x x=0 5x 5

2) lim hncosx =limln[l+(eosx-—-1)] 4hmnosx-1

=04 Sl a2 ) w0 x4
=4 lim - °°”=—4um—’3_— .

*Cw. 38027y 306,
51



-
n-
-}

3) lim ]n(lnx)=lim ln[l+(]nx-—l)]=ﬁm lnx--lneg-__ .

x8 2x—2¢ x-m 2{x—e) a0 2(x—e€) a=c 2(x—¢)

X X
| t+{==1 -1
e . ¢ . x—e 1
=lim =lim =lim =

s 2(x—8)  awe 2(x—0) 1w 28(x—0) h-z'.;;
X X

L5 -
. Iogax—1 __  loggx—logs3d 3 .. I3
4) lim 0fa =lim Ba B3 =lim =lim =
x=3 x—3 x—3 x-3 x+3 x—3 x-3 x-3
1., hWfl4(x3-1 L., x3-1 1
T Lol o) NLE T, Lot SO
n3a-3 x-3 In3x=+3 x—3 3n3
x+x
. 1+x+xt—-1 2 , x4+l 1
hm‘/ nd =l£ =lim ——=-,

X x=0 2 2

xll X

306. Noxazars, u9ro mpE x—0 1) sinx~x; 2) tgx~x;
3)1—msx~"-§; H In(l+x)~x;, Se'—1~x; 6) ad—1~xlng

7 (1 +x)"—1~ax; 8) arcsinx~x; 9) arctgx~ x.

erdTs OpE x—0 nopanxn GeckoneMHo Mawbix hymxmil

OTHOCETENLHO GeckoEeuso Manoit dymxnuy x;

307, xsin3x. 308. x2cosx.
309, xIn(l +2x). 310. x1+larcsinx.
311- (’\fl'i‘x-l)lomsﬂx. 312. ln‘l':—'x.

l—-x
313. tgx—sinx 4. VTR~ Dtgl,
315. (2"—1)In (1 +sin 5x). 316. (e"—l)ln € +1).
317. (3"—1)Incos 2x, 318. 3\/l+x—l—xf3.
319, ¢ ¥ = JT—#2.. 320. sinx*—cosx+e"
321 In(1+3x)~3x. 322, sin®x—In {1 +x%).
323, 3 /1403 (1 +x%)—cosx®. 324, &" —1—x2.
325, In(1+x)—¢" +1. 326. sin® xin =L

3x+1

327, (/T-2%—1)"®arctgx.  328. In :?:"’3"‘

HOJII:E!YKCB MeTOZOM 3aMeRll GecKOHEeTHO MANLIX 3KBHBAIIEHT-

HHIMH, HalfiTH Opegensy:

52



329, lim

&

&

337'

Ml.

343,

347. lim
K3499

351, lim

. lim

- lim

.m(fil

12 4xi-1
31421

- fa a1

TJx=1
L]

0 (tg(x/2P
&5

#=5 arctg(x—3)

In (1 +in x)

X zlin!\x_l

Xl

X2

1 ()

361.

lim, g x)*”

., arctg(2x—1) |

330,

332,

3y,

» x=1

" a1 ooz (x—1)—1

338, }lim

340.

342, lim
4. 1

6.

88 R R B BE

arcsin (x+2)

,]-J.n_lz x*+2x
lim 4V 1l+x~1
0 8 /14201
. sin® 3x

lim —.
=0 Ji-3x—1

. hx-1
lim .

x4 X—8
. hcosux

x-0 Incos ﬂx.
hnitgx)
x4t 1 —ctgx

. 4=
lim .
x—D 33_73

lim "

-1
A0 arcsinx
X

2-1

x40 3x_ 1
X2

7 S |

lim —
LAl G
. AJx—1

-] x=]
e =1

. 3x-1
lim xln ——m,
PN 3x—-6

. 2x4 3
hm(k )x-l-l
P ] +1

. (cosx)ux'
lm [——
0 \cos3x

lim (:il:)m-z
2 \sin2

T+ x+x2—1
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363. lin%(e”+x)"" 364. lim (1 +sin® x)

Ei-‘f @ . cosTx—1
365. ] (‘Hx ) 366. lﬂ 1+3x2
267, lim .x’-—l . 268, lmsmaxe,/u-ax* n
=1 gin{x—1) =0 xIn{cos 3x)
sln 3x—gin2x ? l+sinx-1+ux
369. lirg sin Sx—sindx’ 370. lm x
371, im tg 2x—gin 2x sinx--1
- ey - f |
-s:x+—-+l i
=3 [P —bxr10-1 = 1083(3*'*’ -1
375, lim ‘/x+13-21/x+1- 276, lim log,cos(x-1)
x=+3 logyx—1 -l ’42+x’ 2x— ]
Taama 5
JHOPEPEHLIMPOBAHHKE

§ 1. Nousmee npomisemoi

Onpegencane. Ilpouzsodnoti Pynxyuu y=1(x) & mouxe x, hasviag-

emen npedes npu Ax—Q onmmowenun npupasgerun gyrxyur ¢ Imoi
mouxe K apayMenma (npu YCAosuy, ¥mo Imom npedea
cywecmeyem).

[Ipon3nomaan oGoapaviaeTca ¥ (xo) BaR S~ (o).

Hrax, oo onpeacieRno,

Jixg+Ax)—f(xq)

S = fim, = i, ——
Haxoxuerwe npomseomBolf BadWBaeTcs duidepenyuposanuem

byExos,
IMpenep.  Hcoonweaya OUpCRENcHAE UpoRE3BOAROH, HAKTE mpoM3-

pogayio GyaximR f{x}=x? 8 TouRe X=X,
Pemenne. IIpajasas apryMeETyY X B TOYKE Xo UpHpaIICHEE AX,
EAigeM COOTBETCTRYIOmEe NpEpameane Hyaxnpa;
Ay=f{xo+Ax)fxe)=(xo+Ax)* 3=
=13 4 2xoAx+ (Ax)? ~ xd =20 x+(Ax)2.
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LOCTapHM OTHOIICHES

by _ 2rhx+laxf
Asx Ax

HaiiseM npenen 3Toro oTHOmMEHNS Dpu Ax—0:

fm =i 2 2,
CnenopaTembHo, nporspoanas hysxmun f{x)=x2 p Touke x, panna
THCOY 2%, YTO B UPMHSTHX 00O3IHAVEHHMAX MOXHO 3AIACATR TAK:
I (g)=2x,

Hcoonkays onpeaencaue npoussoauol, uaitts nponssonuue ¢y-
Bl B TOUKS X = Xq!

1L % nf;’_. 2, %)-x’.
3 =X, 4. we ] fx
5. J0m 1. 6. flx =xﬁ\/§.
7. flx)=sin 2x. 8. /lx)=cos.
1
9, f&)azx—ﬂ. 10. f(x)m+/1+3x.

§ 2.-Burmciaeane TPOMINOANLIX

1. [pasuna madpepeERHPOBAHNS:

1) vy mu 1v; 2) () =uv+uv; 3) ({)‘-"’;"’(nm);

4) ecnu GyBxmuR u= @ (x) AudhepeHDApYCMA B TOIRE Xy, & GYHX-
s p=f(u) mabbepeumapyemMa B TOWE #ym (Xg), T0 CROKRAR
dymaex  y=f[p(x)]  nmabpepesmmpyema B TOuXE
X B Y (Xo) ==y’ (o) ¥ (Xo)-

0. opmynw xaddepennuposanug:

(=0 2) Y=ax""; 3) ﬂog,x)’=ilog,e, B waCTHOCTH

(nx)=1/x; 4) (a"Y=a" lna, B uacTuocTE {¢°) =¢"; 5) (sinx) =cosx;

§ Ccosym—sinx; D= B Y=g
i '!I-—..l-::-_-‘ f = —--=-1.—._' '=__!._.'
9} (arcsin x) J)-;” 10) (aroccos x) Jl_xz,ll)(arctgx) T

1
12) (arcctg x) = —m.
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HipEMeEp. YICTIONBIVE OPAPHIA H pMynu AEDPeEPCHNEPOBAHHS,
HAiiTE mpom3BoRERe (yExmmE: 1) flx)=5+x*+3x*+sinx+cosx+

+2tgx—3ctgx+logx+3lnx;  2) flx)= x- i; 3) flx)=xsinx;

4) flx)=x arctgx—%ln(l +x3).
Pemenne.
D (x)=(+x3+3x*+sinx+cosx+2tg x—Ictgx+log, x +
+ 31 x) =(5) +(x*) + (3x%) + (sin x) + (cos x)’ + (2tg xY — (ctg x)y +
' an? : 2 3 1 3
+(log; x) + (3 1n.x) =3x* + 6x + cosx —$in X +—— +——+-~loge +~;
cos’x sSmtx X X

= ER)- P -DE+HY 2D -1 2%
2 /w= (A+1p b R+ -
ﬂlx‘+2x-2x‘+2x= 4x
2412 2+ *
3) f(x)=(xsinxy=(x) sinx+x(sinx) =1 sinx+xcosx=
=$i0 X + X COS X;

4) f(x)==(xarctg xY —(—- In(l +x‘)) =(x) arctg x+ x (arctg x) —

1 \ 2
ard " x’(l+x2} 1 a.rctgx+-l-:F 20+ = gretg x.
Hai'rn npor3soaEke GyHkImi:
11, y=x*+3x*-2x+1. 12, y=7x"+3x2—4x~1.
13, y==\/§c+£—%+4. 14, y= 4J'+-—-——+2
15. y=4x*—3sinx+ Scigx. 16. y=3 x+4cosx —2gx+3.
5
17. y==3+41x2+ NL 18, y=5/x*—4x+Sinx—
+;+8inx+cosx+lnx. —Teosx+tg x+ctgx.
19, y=log;x--3logyx. 20, y=4¢"+ arctg x+ arcsin x.
2 y=e- 25T 2. y=5‘+6“+(,1,)‘
8 6

23, y=mnx+33\/;:+ AU y=——,

+ Sarccos x. x A/x
25, y=tgx—ctgx. 26. y= arctgx arcetg x.
21, y=xcosx. 28. y=xtgx.
29. y="/xInx. 3). y=2xarccos x.
31, y=3/xarcectg x. 32, y=xlogy x.

1

3. y=ir-. M oy= —-—+xctgx

-1
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COs X
- ]
142€nx

37, y_iﬁf

1+4¢"
1-¢

41 f(x):x"—ﬁ, gaiiTu

F@=f(-2.

4. f(x)-ﬂ Hatia £ (0).

1+10"

45. flx)=xlnx, paiitu
S, @), SAfe), S (Ufe?).
47, y=sin(x*+5x+2).

49. y= \/I—F
S5l y=./2x—sin2x.
53, y=sin’x.

g. y_.ln(x+1+../ 24 2x+3).
. y"'

59. y—lnthx

6

1. ym=e®,
63. y=In(x%42x).
1 X
ﬁc E“"'—m —
y A 8\/5
67. y=Inln /x.
a? + 2
69. o

73. y=xInx+ arcsin \/;

75. y=xarctg+/2x —-——-—--".

77. y=sin? x>,

VX
36. y= .
Y
_xlgx
Tl4xt

40. j(x)=§—x"+x. Ha¥TE
£, S (-1).

42, f(x)=ﬁ, naiiTu

QL@ (-2

4, ﬂx)=1—nf, BaiiTa £ (¢),
S1afe), f'(e?).
46. y=sin3x.

48, y-—lcos(ambx)
50, y= \/1+Scosx

54, y=cos'®®x,

56. y=tg(x2+3).
y=incosx.
y=In{1l+cosx).

. y=In(x*—-3x+47),
. y=In(x++/x*+35).
1

g8

62
o4
66
68

70. y=Iln —.

72. y=§(xﬂ+ arcsin x).
74, y=£e’(sinx+cosx).

76, y=tg*x—3tgx+3x.

78. y=ctg3i;.

57



1}

e,
(1+cozdx)®
! +sin2e

| —sin2x
83, y-2‘°"+x’+e“"+£.
8s. y-J;ne‘/:.

87. y=(x+2)e ™"
1

™.y

8l. y=

89. y=e™
o1, y=10""""%,
93, y=-; @™ +e™™)

95, y=ln(e™+4/e"+1).

97. yglnmx.

Incosx
99, y=logycos/1+x.

101, ymln(y/x~/x—1).

103. y-ln(sinx+\/l+sin5x).

108, y=arccos{l —2x).
107, y=arcsin./sin x.
109, y-minﬁ.

2%
{11, ywarctge®+ln [22°

=

R |
113, y=Inarccos 2x.
1s. y=arctg£.

117, y=arccos e ",

119, y=e” ™,
121. y=Insintge~".
123. y=inarctg+/1 +x3,

b1 ]

80. y=sin® x+cos*x.
cos x X

82. yﬂ;i—-n,—;-l-]n(ts;).

84 y=a"", 0<a#l.

86. y=xie "

88, y=e"‘°cos(x13).

90. y=e*,
92. y=sin(2").

X X
e +e

94.y=x

114, y=arctgln (Sx+3).
116. yaaroctg’i.
118. y=tgsincosx.

3./ 3
120, y=a ¥ ™™ 0<a#l.
122. y=In3sinx.

124, y=3 x+3

Insin —-.
4



125, y=eV 't®* 126. y="%4/ arctge™
127, y=x*arcsin /1 -—-x>. 128, y= \/1— arccos? x.

129. y=arctg(x—4/1+x%). 130, y= J 2:;:
NEERVEN x
131, (arct +05Y 132, p=2In(2 + 5)—Farctg—.
y=+3 37 x+~/7 y=2ln(x*+5)—+/5 %
133, y=5 (1+1nx)%. 134, y=In(xsinx/1-x%).
138, y=x". 136. y= =x"
137, y=x"" 138, y=(tgx)™"

139. Cocraemts ypaeuenme xacareswroli x mapabone f(x)=x2
B Touxe M(1/2; 1).

140. CocTaBAETh YPABHCERS XACATAILHKX K rpaduxam bysxomii;

1) y=4x—x*> — B TOUKAX DEPECEHCHHES C OCBIO OX;

2) y=Inx p TOIXe DepecedeHBs ¢ 0cblo Ox;

£)} yuez’ B TOURE OEpEcedeHHA ¢ ocpio Oy.

141. ITpa xax\x 3EAYEHHAX X KAcCaTenbHEIE K rpabmxy Qysxmum
y=x*—x DapaUleILEL OpIMOi y=x?

142. B touxax (0; 0), (2; 1), 4; 0) nposeneEm xacaTenhume

x mapaGone y=4i:£. Haiita yrma Bx Haxmona x ocm @x.

143, Haiiti yron HakjioHa x ocE Ox xacatensHol x ramep6ose
y=1/x s Toure (1; 1.

. ORpy&HOCTb 3aJaHa ypapHeRHeM x24y2—4x=0, Haita

ypaanennn KACATENLHEIX K HCH B TOUKAX &¢ NCPECECHHA C OChIO Ox.

145, CocrapaTh YpapHeHES KacATE/bREX, DPOBCACHERI H3 TOTKH
M(1; —3) x napaGone f(x) =x>.

§ 3. INomaTwe uddepermuans
Ecnn $yaxnms y=/(x) mddepenmmpyepma » Touxe x, T. €. mMeeT

B 3TOH TOUKE KOHSIHYI HPOH3IBOHHYIY f'(x), TO ¢¢ upHpamcHHe Ay
MOKHO 3a0HCATE B BHJIC

Ay=f"(x)Ax+a{Ax)Ax,

ae a;haa {Ax)=0,

[napaas, Temeknas orsocETenbno Ax wacrs f'(x)Ax npapame-
BHA PYEKOMR HA3LEBACTCH Jugeperyuasom Pysxnmn u obosnavaer-

cu dy
dy=r"{x) Ax. ]



Nonoxue 8 dopmyne (V) flx)=x, moaymMm dx=ix}Ax=
=1'Ax=A4Ax, oxoB%aTe/LEO COOTHOWEHEE (1) npIuHMacT BHA

dy=f"{x}dx. @)
IIpm nocrarosro ua.uux Ax amemie byxnm: npabmixerEO
paBHO e yasdy.

HNpavep 1. Hairn aug

dyuxgn y=x2 4+ x+ 1 B TouKe

x=2, IpAYEM CALJATH 3T0 ABYMA cnocoﬁm 1) Bupenss rrasuylo,

nmeituylo
Popmyae (2).
Pemcnne 1)

2) no_dopmyne (2), dy=(
+1=5,

OTHOCHTEILHO AX 9aCTh npupamenm bysxnmm Ay; 2) o

) ( +Ax)—
+Ax) +(2+Ax)+l] [2 +2+1]=-5
x4 x+
OPATEILHO, HOOy4YseM

f(‘2+dx)—j‘(3 2+

de (2x+l)dx f(2)=2 2+
=5dx=SAx

Tpemep 2. Busecte npeSnmwsennyio dJOpMyJIy (1+6) '~ 14na

Haite nprGaaxesno

1,005; (1,03)°,

Pemerne. Bossmenm dymxmuio f{x}=x". Torma npe mamx Ax
Ay=(x+Ax)'=x"=dy maa (x+ Ax)'—x" = (x"YAx=nx""" Ax, oTxysa

(c+Axf 2 x" 400" Ax..
Tlonaras x=1, Ax=a, nonymm (1+a)"~1+nz, Hajinem upaGm-

WEHHO 1,005 @ (1,03)%. Mwmeem +/1,005=4/1+0,005~
~141/2:0,005=1,0025 (n=1j2, a=0,005); (1,03)*=(1+0,03)%~
~1+5°0,03=1 lS(n 5, a=0,03).
Halie m(]xbcpemm byaxumii:

146. y=sin® 2x. 147. y=In (sin /).

b
148, yme *** 149, y=2"%
150. y=xInx. 151, y=arcsin /.
152, yux?+x/x. 1583, ymarctgy/x*+1.
154. y=x2ﬁll X 155- = x+1 v

\/_ Y +x+l

156. y= m_x 187, y=xarctg x.

l—-:’mx
158. yﬂm- 159, y=\/;'arctg\/;:.

160. Haifrs npaSmaxenno npapatmenne Ay GyHRmEY ¥ = x>, ecrm

x=2 8 Ax=0,01.

161. Bumects npebmaxennyio dopMmyny \/a’+h==a+£. Hai‘uj
npabmxenno /101, /1,04, /41, 3\/9, 3\/33.
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§ 4. 1LIpOHIBOANLIC B JpPCPDCHINRILN BRICHINX NOPRIKOD

1. [poxamoamize nercmux nopamkos. ITponssossas £ (x) uasnma-
eTcx npouseoduoti nepsozo nopadka. Xpoussomuas ot f(x) Hassmaer-
CR Npoussoouod smMopo20 nopadxa (usu emopoti npoussodnoit} ¢
dyexuna f{x) u o6osragacrcs y” wmm f*(x). Iponssoasas or f”{x
HA3LIBAETCH MpouIsconol mpemse2o noproKa (usu mpenveti npoussoo-
wotl) ot dynxmn f(x) & oboamanaercs y ” wna £ (x)n 1. A

[IporspoAuad n-ro DOPAAKa €CTh IPOH3IBOAHAN OT DPOHIBOAHOH

(n— 1)-ro nopsanxa, T. €. ™ =("""Y.

pomasoamke HAYANAA CO BTOPON HAIRBAIOTCH APOuISOOHDIMU
abicLezo ROpROKG.

Haiite opomipojusle BTOPOro NOpaaKa OT GyHKIMi:
J’

162, y=e¢ 163. y=tgx
. X
164, y=ctgx. 165. y=arcsin 5
166. y=sin®x. 167. y=cos’x,
1
168. y=/1+x%. 169. y=arctg;.
170, y=Ia(2x-3}. 171, y=xsinx,
. x+1
172, y=xarcsinx. 173. y=—"
Haiith opon3poRHLIC TPeThEro NOPAAKA OT GyHROMIE:
174. y=arctg§. 175, y=xe ™"
176. y=e"cosx. 177. y=x3sinx.
178, y=x2" 179. y=xnx.
Halite nponsponusie n-1o nopaaka ot dyaxumii:
180. y=Inx. 181. y==sin3x.
182. y=¢". 183, y=2"
184. y=cos®x. 185. y=In(l +x).
1“1 y=3x ls’lu y=(4x+l)”
188. y=xcosx, 189, y=x3"
190. y=x=sin§. 191. y=xlnx.

ITpamenas hopmyny Jleiibauna, saiiTe NpousBoAnbe YKa3AHHLIX
Hopaakon mna dyaxupi:
192. y=e&®cosx; HaiiTy y". 193. y=a"x?; maiita .
194. y=x?sin x; HaiiTe y”. 195. y=e™ sinx; saiitu )",
196. y=x*Inx; Haift| y". 197. y=¢"(3x*—4); nasits y'
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dy:}' ' de HAIHBACTCH mea::u nep«;eo no;g! Ka.
gﬁepe d(d;:):pm mgynmun f(x) & oﬁosnaqaemozrf;
0 A0Ka H ;
dhyer (9 ()
BUHAT d(d‘y) oT a d%y BasmBaercH dug-

Peperypuasom mpembve2o noproxa yusana f(x) v oﬁomqae-rcx d3y
HT. &
Tuhdepenmman d (@ 'y) or mabbeperusana d" 'y masumacrcx
dudPepenyuarom n-2o nopadxa dynxyuu f(x) B o6ospayaercs d'y.
b Hudbepennaan nro nopAzxa HEAYKTHBEO ONPCACANCICA IO
OpMYyJIe

dy=y" [dx)', n=1, 2,

OTKyZA
w_dy
@'
1. ¢. n-% npom3BopHas bymxums y=/{x) 8 HexoTOpOl TouXe X pasHa
oTHOmeRMo n-To abdepennmana aroll PpyExuEn B TouRe X X ARd-

dbepeEEATY APryMeHTa B CTEIEHH 7.
l}pn;aé{r Halfta muddepermasn Tpersero nopsoxa QyBxnem
y=x"=3x*+4.
Pemenne. ITocnenosaremsao muddepeHrmpys, TOMydRmM
dy=ydx=(4x>—6x)dx, L
d?yw=d (dy)=d [(dx> — 6x)dx]=[(4x> — 6x) dx]'dx=(12x*— 6} (dx)?, .
dy=d (%) =d [(12¢° - 6) (dx)*] =[(12x> ~ 6) ([@x)*Ydx =24 (dx)*. |
Haitta maddpepeRmeansl sTopore nopsaxa or (Gyaxomif:
198, y=4x*-7x3+3. 199, y=cos2x.
200, "|,-=4-’l 201. y=\/m.
Haiite xudeepenmuarmr yxajagaux nopsaxos or $ynxmail;

202. y=sin® x; maiitm dy. 203, y=./x—1; waiita d*
204. y=xInx; gaiira d*y. 208, y=xsinx; 'Haitra d! "y

§ 5. Jupdepemmponanme gpymwcupmi,

JAAANNIIX NAPAMCTPRTECKR

TIpOH3BOJIHIE NEPBOTO B BTOPOTC HOPIAKOB f(u)1
DPENCTABNEHEON M2PAMETPHICCKE QYRKIEAME X=@f), y= \b(t)
pPazaloTesE GopMyIaME

N
== B Y=
RS0




1lpumep. IIAHTH P, CCIH X=CO8{, y=SI0{.

Pemerne.
_(—sin) (~ang—(~cosfeos) _sin'r+oos’s 1
= (—sin)* Y sin ¢
HaiiTe y, & y..:
3
306, x=¢3, y-'—-—t 207, x=¢”, yme"
208. x=a t--smt) 209, x=28, y=13 41
y=a(l—cos/). , ,
210, x=acos’ t, ymasind¢, 211, x=e cost, y=e sint.

6. Ocuonurie Teopemur upepentmLinuore
§ Dpusaxo Jiowmrana, opmyna Teiiwopa

1. Teopema Depma. Tycms Pynyua f(x) onpedesena na wn-
mepease (a, b} u & nexomopofi moure x, Imozo unmepsasa umeen
nauboasuee wan naumenswiee suavenue. Tozda ecau & mosxe Xo cyupe-

CMEYEM BPOUISOONAR, MO OHA PAENG KYAID, M. e [ (xJ=0.

R e ":1;‘;{;%' s -
nf(‘g{ﬁ 3% 1{3& %:g’yz]r’n ::?oma pod
l) =;;ow;a]o IR;) x, ec.lul 0€x<l | pmu 0 ecnE

214 Vaomnersopser au ymnj(x=l—’f YCHOBEAM Te-
opemsl Ponng Ha oTpesxe [—
215. Ynoa.nmt'::g:m 2w yaxnas f{x)=sinx ycroBRmM TeopeM

Po.muna oTpeaIRe
I.[omnu. mypamenne x4 3x— §=0 EMeeT TONBXO CARE

Teo e .I[arpu:a. na ompesxe [a, b
acgun 112, n ofﬁ nempeprana wa (s, b 7 2@3

depenyupyema na a. b) cyuecmeyem moura cc
umocnpaum dopmyasa

16

217. IlposepETE, 9TO q:ymunu f(x)=2x—x* ypomnersopser
YCIOBEAM TeopeMm Jlarpaawa Ha orpesxe (1, 3], B naiima ameromyo-
ca B popmyne Jlarpayxs TouXy £
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&18 1] BTk, IPEMCHAMA JIA TEO Jlarpagxa x QyHKun
o 1) fix)=x* ma orpesxe [3, 4]; 2) I&me Ha oTpeake [1, 3]
3) flg=2y/x* (x—1) ra orpeaxe [—1/2, 1/2]. B ciysae npamesmMO
CTH HA#TH EMelomyiocs B Gopmyae Jlarpanxa Touxy c.

219, B xaxoii Touxe xacaTensras x napaboe y= x> mapamneini
xopne, crarasaiomedl rouxm A{(—1; 1) 1 B(3; 9)? IToacauts rpadu
YeCKH.

220. B xaxoif Touke KacaTebEAY K Kpupol y=4 —x* napamens
Ha xopae, crarmBajomeli Toum A(—2; 0) m B(l; 3)? Iloscuun
rpadaveckn.

221. Iocrpouts rpapex pyexnms y=|x—1| sa orpesxe [0; 3]
[ouemMy 3neck Helm3s NPOBECTE KACATCABHEYIO, DRPAINEALEYIO XOP
Ac? Kaxoc u3 ycnobui Teopemul JIarpanxa 3aech He BRIIONECHOT

Teopema XKomn. Tycms Pyrpcyuu jﬁ u g\x) nenpepoisunt na [a
b] u Ougepenypupyessi na .y'fuﬂycmb. Kpome mozo, g ’(x'sa#o
Toz0a cywecmayem movuxa cela, b) maxas, wmo cnpasedsusa opmyac

101 1
g)—glad ¢l
222. Tlposeprts, 710 DynxmEs f{x)=x2—2x+3 u gld)=x~
~7x34-20x— 5 yAOBIETBOPAIOT yCAOBAAM TeOpeMul Ko Ba oTpes
ke [1, 4], m Bafite ameromyrocs B popmyne Komm Touy c.
T d:ozpuynyl(omannaﬁm qucm?unmﬂ
1) fix)=x* u glx)=x* Ba orpeaxe [q, b]; 2 ;‘izsinx Hg x¥=oosa

Ha orpeske [0, 7/2); 3) f{x)=x* u g{x)=+/x Ha oTpesxe [1, g
. Y/IOBACTBODSIOT NH YCHOBHNM TeopeMii Komma dyHkuss

fix)=¢"n g(x}=;§; Ha oTpeaxe [—3, 3]?
2. IIpasuno Jlommtam,

I. Packputae HeoHpeSCNeHHOCTE BHAR g Ilepaoe mpasane Jlo
OETANN.

Ecau lin f{x)=lim g (9 =0, mo lim 7 =g 73,

a2 Za Xebi g(x) f ’(x)

Ko20a nocsednuii npeden cywyecmayem (Konewnslil usu Geckonewnsitl).
M. PackphlTae neoapeaeIeHHOCTH BUIA g— Bropoe upasuiio Jions

TRAN,
Eeau lim f{x)=lim g(x)= 0, mo lim 2 = tim £,
xa e a—a g(x) X g '(x)
xo2da nocsednuii npedes cywecmayem (Koneunvii usu Oecxongunviil ).
TIpasuna Bepabl & B TOM CIIy%ae, KOTA& X—C0, X— + 00, X— — 0
X—=a— H Xx-a+.

Iil. Heonpeneneanocrs »una 0°-co, oo—co, 0° 19, 0® w m
prexpirrae. HeonpeneneHnocTd Buaa () © 0 B 0 — o0 CROMNTCA OYTEH
64



anrefpadveckux npeoOpasoBaEME ¥ BCOUPEACNICHHOCTAM BHAA g

w0
H ;, 8 38TeM PACKPHIBAIOTCA C NOMOMIIBIO Ipabans Joourans.

Heonpeneneruoctk puaa 0°, 1°, 00® ¢ moMomsio ToxaecTBa
f[x)'w —Hnstd
cBOALTCA K HeonpeAecHEoCTH BEAa - co.
., X—l+hx
Ilpumep 1. HailiTe hn} _
-

x

Pemenne. HmeeMm HEONpeneneHEOCTD BHIA E IIpumensgs npasn-

0
J10 JlonHTANg, DOTYIHM

1
2—l+hn (x*—1+mnx)’ o 3

¥ - x - X5 — X, - X
lim ————=lim =lim ==,
x=+l x %=1 x B x—1 x ¢

¢ —t & —¢) [

Tipamep 2. Haiita lim =,

X-btm X
]

a0
Pewenne. FMeeM BeonmpeaeleHHOCT: BHEOA Py TIpamenna opa-
B0 JIOOETANA # pa3, DONydaem

» L} LY
. x . nx . rin—1x . nn—Dn-2)...1
fm = tm &= m 20X L o g 28DOS2L_

Y4 X x40 X I 4@ x st X
e [y [ e

. nt

= lim —.

X=++ao X

<

3aeck yxe HHMRAKOE HeonpegeneHHoCTH BeT. IToaToMy
L]

fim X= lm "=o.

x40 £ x=4m X
] ¢

Ilpamep 3. Haiita xh..ﬁ xIn x.

In
Pemenne. Fmeenm neonpenenentocts paas (- co. Ho x'1nx=1_;

00
H TONyYeHa HeonpexelcHBEOCTh BHAA = Ipamenas opapano Jlonu-
TAJIA, NONYYHM

3.186 65



Jim xInx=lim Y e tim 7 = — lim x=0.
+ {lfxy  a=0+ —1h7 xoB+

Ilmp«!.Haﬁm»hgx.

Pemenne. PMeem ueompeseneunocts baga 0°. Ho x“=c”
H HOJy9aeM B NOKA3IATCNE CICHCHE HEONPEACICHHOCTH BAAA 0
xoTOpag yxe paccmorpena (oM. upumep 3). CnegoparemHo,
bm xlnx
lim ¥"= lim e™*=¢"""" =e%=1.
204 x4

1

Tiparaep $. Halira lim (1 33 T

Pemenne. MmMeem meonpepenemgocts agma 1° Ho (1
1 ta{l+2%)

x
—]— —1
+x)’° 1-x e' * H B DOKA3aTelC CTCOCHE OOMYICHA HEO!

JNCHEOCTR mma E IpaMenss npapeno JIoumrans, noxytEM

fim In{l+x%) lun (2xf1 +x7} wlim 2x =lim 2
= 1—x -1 Ut T S+ -1)2x
=E=2_ 3
l ¥
CnenopaTelsno,
; It 457 :

F—l-x Me"-l-—-x
% 1+x3 =e =2,

Tpamep 6. Hairu lim g

Pemenne. meem secnpeaeneasocrs sana oo®. Ho
ﬁl.':

(tg x) h shl'x I.\‘mlx

B B DOKA3ATEIC CTENCHH NONY9eHA HEONPSAC/ICHHOCTD nunq
[+ o]
o Ilpamenss npapEno JIONETAIS, BAXOHM

&6



=m n 1 '
tim %3 jim —2 =2 fim X EX_

x=xi2 1jcosx 1~x22 sEC X xnz  pecxtgx

secxtpgx .
=2 }—om 't;’-;—z x-snfd Ztgxm’x—xh—g}zcosx_o'

CrneporaTensHo,

lim 2cesxlntgx

2
= =¢%=1,

lu:n (tgx)

PexoMenayeM ang npaofpeTeHus HABKIKA PACKPLITHS HeOmpene-
AenpocTd 00 npasuny JIONHTANS HCOONBIOBATE TAKAE MPEMEPHL,

HOMCINEHHHE B I, 4,

Haitta npeaemer:
1—cosx x
225. lim — 226. lima &=
= x
-Ixta? P—
2270 ].m _—| * e -e
2+l X4 +3 228. lim ey
29, fim 27+ deosx 230, lim $=%
=l x* 0 x—siix
231, lim M, 232. lim Lh_(.l.'_"_l.@.
> +w l f.:.!. x=m §—2arctgx
2 x+1
233, lim 2¥EX 234, lim =%,
) 3= X+ X
[ |
' Inx . e"
235. xlﬁ -l-;;; 236. x!.lg:la° 2
tgox
237, Jim 20 238, im ——.
1 cigrx x-i Inf{l—x)
29, lm %, 240, lim 2%7%
X=dm X X-rg ln(ax—e')
241. xlin;}z(secx-tgx). 242 %(arcsmx ctg x).
243. lim xe”* 244. lim (1—x)tg -;x.
U5, lim (i-L). 6. lim (—-3—_—'-)
-1 \x—1 inx * \x?—1 x-1

&7



247. lim (—‘——5). 248. lim (sin x)"

x=0 \sipx X
. sn2x . 1o x
249, xl_l}ﬁnh {tg x) 250, iu_g(l +x)
1
. X . :.—t
251, h,_‘.%x 252, E-i‘ix
H 1 1
i —— - i —_— 2 .
253. L‘I..i: ()zsinx x’)’ 254 lﬁ (x’ a8 x)
. . 185 .
255, ‘hq% (sin x) 256, Ll_lg (tgx In x).
X -—)
257. lim (lnx In {(x—1)). 258, {im S—5 —%
==t T xeb  sinx—x
289, [im 1298 260, lim =257
-0 x? a—nff CO53x
i ._l.l_l_(.l:f_)_t'f.. eqx—-l+x-x"f2
-~ ey 262. lim ~—— .
¢ ~1
-—x_ x-. - 2 e
263, lim =%, 264, Jim S =582 21
0  &in2x sl cOsXx4xt2-1
265. lim X2 266. lim (3 arccos x)"*
X K T

(A=x)" =1+mx

3. ®opmyas Teiinopa, ,

1. Teopema Telnope. fTycme dymxyun f(x) umeem & mouxi
@ U HEKOMOPOil €€ OKpecmHOCnu npoussodnsie nopadka n+1. yom
X — MoD0e InAUEHUE APZYMERNG U3 YKaszanuoil okpecmuocniu, X#a
Tozda mexcdy mouxamu @ 4 X Hagdemen mowxa & maxaz, wni
cnpasedsusa ghopmyaa Teiiaopa

e

s LU N

f[” | !
+1
(8 n+l

+ o1 (x a] 1
Mocneauuiz wien B popmyne Teillmopa Ea3RBACTCE 0cmamouHbiy

yaerom 8 gopme JTazpannca u obo3nauaercs R, (x). .
Tax xak rTouxka fe(g, x), To Haiaerca uucao § U3 HHTep

0<f<! Taxoe, 110 {=a+8(x—a) B OCTATOUHEIE “WICH DPHHEMA

BHH

{l'Hl q
J [a+8(x—a) LTy
R, {x) P (x—-a) ,0<0<], )



Ecnu dymams f ) OrpaHHyeHa B OKPECTHOCTH TOYKH &, TO
OCTATOMHEINA aneH R, ., (x apaseTcd GeckoHedHO MaIOH Gonee BRIiCO-
xoro nopanka, gem {(x —a)’ npy x—a Ry (¥)=0[(x—2)"] opx x—a.

gocncp;ﬂee COOTHOILICHHE HARLIBAETCH OCMAMOUHHIA YACHOM 8 Fopme
edno.
Dopmyny Tedinopa npu a="1_ opuuaro BHazsmBaTe Popmysoli Max-

A0pena:
)
¥ » 0 »
7 =f(0)+fl$)x+‘¥xz+ +£n-§—2 X"+ Ry (x).

OcTaTounnil el uMeeT BHI:

+1)
1) ® popme Jlarpanxa R,+1(x)=jl‘(la+f;x)x"“, 0<0<1;
2) B dopme ITeano R,.,(x)=o(x".

267. PaanoxmTs Muorounes P(x)=x°—2x*+x3—x2+2x—1 no
crenensM x— 1 no gopmyne Teibtopa.

268, Paznomuts Muorowner P(x)=x*+2x®—8x*+4x+4 no cre-
pensiM x+ | no dopuyne Teitopa.

I1. Pasaoxenme 3aemenTapawx yusuui no gopmyne Mawnopesa,

1) f(x)=e‘. Tax xax
&= @=f"(=..=f*"(D=c"
SO=f O=f O=..=f"O)=1,

70 hopmyna Maxknopena HMeer BHJ

X X x
el "), 1
€ 1+1r+?.l+3!+ +ﬂ!+o(x) (1)

0 OpE n ueTHOM,
f‘“’(0)=siu(n’—2‘)= !

(-1 ? NpE N HEYCTHOM,
To Hopmyna Maxnopera UMeeT BHA
-1

\ x & a-l X 2
=x-E 4 XL (- : 2
sinx=x-_to= ot (=1) @l_mw(x') )

3) f(x)=cos x. Tak xax



()= w) %)= P m HeveTHOM,
(9 cos(s-+n5), £ @) =con n) - {(-1)'**z mpa n seTHoN,

T0 dopmyna Maknopera uMeeT bES

e 41
cosx=1 E-I‘:!-—a'i' (=1 (2"}+( ).

B dopmyne (2) ocraTovEniil vnew 3amEcaH B BHAE o(x™), a

B BEJE o(x ") rax kax Cenyomui 3a NocNeAHEM YNeH PABCH Ky
(To %e camoe omocmcsxdyop e (3)).

269. PaxnoxaTts byaxomio fix)= ln(l + x) mo dopmyne Maxno
Ha ¢ OCTaTOYHEM WieHoM B dropme Ieano. i

270, PasnoxaTth HyExmmo j{t =tg x mo bopmync MaknopeHa
qIepa ¢ X° BRAOTHTCIBHO.

271. Paznoxars dyexusH 1o dopmyne Maxnopera Ao 9n

yxasaanoro TOPAMKA BRTOTHTENLHO! ) fix)=e™ po wnena c x

ﬂz; * no wneda ¢ x°; 3) flx)=In(cosx) Ao wmema ¢
smsmxno anena ¢ x*.
Hcenoapzoasmme gopmynss Maxsopeys Aam RRMRCICENG

sinx—x

Ilpnuep 7. Haiits lnn o
Pemenae, Ilo qaopuyne (2) B3ATOH TPH n=2, AMEtM

x*
x——4olt)—x _——
3t —lim N xB l+lim°(x‘) 1

z=0 x? =l 1 M et X 3

-2
Tipasecp 8. Haiirs lim L

x*snx
Pemenme. ITo doprmynam (1) — (3) nonyqaem

1 _x_: £+ 1‘) 1 £ x._.‘
i Pty ety

=0 xisinx x=l x’(x+o {(x)
olx 1 1

1
—+
‘241"8241
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6 —¢ —2x . tgx+2sinx—3x

272, lim ——. 273, lim

= x-ginx 2=+0 x*

L e T2 . 11
274, im 2+ =2 275, lim (-_—_ )

x=l) x =) \x sany

-2

., Cosx—e . 1=y /14 xPcosx
276. l}ﬂ — 277. !‘1_!2 —

. In(eosx+x%2) sinsin x—x 3/1 —x?
278 lim ————, i
78 o RE—, 279. !'n_g = .

§ 7. Hecnenosasue dyuxcnuii m nocTpoesne rpadgaos

1. Tpmnax mouorTounocTe Gyuxmm, Dyuxuas f{x} ve y6owaem
(e sospacmaem) Ha mpomexyTxe X, ecnu qna modSHX Xx;, x,€X H3

YCNOBEA Xy < X; cliefiyer HepapencTno f{x) <f(x,) (f(x.) 2 /(x)).
Ecng pns rex We x H3 YCIOBHA X <X, CHEAyeT HEpaBeHCTBO

Tl <flx) (Hx) > Alx), To dynknns f{x) naxmaercs soapacmatowseii

Muamoweﬁ)na MexyTRe X,
pema 1 %ﬂ un flx) ougpepenyupyema na (a, b)
uf'(x ;O(f (x 50) Ha a, b), mo gynxcyun f(x?p ybvigaem (ne
go3pacmaem) xa (a, b)
ep 1. Onpene.nm OPOMEXYTKH, HA KOTOPHX (yHROEN
fix)=x3~ l2.x+ll BO3PACTACT B YOLIBAET.

Pemrenne. O6macts oupemenchus ¢ — BCH MHC]IOBAA
npamas. Haxozum npomipoaayro GyRAKmaa: %ﬁmw-— 12. U5 ge-
paBesicTBa 3x2—12:>0, una x*>4, nmd /x*>2, 1. ¢ |x|>2 (mebo
x>2, mabo x« —2), cnenyer, YYo BaHHAN Q)yums BO3DACTAET HA
mrrepeanax {—oo, —2) B (2, + o0), a B3 EepapeHcrna 3x*—12<0,
wi x*<4, wm /x*<2, T. e ix]<2 g 2<x<2), cneayer, 9To
nam!a.a bymxma ybrmaer 5a HHTEpBRAe

Onpe.n;em NpOMEXYTKH, B mfropm BO3PacT.
a%fl =3,

=x¥+5
%J-Zx’ lnx(x>0) 4) f(:jc1 Z x 3 x+ffx)~x Z3x k2,

281. Hoxasark, yto dyHKIMA = —x yObiBacT Ha Beeli Tmc-
NoBoi#l DpaMoOii.

2. Ornicxanue Todex NoxaaLHEOre 3ccrpeMyMa ¢ymawmm, Towxa
Xy HAILIBACTCH MONKOI CIIPO2020 AOKAABNOZO MAKCUMYMA (MuNtMY-

sa) dymxmma f{x), ecnm pnax Beex. X B3 HexoTOpoO# S-OKPECTHOCTHE
TOYKE X, BHUIOJHSCTCS EepaBeHCTBO f(X)< xs 0’(6- )>f{x)) npe

X ¥ Xo.

Jlokansaeni MRKCHMYM (MAaX) B NOXaILHELE MEEEMYM (min) 065~
CIHEAIOTCH OOITMM HAZBAHHEM AOKUALHUIE IKCIMPEMYM.

T



24 1e0pema & (Heo0 xo;[

3HG'Kf|"4U ——————— oo [ —— +4 4 . W)' Ecau ﬁ};"w f(
-0 2 X umeem & mouxe X, AOKQAbHbE
axcmpemym u dugeperupyd
Puc. 13 .mz ¢ omoil  moure, my
r = 0

TowaxH, ® XOTOPLIX NPOR3BORRAY JYHKIHMHE PABHA HYJIIO, IPHHATE
HA3HIBATD MOUKAMI BOIMONCHOZO IKCIMPEMYMA. :

Teopenma 3 TOMEOE YCIOBEE JIOKAIBHOTO IKCTPEMYMA,
Iycne diynxyun Oufgepewupyem & nexomopoit 8-oKpecmuocm;
mouku Xo. Tozoa ecan f'x) npu nepexode vepes mouxy x; meHrem ng
C €+» HA €—P, MO Xo— MONKA AOKAIBKOZO MaKCuMyMa, ecau [ (X
8 MOouKe Xo MEHREM FHAK ¢ & —D Hd «-+ %, MO Xy — MOUKA AOKAABHOZ)
murumymd, ecaw nce smax ['(x) ¢ mouxe x, ne usmenmemcs,

& MOUKE Xg IKCMPEMYMA He cylecmayem.

Ipenvep 2. Halira MaxcEMYMLL H ciie,
maii: 1) f{x)=3x*—4x-12x2+2;2) )==(x 2)s,

Pemenpe. 1} Obnmacte onpeaen YHKIOAE — BCA THCIO0BAS
DpsMad, Haxomm HPOM3BOAHYKY: f&tﬂf— 12x%—12x% —24x. Pemad
ypasgesre 12x(x%—x—2)=0, nongaeu TPH TOMKH OBOTE
axCTpeMyMa; %, = — 1, %, =0, xy=2. Mccnenosas smax £ {x) (puc. 1%

B OKPECTHOCTE 3JTHX TOMEK, MOIydaeM x;=—1 & x3=2 — TOWK}

JIOKaLHOTG MEERMYMA, f(— 1}=—1 ” f(2}= —-30 — MAEMMATH HL
sHadeHds OGyEknuE, x;=0-— TOUKA JIOKAJIBHOTC MAKCHMYM:

Jf{0)=2 — maxcaMamEEOS suaqem!e bymxipan B 3101 TOUKE.

2) O6nacrs onpe — peal vECIOBas npsMas. Hyl
XONEM NPOHIBOAHYIO: [ ’i i—S(x 2)*. Ilpor3sonuaa obpamaerc]
B HYJIb B ¢JHBECTBEEHON Touke X¥=2. Tax Kak f” {x) DoNOXATEIbHS Xa)
CNePa, TAK M CPABA OT ITOH TOYKH, T. ¢ LPH DEPEXOAe Hepes TOUKY
x=2 3paxa H¢ MeHSeT, TO JaHHas GYEKUES Be HMEET TOUEK 3KCT

a,

pe% Haditu  MakcsMyMWw 2 MBHEMYME  $ysxouil

1) fld= :”‘ ;) MW)=xlnx;  3) f(x)=£x‘—-§x3_§ X143
-X

+1
x
4 f(x 1+
3agaym Ba HaRGonbNice H HAaHMEHbIISE 3HATCHAL.
283. Pemerxoit pmunoil 120 M BYXHO OropOANTEH NPRAETAIOLTYHR
X AOMY OPAMOYTONbHYIO WIOIRAAKY Bambonsmeld nnomany. Onpend
JIMThL PASMEPH IPAMOYTONBHEOH IIOMANKY. .
284, Paznoxutk 'Mcno 10 wa aApa cnaracMuix Tak, 100 npou
BPeacHRE MX 6LUT0 Hagbonkmmm.

72
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L8535, UnNpeaenuTy HAHOOALIODYHO OINOmAaAk IpaMOYTOOBHHEKA,
¥ KOTOPOTO OAHZ CTOPOHA NENHT Hi OCHOBAHME @ JANHOTO TPEYTOJIh-
HHK3, 8 7IBE BEPILAHL — HA GOKOBRIX CTOPDOHAX TPSYrOJIbHHKA, CIH
TPEYroNbLHHX HMECT BHCOTY A.

286. M3 gBagparHoOro NECTA KAPTOHA CO CTOPOHOR & BRIPE3aloT
00 yriaM OJMHAKOPHKE KBAGpATH H H3 oCcTAPmICHCH kpecToobpassoil
$urypW CRICHBACTCH LPAMOYIrOmsHAA KopoOxa. Kaxosa monxma
Seare CTOPOEA BEIPE3aEMOro KBAJpaTa, YTOOH 00neM KopoOku 6min
panbobaM?

287. OnpeneATH pa3Mephl OTKpHITOro Gacceiiua ¢ KBaJpATHELIM
oM odneMoeM Vo Tak, wrobul Ha OOTHIOBKY €ro CTeH B AHA MONLEO
HAHMCHEIEE KOIHYECTPO MATEPHANA.

288, Cevense romuemt umectT dopmy NpPIMOYrolnHEKA, 3aRep-
mesgore noxykpyroM. Ilepumerp cesenus p. Ilpu xaxoM pamayce
DOJIYKpYra Iwremans ceycaan Gyaer sapGoimbmes

. B npamo#i kpyropoii koHyc paauyca R B BHICOTH /i BOHMCAH
mnvHAp panbonbmero o6remMa. Haitu 3roT 0bbeM.

290. B wap pamuyca R snucad menesap HapGonsniero obnema,
Haiita 3ToT 06BEM.

291. 13 cexTopa Epyra panHyca R CPEPTRIBASTCH KOHHYecKad
:gponxa. IIpr KakoM DERTPANBHOM YIN¢ OHA AMeST BaRGOMBIIMI

BE

292, Naun 1ouxm A4(0; 3) u B(4; 5). Ha oca Ox maiity TouKy,
CyMMA paceTOosHEl XOTopoil Jo Tovek A B B HaEMeRLImas.

3. Hanpaniexse BLTYKZOCTM B TOIKN n?enﬁnrpalbm bywame,
Ipatax dyexnus f{x) mmeer Ba uerepsane (g, ) » , HAIpa-
BICBHYIO 8Ki3 (88epX), eclH B DpPCJENax HETEpRana ia, b) rpadnx
neJTnTbv)w nuxce (e ebiwe) moboll xacarenbHol x rpaduxy GyHExIER
ua {a, b).

Teopema 4. Ecau dynxyun fix) umeem na uwmepsase (g, b)
8mopy1o npoussodryo u f (x)?O ({ "'fx)éO) é0 acex mouxax (a, b), mo
?pagﬁux yrcyuu usmeem na \a, b) evinykAocme, HaNPasAeNHYIO 8Ki3

esepx).

Touxa M{x,; f(x;) nasumaercs mowxofi nepezuba rpaduxa pynk-
ux f{x), ecmu 8 Touxe M rpadmK MMEET KACATERLHYIO H CYUIECTRYCT
TAKAS OKPECTHOCTB TOUKM Xy, B Ipenenax xoTopo rpadux dymHxum

CleBa B COpasa OT TOYKH X, HMEET pajHmwe HANpap/eHHd BhIOyK-

JIOCTH.

Teopema .’}_é‘neoﬁxonmoe YCI0BHE TOUKR neprnﬁ;_z; 'yems 2pa-
dur diyuxyuu ) umeem nepezut & mowxe M (xg; u nycms

Pynxyus umeem 8 mouxe Xy HENPEPLSHYIO 8MOPYI0 RPOUISOONYIO.
To20a " (x) & mouxe x, o6pawaemen & uysn, m. e. f* (x))=0.
Touxa M (xg; f(xg,)] rpajuga, ng KoTopeIx f* {x0)=0, HasuparoTen

KPUMKHLCKILMUL,
Teopema 6 (nocraToqmoe yciaonme Towas nepernba). [lyeme Pyn-
KyuR uMeem Smopyio npoulscoHyrr 8 HeXomopot oKpecmHocmu
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y mouku xg. roz20a ecawy
J 8 npedesax yRazauMOl
L4
i T oxpecmuocmu f*(x) ume-
IHANFIIR) —~—m— = P4t X em paiwble InAKU CALEQ

u cnpasa om mouKu X,
Puc. 14 mo  2padux  Pynxyu:

um&r:: /{:53&6 a moqxe:

ﬂplmep 3 H% HETEPPATH BHDYKIOCTE H TOYKE mepersba
Il) x24+x+5.

Pcmeuae Oﬁnam on % WHCNOBAR
npsmag. Haxomum npomnome S z {fml f "(x =2 >0. Tax
xak f "?x )>0 npa no6oM 3uavenny x, TO rpacbux byHxuHa BMeET HA
AETCpPane (—c0, 4 o0) BHOYXIOCTh, HaNpaBncHHEYIO BuM3, Touex'
mp;_lmﬁa ne:‘ 6

pumep 4, HaliTh METcppannl BROYKNOCTH H TOMKH neperuGa
rpaduxa bymxome f{x)=x>—-3x.

Pemenue, O6nacts onpepenexug imc,nosan
npamas. Haxoqum npoHIBORHLE: f '(x 3 f zv)
ypassenss 6x=0 nomywaem oamHy tpmnqecxylo TOYKY x—- . O'r
METHB TOUKY xa? BCHOMOIATENEHOM pHCYHKE (puc. 14) m He-

ciienoBan JHAX f”(x] B e OLpPeCTHOCTH, NORYYAEM ClieP2 OT TOUKH
x=0 f" §<0 (rpadax BaDpaBRed BHOYKIOCTRIY BBEpX), & ChApa-:
88 — f"ix)>0 (rpajux sanpasnen HBEOYRAOCTHIO, BHM3). Takem

ofipazoM, OpPR mepexone uepes Touky x=0 f* X) MeHReT 3HaK.
Cornacao Teopeme 6, Touka ¢ abcumecoil x=0 sBngerca TouUKOIl
neperunba rpadaxa paccmarpapacmolt dyuxnun. Ee xoopamsarn: (0;
0). Kpome Toro, scanl B EETepBain Bunykaocra: (—oo, 0} ¥ (0,

+c|o)
f?z=x‘ ﬁx’mmmﬂ;?: g-12::3—5.15+2
3)f(x)=(x-l)‘ f(xl==—--—. 5) fbd=2x>+1nx;
1+x%
6) f{x)=xasctg x.

294, IIpm xaxom 3HAYCHNE @ XpHBasg y=Xx>+ax3+ | HmeeT TOUKy
nepermta opr x=17

29S. IIpn xaxoM 3HA9CHEH g KpHBAR ysx‘+ax3+;xz+l Gyner

AMCTH BRUTYXIOCTE BHHE3 HA ncei wHciIoBoid ppaMoli?

4, AcuMuTOTHL TpajdEKa IIpamas uuMs HasmeacTCH
acumnmomaeti Ypaduxa d)y f(x), ech PaccTOAHME OT TOUKH M,

Ha rpadsxe, go 310 npamoill cTpeMHTCR K HyMO Dpu

JBHNEHHEHY TOYKH 10 rpaduxy B GecKOHE4HOCTE,

CyInecTeyeT TPH BHA3 aCHMITOT: SEPMUKAALNGE, ZOPUIONMAARL-
Huie B NOKAORHYIE,

TIpsman x=x) HAILIBALTCH gepmuxassiol acumnmomoil rpaduaka
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bynxuuy f{x), ecnu x014 Ob! OAHO WA DPEAENLHLIX 3HAYCHAR xlilxl:+ﬂx)

By x_h:::: #(x) pabro + 0 mIH —c0.
IlpaMan y=A HA3LIBAETCH 20pu3oNmasbholi acumnmomon rpabu-
xa dynxmn f{x) opu x— + 00 (x— —c0), ecnu Jim )= 4.

(x—s—)

DNipumaz y=kx+5 {(k#0) Basumaerca naksonwol acumnmomoi
rpaduxa Gy f(x) mpr x—+ 00 (x— —c0), ecam wmumo flx}
MOXHO DpexcTapETh B BuAe f(x)=kx+b+a(x), rne a(x)—0 mpm
x—+00 {x——o0).

Teopema 7. Jas mozo umobul zpagux @yrsyuu f{x) umes npu

x—++00 (x-» — 00} naxsonnyro acumnmomy y=kx+b, neobxodumo
u docmamouho, «mobsl cyecmsosasu 08a npedeaa;

im P eky tm [Fx)—kx]=b.

x=++0 X X4 0D
Lt-.-ﬂ)) (x"-m}
IMpavep 5. Halite acumaToTel rpadmxa $ysxnusn ]fx)=£i'§
xX—

Pemenue, Touxa x=3 — TOuXa paspeBa BTOPOro pofa NaHHOR

dy ,  HpEYeM hgn :—"'—;= —on; CHeAOBATEILHO, RpPIMAs
‘x—b"“} (+w)

x+3
={, TO

x=3 - pepTEXaILEA8 acEammTOoTa. Tak Kxak k—litg 5
s X X—
rpadux $yBERIEE HAKIONHEX ACHMITOT HE HMEeT.
HaxozuM ropa3oBTAIEHYIO aceMuToTy: lim f_"‘_:,. 1. TaxumM oG-

Er b 00 X

fr=s —em)
pazom, rpadux Aamsol PyHKIME HMeeT BEpTHKAIBHYIO ACHMITOTY
Xx=3 B rOPHIOBTAJLAYIO ACAMITOTY y= 1.

Ipumep 6. Halith acemmroTn  rpaduka oymxmun  f(x)=
=2x+arctg x,

Pemenne. Tak xax ¢ymErmus HenpephBHa Ha Bcell uMcaobo
npaAMOl, TO PEPTERAJLHRX acCHMOTOT HeT. Her B ropmsoETanbHEX
aCAMITOT, TAX KAK }Y—00 IPH X—»cC. ByJeM HCKaTh HAMIOHHLIE
acumMuroTH. IIpenenn opH x— + 0 H X— — oo GyayT pasiIRYBLIMH,
DO3TOMY HaA0 PRCCMOTPETH OTACIBHO [Ba CIYHAR,

HaxozeM Dpasyio acuMOTOTY (OpH X— + 00):

k= lim ZX¥8% . fim (z-+""“")=z+ lim 28 _o

=40 X K+ 00 X A4 X

b= lim (2x+arctgx—2x)= Li:Pwarctgx=§.

X4 0
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FaxoJuM NEpYio aCHMITOTY (npn X=+ o)
ke= fim ZXET_ G ( )=2+ lim 2%%_.o.

Xt — Y x Xt e O = mm X
b= thm(Zx+arctgx—2.x)n lim arctgx= —-E.

TaxeM ofpa3oM, HoaYIAEM, JTO X GYEKIHE BAMEET JiBe Pasimy
HBl¢ HAKIOBHEIC SCHMUTOTSI: y=2X+7/2 OpH X— + 0 H y=2Xx—1%
IpH X— — 0.

296. HaiiTe aceMuToTht rpapaxos Qysximmii:

S =;i_x—,: 2) fld=——tx; 3 flx —f.*_s+

4) flx)=xe'"; 5) flx)=x—2arctgx.

5. Cxema HCcaexonanuy $ymamn, HayucHne 3a1anHO)
dyexmum ® nocTpoerne ee rpaduxa nenecoolpazHo DPOBOAUTH B CII
AYIOIIEM DOpsJxKe:

1} maditi ofnacrs onpeaencEns pyBximy;

2) BafiTH TOYKE DepeceveHRR rpadEka QyHKIMH € OCAMH KOOPA
JHHAT,

3) maliTe acEMOTOTH;

4) mafiTy TOTRA BOIMORKHOIO 3KCTPEMYMS;

5) EaiiTH EPHTHYCCKHE TOWKH; :

6) ¢ DOMOMPBI0 BCIOMOTATC/LHOIO PHCYHKA BCCICAOBATE 3HAN
neppoil A BTOPOit HPOU3BOAELWX. ONpPeACTHTL YYACTKH BO3PACTAHHS
u yOupamus Qysxmmu, HaliTH B €HHE BROYKIOCTE FpadHKa
TOYKH IKCTPEMYMA H TOUKH 8, -

’I)l )Ecﬁgpom rpadHK, YMHTLIBAS HCCNCAOBAHEE, OPOBLACHEO
BIL

Hpamep 7. Ilocrports Do BINOXEEHOH BEINIC CXeMe TpadHK Gy
KIHH

1 )Ex’+l

Pemenme. 1) O6nacTeio onpeaeicHns QYHKUME SBAACTCH MHOS
RECTBO BCSX BEISCTBCHHELIX vmces, KpoMe x=1 (B 3TOM Cnyud
3HAMEHATENEs oGpamaeTce B By.nb)

2) Tax xax ypasHense x2+ 1 =0 ne HMeeT BEMIECTBCHARX KOpHEH
10 rpadEx PyBKTEEH HE HMeeT TOYEK LEPECEuCEHd C OChro OX, H
pepecezact ock Oy B Touxe (0; —1).

3) BeiscHEM BONpOC © CYIISCTBOBABHH acEMNTOT. Mccremyey
noBeseERe (PyHxuER BOIHIE TouxH padprisd x=l. Tak xax y—»—a
npE x—1—, y—+w mpa x—1+, T0o opsMas x=1 gpjseTcH Bep
TEKANLEOK acHMuTOTOR rpadnka q:yanm '

Ecma x—+ o {(x»—), 10 y=»+© l(y--—«::o); CeAOBATETbEC
FOpPH3IOHTANLEOR ACHMUTOTHL ¥ rpaduka wer. Janee, H3 cymecrBoRy



k= Iim@= lim x’+]= lim 11/

=1,

b X xsdow xiox xate b=lfx
{x—m) (r—~—w) {x—— )
b= lim (fx)~kx]= lim ["’“—x]= lim ¥ gm Y
Xub 46D x4 | x—1 x+40 X—1 xesd l—l,-“x
(rsmx) (x> —) ] e

BBITEXAET, YTO OPH X+ 0 H UpH X—» — o0 rpadux GyERuME BEMEeT
HAKNOHHYIO 8CEMOTOTY y=x+ 1.
4) Jng HAXORJEHHNA TOUSK BOIMOXKHOIO KCTPEMYMA BLMECIEM
neppyIo TPORIROAHYIO (DYBKIHM:
poy (-3 +1) -2k x?—1  P—20-1
L o o P

Peutag ypaseerue x°-2x— 1 =0, nomy4aeM ABe TOUKH BOIMOXK-
HOTO 3KCTpeMyMat x; =1 -ﬁ u xy=1 +ﬁ.
5) ng HAXOXASHAS KPHTHHOCKHX TOWEK BEIYHCIEM BTOPYIO Lpo-
HIBOJRYIO!
. _(2:—2)(::-1)’—2(::- D{x®—2x- nD_ 4
b= -1 T -1
Tax xax f” (x) B HEym» He 0BpaIaeTcs, TO KPETHICCKHX TOYCK HET,

MM BCOOMOTATE/IBHBI PHCYBEOK H HCCICAYEM JEAK NepBoil
H Bropoif npou3poanux (puc. 15). ToukH POIMOXKHOIC 3KCTPEMYMA,

DOAIEXRAMEE PACCMOTpeaED: X = —-ﬁ H xz=l+ﬁ, — pa3jiens-
10T 05J18CTH CyMIeCTBOBAHAS (YRKIENM BA EETEPRANLL (— 00, | —4/2),
(1-/2, 1+\/§) 4 (l+\/i, + ). B xaxnoM u3 3TEX HHTEPBANOB
OPOA3BOAHAN COXPAHNET 38AK: B NEPBOM — ILIIOC, BO RTOPOM — MH-
HYC, B TPCTBEM — IUIIOC (B 3TOM MOXHO YDCOHTHLCH, B3gB B KAXRAOM
x| POM3BOJBROE 3BAYEHEE X H BLMACIHB IPDH HCM 3EATCHHE
r (.S)H:KHOC.HCJIOBQMBHOCTE apaxoB {” (x) sansmercs Tak: +, —, +.
INomyuaem, 4o Gpyaxims 5a (— o0, lw\/i) BO3IpACTALT, HA (1~ﬁ,
l+ﬁ) yORIBacT, 8 HA (l+ﬁ, +o0) cyoBa Bodpacraer. Toyxm
% : MAKCHMYM opu x=l—ﬁ DPHICM
f(l-\/g)uz-zﬁ; MHEAMYM  ODH x=1+J§, OpEICM

J(1+4/2)=2+2,/2. Ha (~ o0, 1) rpadux manpapien BEIYKIOCTHIO
ppepx, a Ha (1, -+c0) — PHES.
Y
SHaK FLr) +H+t et o] — e e e A REE
fﬁaﬁf'i’ﬂ-—-———r—ﬁ—ﬂ,--—-———f PRI AN

Pue. 15
i



¥) 110 DONYWCHHEIM HNaH-
HHM CTpouM 3CEH3 rpaduxa
(p=c. 16).
Yipumep 8. INocTpoHTs
nx

rpadux dysxnn f{x)=—.

Pemenne. 1) Oyuxnug
onpenenena npE x>0, T. e,
- BH e Q<x<+00, ‘

x 2) Ipadax hymxuan nepe-,
cexaeT ock Ox B TOUKE, B KO-
ropoii Inx=0, T, &. » TOURE;
¢ afcomceolt x=1, a ¢ ocel’
Oy nepeceyennil He BMECT, TAK.
motbyumu onpenencna npe!
x>0, :

3) BepruxansHON acHMU+4
Totoll gpgeTCH HpAMaR x=0,

Puc. 16 TaK Kax li:al—nf=-oo Oru:;
. f(x) . hx 1
CKHBACM ACEMUTOTHL k= [im —a«= lim —, FiMeem meompesenen

X4 X Xt

co
EBOCTH BEAA P ITpemensg npapuno Jionnrang, DonyvacM

k= lim bx_ lim l_/:_:= lim --l—=0,

x40 X} xobeo 2x xstao 2x?
b= lim [f(x)—kx]= im [‘i’-’f_u-x]= i ™o Y5
x4 od ~tm| x .

=m0
(3zech Taxxe GrLNO MCONALIOBANO Opasuno JTomarans).
Taxmm ofpasoM, k=b=0, T. e. RAKIOHHLIX ACAMITOT HET;
Mag y=0 — ropE3ORTANLHAL ACHMUTOTA.

s y_i-Inx
rE=
Pemas ypasserse 1 —In x=0, DonyvacMm oOHy TOUKY BO3MOXHQ
{ x=e .
JUI8 BaxOA/CHAS KPETHIECKEX TOYEK BRIYHCIAM BTOPYIO I
H3BOIHYIO:
wfoy 2lx=3



9 0 1 g X
Snax £ix) T JuE—
Snax £'{x) 7] [ ePue+ X
Pue. 17 Puc. 18

Pemas ypapecaRe 2inx—3=0, lnx-;, x=¢", nonyuaeMm OAHY
n
EPHTHYCCKYIO TOUKY: X=¢&
6) Ha pcnoMoratenpuoM prCynze (puc. 17) BcenenyeM 3Bax nep-
poii B PTOpO# MPOUIBONHLIX. i1
Monysaem, o Ba (0, e) mpomssoanas f'(1)= _‘1 =0
=1>0; cnepoparensto, PyHKORS BO3PACTAET; HA (¢, + 00) HpoRIBOD-
, 1-lne* 1-2ine 1-2 1
s f (D)= P R =—;<0——¢ymmu yOumaer.

ToMgE XCTPEMYMA: NPH NEPEXONE ¥CPe3 TOYKY X=¢€ UPOH3BOABAN
f’(x MCHSCT 3HAK ¢ IOCA HA MHEHYC, CACAOPATSIBHO, B TOUKS

X=¢ — MAKCHMYM, npuieM f{e ==E. Ha (0, ¢} sropas npomasonmas
2Zlne—3 1

f”(e)=T= —;;<0 — rpadBx BAOpPARIEH PHEYRIOCTLIO BBEPX,
¢ ma (¢*, + o) nponssoneas f* (c’)=2m§-3 =$>0 — rpapmx Ha-

OpABACH BRINYXJAOCTHIO BHA3; C/IGAOBATEILED, TOUKA xme” — abc-
IHCCa TOYKH neperaba, mpraeMm fi (e’”)--z—-?;-;. Taxum o6pazoM, TO%Ka
20

(cm; _33'12) — TOYRS mepernba rpadmxa dbysximus.
’I)uHa OCHOBAHHH OONYYCHELIX AAHEHHX CTPORM rpadux dyBExpma
(pac. 18).

HNpaeep 9. IocTporTs rpadmx drymams f{x)=x2¢ "

Pemenne. 1) Obnacts onpenencErs QyHXnEE — BCE THCIOBASA

Opsmad.
2) I'padax dynxnmn nepecexaeT ocH xoopansat b Touxe 0(0; 0).
79



5’?
RIS —— J ottt § e e — —— -
IHak () 4+ ++++ 40 -+++2—?§1——--2+|/2‘+++ X

Puc, 19

3} Tax kax ¢yBEKIEL BenpepHBHA EA BCeli YBCA0BOH mpamoil, To
BePTHKANBHELX ACAMIITOT HeT. IIpH OTHICKAHMH HIKIOHERIX AcCHMI-~'
TOT HEOOXOANMO PACCMOTPETE OTXEALHO CAYIAH X— — 00 H X— + <0,
EMeeM k= lim = lim xe *=c0, Crnemoparensso, naknougoff-

X—p o=t X0

aCHMITOTE. HIPE X— —00 HeT, 4 Tak xak B lim f(x)= lim x% "=

=+ 00, TO FOPABOKTANLHOM aCEMOTOTH Takxe HeT. [anee mmeem

k= lim Z-Lt-!= lim Z= tim l=0; 1

N X .I'-O-l-ﬂex x-.+mex
!

b= Jim [f(x)~0 7= lim xe™= im T lim 2 tim Zop

X4 X x4 X xadon X
e [ €

(3neces Bcmonb3oBasiocs npasEno JlonHTans); TakEM 0Gpa3’oM, IpH,
x—+ + 00 HAKJIOEHOY acHMITOTH HeET, npaMag y=0 — ropa3oHTank-'
HAS ACHMIITOTA. 1

4) ina paxoxXjaeHHES TOGEK BOIMOKHOIO KCTpEMyMa nmcmnq
NICPBYIO TPOH3IBONHYIO:

S W=x@2-x)e™"

Pemas ypapsemme x(2-—x)e =0 (¢ #0), momyvacm nane 'romi
BOSMOKHOTO IKCTpeMyMa: X, =0, x3=2. i
5) HOna HaxoxjeHHS KPETHICCKMX TOYEK BRIMHCIEM BTOPYIO Opo-
H3BOJHYIO; !
)= -4x+2)e™ 1

Pemas yparaenne x*—4x+2=0, nonyyaeM /e KPHTHYECKNE TOHKH:!
xi=2=/2, x2=2+44/2. ]

6) HccnegyeM 3HaxH Deépsod @ BTO-]

yr poii npoussoaakx (prc. 19). Iomywaem,
- yro HA (— o0, 0) pyExnus yOmmaer,
L (0, 2) — noopacTaeT, a Ha (2, + @)
cHoBa yGumaer. Towxm MyMa:
e—t—+=e  JIDH NEPEXOAC YEPEd TOUKY X =0 mpoua-
T LT Bonmf’(xlicuenxeranaxcmnyca

Puc. 20 WG, a yepes TOoYKY ¥=2 — ¢ WHoca
80



Ha MMHYC, CII€TOBATENEHO, B TOYEEe X =V MHHHMYM, & B TOUKC X=2
MakcEMyM, npageM f(0)=0, f(2)=4e¢"2 Ha (—-—;7,2_2-—\/5) rpadux

HAIPABJICE BEIIYKJIOCTHLIO BHE3, Ha (2—\/5, 2+
BHM3; CIOCAOBATCNLED, Xx=2—4/2,

(2+\/§, + 00} — CcHOBA

BREpX, & Ha

x=2+\/§-——a6c|mcml Touex mepermba, npmueM f(2--./2)=

=(2-/2 o A 1C+VD=( +ﬁ)=e‘“*‘/ 3
7) Ha oCHOPAHEH HONYYEHHEIX JAHEMX CTPOHM rpathux ¢yHknun

(puc. 20).

IocTpouts rpadmxs Gymxmuii:

297. y=x"-3x.

299. y=-';—’+x".

. y=x+2/—x.
6/

mo =
¥ x42

L y=xt=1—/x*+1.

305
307, y=2x—3/x
309,

s y=(x—2)" - (x+2)"
M1 }?z.:l:(:i:—--l)"r3

_ X
vy

x

=
3-2x

={x;2)3'
319- y=;—l.
12

3. y

315. y

A7y

321, y=xe

323, y=x%'".
328, y=xe "

327 p=x’e"

329, y=—-r.

298. y=12x—x>.
300, =§-zx=.
302 y=x1—x.
304

y=afxE 14X -1
L y=3x -1
L y=143/(x-1)%

310. y=(x—2)"+(x+2*
312, y=—2

1-x
314, y=x(1—%).
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4y y ™

1

345- y—zx"";-
==
Ay

=ﬂ+ﬂm

}& .

1+

30.y

351 y=

I'naBa 6

HHTE'PHPOBAHUE

X
=2x’—5x’ +14x—6

2
¢ (x+1)

34. y=xinx.

336. y=1 -an'

x
338, y=x2In2x.

n(x-1)
ma y= (x._l)’ .

342 y=_f,__
x=-2
4. y=f+2.
2 x

X
3‘6. =I:';§.

X
348, yﬂm.

332. y=

350. y=x+arctgx.

352, y=x—arctg2x.

§ 1. Ileproobpalnas m BEOUpPeACNCHHR ENTErPAT

1. Ocronsnie

Kot IR hyHRImIE Ha

" ey, Gymams F(3)

HEITHR =CO0SX Ha

x (sinx) =coi.l X,

Flx

m% rex xax [Flo+ CT =/

22

u. Oysxnas F(x) Basumaercs nepecofipas-
X, econ gnm mo

xaﬁnmcnmpmoﬁpmoﬁm -
+00), TAX KaKk IpHE DO

— neproobpasnas ama f{x), To dynxmas F(x)+C, rae
gpngerca nepsoobpasaoli xna
} nas moboro wcna C. Hanpa-
Ol sBIEeTCHd He TOALEO §inX, HO

Mep, Ans f(x)=cos x mepn

R R T e
CAU R HOR

f(x), mo swomceemso Pyryuis F(x(j'+C. eﬁ g

RHRGA, HATWEAEMCR Heor
f(x) u obosnauaemen cumsoaosm

C — npouseosvnan no-
BM UHMEZPAAOM OM



Yldx=Fix)+C.

;{p aTomM H&Wmmna f(x) massBacTca modwnmezparsmoi dynxyuei,
xrdx — 2PAABHIAM CHIDANCEHUEM, B, TIEPEMEHHAS X ~— Hepe-
MERHOU URME2PUPOSANUR.

Boccranoniende ¢yEKIEE OO €8 NPOBIBOAHOM, HIH, YTO TO Xe€,
OTHICKRHEE HEONPEAS/ICHHOTO HHTEIPANA, HASKLIBAETCA UHINEZPUPOSa-
nuem. FIRTerpupoBaEme — oucpauus, oOpaTtHas Auddeperposa-
HHFO,
}’lplmep. TlposeprTh, uTo [3x2dx=x"+C.

emeane. Jabdeperuupys PE3YNLTAT HPOBAHHA
(x*+ €)' =3x%, nonyuaeM HOALHTEIPANBHYIO (hynmllllﬂlﬂmenonaw
JIEHO, HHTErPAPOBAHAS BLIIOTHCHO BEPHO,

1. IIporeputs, uro: 1) [cosxdx=sinx+C; 2) je“z‘d.x-=

| R

. & _ , s E
=—e +C 3) Imzx—-tgx+c, 4) [x*dx 4-+-C,,

dx Y dx 1 x
5 J.m—arctgxﬁc, 6) ja d.x=hTa+C,7) J.x’+a’ aarctgc+c.

2. OcHopuLIe CAONCTEA NMEOTIPEACACHBOUD MITEIPANA,
1° § () dxy =Ax).
2°. dff(x)dx=f{x)dx.
3. fdF(x)=F(x)+C.
&, [kf()dx=k{flx)dx.
5°. [T +g(xdx={s{x)dx+[glx)dx.
3. Talnus OCHOBAEIX RHTETPANOB,
I j0-dx=C. IL [l dx=x+C.

LEa]

HL [ddx="—+Cla#~-1). V. Ii:=mu|+c(x¢o).

V. [ddx="-+C(0<a#l). VI [e*dx=¢"+C.
VIL. [sinxdx=-cosx+C. VIIL. fcosxdx=sinx+C.
dx dx

dx . dx
Xl JJI___;=arcsmx+C. Xil. JH—xz-arctg +C.
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XL |- =lnle+ xtv, -2 L 4e
Vai+k x*—g® 2a x-l-a{
+/ X +Ej+C. {a#0).
dx 1 X dx .
XV. Im—;Mg;+C. ‘/a’_ --armm;+C

§ 2. OcHoplsie METOILI NUTETPRPOBRANNY

1. Henocpencreennoe murerpupopanse, Brramcnenme HETErpanon
¢ DOMOIBIO TAGTHIE! OpocTeSMuX ERTCIPAIOB B OCHOBBLIX CBOMCTE
REOoNpeic/icHEHRX BHTCIPANIOB HASBIBACTCR HENOCPEOCHIBERIBIM UHMER=

pupoeanuem.
Tlpumep 1. BLMECAMTE HHTErpan

4
I(Scosx+2 3x’+;—ﬂ)dx.

Pemienre, [Ipuvenas ceoiictea 4° H 5°, AMeem

J.(Scosx+2-3x’+l-i)dx=
x4

..5[cosxdx+2 dx - 3J.x3dx+ ;..4 dx

Iy

Janee, ucnonndys cooTBercTpeEno topmynn VIII, I, 111, IV, XII
Tab/HOLEL OCHOBHBEIX HETETPATIOB, HAXONHM:

5[cos xdx=>5(sinx+ C)=S5sin x+5C;;
2[dx=2(x+Cp)=2x+2C5

x]-l-l dx
3 xld.x=3('-—-‘+C:)=x3+3C3; I-—=ln]xi+C4;
2+1 x

4 J‘x%l =4 (arctg x + Cs) =4arctg x +4Cs.
Taxam 06pasom,
J (Scosx+2—3xz+1—vj-—~) dx=
x x4l
=Ssin x+2x —x* +In |x| —darctg x +
+(5C, +2C+ 3G+ C+4Cy).

OGprHO BCC NPOH3BOJBHEIC DOCTOMHHKCE CYMMEDPYIOT, pe3yibTaT
oGoamagasor omyoit Oyxeol; C=5C,+2C;+3C, + C,+4Cs, moaTomy
OKOEYATEILHO HONTydaeM
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J.(Scusx+2 3x’“+-—-—~)dx—
x x4}

= 5sin x+2x—x +In |x| —4arctg x+ C.

Ilpumep 2. Buuucnate METErpan T
16—

Pemenne. Harerpan tabnmumnit. ITo3Tomy MOXHO DEpeX0fBTh

X HemocpeACTREHHOMY uHTerpEpoBamdio, ITo dopmyne XVI, roe

a=4, monydaem
J dx =arcsin> +C.
J16-x2 4

IMpudep 3. BRISHCTHTE HETErpan

sin? xcos? x
Pemenue. Vurerpan ne raGnuynniii, noatomy npeoGpasyeM ero.
Tak xak 1=sin? x+cos? X, TO HETErpaJl MOKHO 3ANKCATE B BHAE

sin? x+cosl x 1
dx= dx.
Im’::»;’: sin?xcos® x cos’x stn?x

Ilpumenss croBicTBo 5°, uMeeM

JEmram)e e o

IMonywwm jxsa taGraunrix wHTerpana. Ilo dopmynam IX ¥ X ma-

XOOHM
dx dx dx
- = + | ——=tgx—ctgx+C.
sin® xcos? x cos?x sin? x

Ilpamep 4. BuIMHCIET: HHTEIPAN -[

x2 (1 +x?)
Pemenue. Tax kak 1+2x2=(1+x%)+x2, 10

1+2%2 _faeeex® o 14a? A2 _
L*(l +x*)dx—J. (1 +x? dx_'[x’(l+x’]dx+_[xz(l +f}dx_

dx
'[ 1+.€
ITo dopmynam 111 m XI1 uonymM
1 +2x’ dx
Lz a +x=) 1422
IIpumensas MeTol HenOoCPEACTBEHEOr0 HHTErPEPOBAHEA, AHMHCIHTD
HHTErpams:

——J—l‘+ar¢tsx+c.



2 J(x*+3x Fx+ 1D dx.

({2 3
4. o (;;_Jl"xz)dx
. . e-
6. d e (2—-—-;; dx.
i x x\2
B. (sin-+cos-) dx.
J 2 2
B
10. . o
~ i
12, [y,
o 5mn°x
14. |sin?Zdx.
] 2
f 22
16. a4l

fl 1 1

r 4“
22, |4x (3 + ) dx.

Je

dx.

52841
x*

”3tg’x+4dx.
L ﬁn’x
28, j2"¢"dx.

*

g, |MH¥EH
J P+l

I |

1-x?

3,

A 1
18. —~ fdx
J ( 4-x’+f+3)

3. I(x‘+’ x+3\/.7_:+;l;+i)dx.

5 [(2"+3)dx.

7. f(sinx+ Scos x)dx.

9. | —=%_ 4.

cos? xsin? x

1. J 22 0

cos” x

13. fotg?xdx.

'Jﬁ?i'ifﬁ &

J N
{1 1

17. || —+— }dx.
(x’ —25+Ja‘+5)

'x2 4.2
- x"-l .

21 (ﬁ—:—lﬁ)dx

23, ¢:"(l+e )dx.

cosix

15.

25, “/’_‘"“’d,x.

x

2
27. Ksin’-‘-eos’-‘) dx.
2 2

29, ]'coszgdx.

3L J Hoxtlye

xi4]

R LYol o |
3. f—,a"_l—"“



1 +5 dx
M, —---—d as. S

10
2. Mevoa noncrauoBrn. Memod nodcmanosxu aMEHbE j -

MERHDIT) 3RXAIONALTCE B TOM, 9TO 3aAMCEHAIOT X HA @\, Toe @
HemPEpuBHO ARbibepermupyemas dysxnus, monaraloT dx=¢'{f

H HOIY9310T
Iﬂxldxl =@ e

IIpn 3TOM DONYIAIOT HCKOMYIO (PYHKINIO, BRIPAXKCHHYH) HCpe3d Iepe-
MeHHYIO f. [ENm BO; X OEpeMeRHO# X BeoOXoguMO 3ame-
HETH { 3BaYeHBEM {= i ﬂmpoe HAXOMUTCA M3 COOTHOLICHMS
x=gp).

Vxazanneyio GopMyny NpHMEHAIOT TaKXe H B o6paTHOM HaupaB-
eHuu’

[fledle’ (t)dr| _M=Iﬂx)dx-

rae f=y (x) — dynxmus, obparnas b mtmm x—¢(t).
ep 5. BLIYMCITHTD mcgpan cos 3x
Pemenge. I/Imm?u Be TAOIMMHLIE, l'[pmennu DOACTRHOBKY
t=3x; vorga di=(3x) dx=13dx, dx=1/3d¢. [loncrapup p HETErpa,
mony3aeMm
Imﬂxﬂx=§jm:dt

— TaOmauneii saTerpan. Hpamenas opmyny VI TaGnamm ocuon-
HLIX RHTETPAIIOR, HAXOAHM

i 1.
S‘[cosrdr-—gsmﬁ C.
Bo3ppamaics K OepecMEHHOM X, OKOHIATENLHO HOJyYaeM
j‘ cos 3xdx=§ sin3x+4C.
JMasgnii AEETErpan MOXHO BRIMMCIHTE H HEOOCPEICTBEHHO, 3aMe-

'puB dx Ba %d (3x), T. e. BHOCH Doy 3uax AuddepennHATa MHORMTEAD
3 H pa2agenup Ea Hero murerpan. B pesymurare monysaem

Icos3xdx-—-§ I cmaxd(sx)=§sin3x+c.
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JTOT IKOHOMHRIN H IPOCTCH OPAEM YACTO MCHOIBEIYETCA LUPH BhIMIKC-
JICHUH HHTEIPAJIOB,
xdx
Ji-2
Pemeswe. BrdpcnuM nasHEE BETErpall HEZOCPEACTREHHO, BHI-
zenas mijpdepempa HoBoll mepeMenEoOd uuTerpuposanans. FiMeenm
xdx 112404 _ [-12d(1->")

Ji-g J e ) Ao "_if(l ~Aaa-x)=
=—-12-‘2(1—x2)m+C=—(l—x’)m+C.

Ilpsmep 6. BEMECIHTE MHTETpal

Dauneii HETErpa BEMECI%ETCA € NOMOIMBIO NOACTAROBKY #= | —x2,
CyniecTayer apyroif HeCIOXKHLIA, HO BechMa 3phekTHBHLIN IIpH-
€M, DOIBOIIIOMHY YNpOCTATE BLIYHCHeHAe HHTerpanos. Ecnn gHcnH-
TeJL DoALIETerpanLEol Hymxmun f{x} paren npousroaRol 3BaMena-
TeNA, TO cOpapcATEBA dopMyna
L8 et +C.
fix
JeficTBETensEO, McnomB3yR moactamoexy t=f{(x), dr=f'(x)dx,
HMeeM
Yo Jdr
——dx= |—=Inlf|+ C=ln[f\x}+C.
7y = |7 =1n G
Ipavep 7. Borawmcmuts mETerpan fctgxdx.
Pemenne. Tak xax ctgx=%. TO HETErpall MOMHO 3aIDECATE

B BEOC
Jctgxd.x= &‘dx.
Hn x
Jamesasq, aTo (5in x) =cos X, mOTyIaeM
Jctgxdx:J‘ﬁdx=J‘(mxydx=-ln Jsin x|+ C.
N X cos X
Japuuil METErpas MOXHO BLHMHCIAThL H ¢ HOMONIbIO HOACTAHOBKH

t=sinx, B RENOCPEACTBEHHO, BhACNsn Andpeperuman HoBoll mepe-
MCHHOI,

ex— 1

dx.

Ipmmep 8. BerBCIETSL HHTETpaX
e +1

x d

Pemenne. Homaraem f=¢, x=Ins. Orcioma dx=(ln r}'dt:-;.

CnenoBaTentHo,

|
R



e 1 t—1 dt [2e—(t+1 de dr
Sl FYONY ind S i G O PP (I 0
&l t+1 ¢ @+t +1 t

=2Jdo+l)—j§3=2ln(l+t)-—lnt+ C.
+1 t

Boappamasce K nepeMeHHON X, OXOHYATENEHO TOJYYaEM

X

j‘ =) =200 (1 + €9 —x+C.
e +1

Hpumep 9. BhrHCIMTE HATErpanx J‘L
il Ve
Pemenne. Fimeem

.[ dx _ j dx
VTN AR FOVFINTY S
ITonoxam ¢=5/x; Toraa x=7°, dx=6¢"d¢. Haxomim

dx _ 61’d:_6 E
(s\/;:_i_(s\/;)a_ :’+r’— 1+l

Brigends AeneEBeM OEOYI0 9acThk ApobH, DONyTaM

6 E:GI[(:’—Hl)dr—J.i]-
t+1 t+1

¥.|
-s[%—'—;w—-ln |r+l|]+c.
OKOHYIATENIEHO HMEEM

J.-ﬁi‘i’-ﬁﬂﬁ—e, 3/%+6 8 /x—6ln(\/x+ 1) +C.

W poofuie, ecnd ODOAHETErpalhHOe BRIPAKEHHE HE CONECPKHT

+b
APYFHX XOpHeH, KPOMe KODHA “Tf , rae a, b, ¢, d — HexoTophIe
cx

b
Yucna (f;é‘—i); m — HATYPAJIEHOe YHCIO, TO CHegYeT LPHMCHUTL
€

ax+b
DOACTAHOBKY t=" f .
ex4-d

1+x dx
ITpumep 10. BrascnuaTh nu'rerpanJ. h—-—- T
-X l—X
1+=x 2 l+x
Pemenne. Caena® DoncTa=EOBKY != — OONy4HM { =
_x —
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:’-1 -
1-x= :’+1 (l’+l)d‘ (:’+1)’ + Hanee ueem
J‘ 1+x dx J‘:’ar J‘FH L 2j‘dt—2 A
1-x1-x e 441
1+x
=2t—2arctgt+ C=2 f1——~2 arctg -i—--+C
—-X
BHYBCIET: HETOIPANILL
\[36. fcosSxdx. \(.w feinTxdx.
38. [sin(3x+5)dx 39 fe* dx
40. [tgxdx. !, L 4L fe~
ix . x‘
2. |2 dx. VRN ey
“ | Voas |2
cos* 3x f J 2
.f sn?;
., 3
46. [Q+5%)° dx 4. de
2—3x
48. f/2x~-5dx. 49, j3\/3 —Txdx,
50, |-2%, T
J 5x+2 J2—-3x
52. v dx 53, L dx
J /x4l v J;+l
5‘ [ 5x--6 dx ss ’vx"'l'l-ldx
L -\/l-—Sx ' o ,fx.}.l._] )
8in x " cosdx
56. J1+3coax 57. J3+5in3x
58. [cos® x-sin xdx. 59. {sin® x-cosxdox,
60. ™" sin xdx. 6L, [e “x2dx (=),
62. Icﬁxcosxdx. 63, 1S —dx
Vx
emx -igx 2
64. Jlﬂ_’dx. 65. [e™* sec? xdx.



cos X
6. |Smax

dx
68, ‘[m‘= 1 +|.le).

70. [x*3./x3—8dx(t=x®—8).

o lix
3 dx 1
2 | =)

.
74, | .
: x

,-‘. ‘-.—E

’ dx
4, (arccos x) ’\/l-—x"
1-2¢inx

con’x

edx

76.

%l

80. §+/3+cos Sxsin 5xdx.

[ arctg?x
1+x2 dx.

B

%

f

8 8 B & F

i
I
b8

3
*

8

y
%

[ sinx
. |ors
\ "V1+Inx
7. [—E =+ D)
"-\/e‘-i-l
'(u'd;x)“" _
73.. e dx(¢=arctg x).
'oos x
75, dx.
J Vx
.amsinx-l-x
7 dx.
Vi [
79, | e,
J &n*x
81 | —2 _4x,
J W34+%indx
.‘ .
83, (Y dx.
J -2
88. [4'*ax.
87 i dx
254zt
dx
. |y
o [_&
N
9. | 2L (r=x.
J /-3
05, | = 4.
J i
o, | & __
| Ve
” dx
Y ad-2x-1

9



100._[ Mt dx. 101._|. Sx—1
B2_2x+5 x343x+3

3. Meron uaTerpMpoRauns woe wiacTaM. Popmy.doll unimezpuposa-
HUR RO 4ACMAM 8 Heonpedesennom umezpase Hasemaercs Jopmyna

Judv=uv—{fvdy, (1)

TAC 4 B v — M yembte GyEknmu or x. Qua HO3BOMACT
cpecTH BEMuCHCHHE |udy X BemuEcHenaio HuTerpana | vdy, KoTophIi
MOMKET 0Ka3aThes GOJee OPOCTRIM JUIA HETETPRPOBAHHA,

BoIsIIys® 9aCTh METEIPANoOB, BHMACIASEMLIX KETEPUPOBIHHEM
1O JaCTAM, MOXHO paj0HTL Ha TPU I'PYINHL.

l} Wurer, BHAA P&lamtgxdx, | P{x) arcctg x dx,
{ P(x}inxdx, ]'Pi;:) arcsin x dx, | P{x)arccos xdx, rae P{x) — mzmoro-
WieH. /1 BX BLMACICHHA CNEAYeT [QNOKHTH & PABHEIM OJHOH H3
YEa3auHbLIX BRI GyERUHA, & dv=P&)dx (cm. opumep 11).

2) ilmerpam suaa | P(x)e™ dx, [ P{x)sin kxdx, [ P(x)cos kxdx,
rae Plx) — unoro-mea,ja k— neno'i[opoe 9HCITO. JIJ'L{ HX BEIYHCTE-
EBR cnefyer noxommrs u=Plx), a dr=e"dx, dy=sinkxdx,
dv=cos kx dx cooTBercTBeHHO (M. mpuMep 12).

3) Murerpamu [e” cosbxdx, [ sinbxdx, roe a u b — Hexoro-
Phie THCHA. DTH HETCTPATL BRMMCITIOTCH ABYKPATHEIM BHTETPHPO-

BAHHCM DO IaCTAM (CM. Ipamep 13
IMpamep 11. BurmcauTs BETCrpan farctg xdx.

Pemenne. ITonoxam u=arctg x, dv=dx. Toraa
dx
= ! = e ¥ = =
du=(arctg x) dx ey fdv=fdx, v=x

4
(3aece B xavuecTBe v MOKHO BAfTh JI00YI0 B3 mEpBOOGPAINEIX B

x+C, rae C — npowiBonsHas gocrosuaad. Bagro v=x, 1. ¢. C=0).
ITo dopMyne (1) ameem /

arctgx dx=x ng—fxi=xatctgx—lj‘d(f+l)=
i -1 +x3 2] 1+x*
u dv v u v
du 1
=xarotgx—§ln(l+x’)+c.
Hpamep 12. Barmcmuts marerpan |xe”dx. R
Pemernue, Ilonaras u=x, dy=¢"dx, Baiinem
du=(x) dx=dx; [dv=[e dx, y=€" ]

ITo dopmyne (3) monyvaem !
jxe"dx=xe"—fe*dx=xe"—e"+C.
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1lpumep 13, BeldacipTe HETerpasn j & cosxdx.
Pemenue, Ionoxum u=e¢", dv=cos xdx (MOXHO DOJIOXKHTD Ta-
xke u=cosx, dv=e dx). Torna
du=(¢"y dx=e"dx; [dv=[cosxdx, v=sinx.
ITo popmyne (1) mmeem
fefcosxdx=¢"sin x—f¢*sin xdx. (V)
Tloxyvesnrlif HHTErpan CHORA BLMMCIAEM HHTErpHPOBAHHEM IO A-
cTaM, NoJioxHB u=e', dv=sin xdx, oTxyaa du=¢", v= —cos x. Toraa
fe'sindx= —¢ cos x+ [ &" cos xdx.

[MoacTapngs JHAvEHME NONYYEHHOrO HHTErpans B Brpaxenme (2),
HAXOAUM

Je'cosxdx=e"sinx—(—e"cos x+fe cosxdx)=e"sin x+ e cos x—
—fecos xdx.
TlepeHOCE HHTEIPAT H3 OPaBOH YACTH PABEHCTBA B JCBYIO, HOIyYaeM

2fe"cosxdx=e"(sinx+cosx)+

H OKOHYATENbEO EMECM
ex
je“ecos xd.x=; (sinx+cos x)+C,

rae C=C,/2. (Tax xax C — npowIBOALEas NOCTOLERAS, TO H C)f2 —

TaKXe HPOHIBONbLHAR HOCTOAHHAN,)
C DOMOILIRK METOJA3 HHTCIPHPOBABHA IO IaCTAM BEIMHCINTL

HHTETPaJILL;

102. j'xarg:tg xdx, 103. [arcsin xdx.
104, | s dx. 105, [arctg /7x—1dx.
W i+x I g
106, [y 17, [y,
X
108. flnxdx. 109. [xInxdx.
110. {xin(3x+2)dx. 111, [(x*+3x+2)Inxdx.
112. [{4x*+6x—7)Inxdx. 113, fla(/1—x++/T+x)dx.
114. fxe"dx. 115. [xe™dx.

116. [xe " dx. 117. [x% "4z,
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118, | xcosxdx. 119, fxsinxdx.

120. 4 (x-+ 1) cos 3x dx. 121 {2 cosxdx.
122. Ixzsinxdx. 123. Ixzexdx‘
xdx xdx
124, oy 125. oy
126. fe*sinxdx, 127. fe” cosIxdx.
12.5. je'sin= d.x ,,129 JG*+)cosdx.
130. j'ln’xdx 131 )[ln(x‘+2)dx
132. fcos(ln x)dx. i3, ms “dx
134, je\/;dx(¢=ﬁ). 135, j,/ ~x=dx.
B 3axmouense BuaucIEM HRTErpan I,= J (n — nenoe no-
(xz+l) 1

JOXATENLAOS IHCNO), KOTOPLLl NORAAOGHTCH B CleAyIOme Hapar-
pade. Ilpa n=21 umeem I, =arctgx+C. IIycrs n> 1, Toraa

L= J‘(x’+n—x=dx= dx I_I 2dx '
@+D' 2 +1" ) Yy
Bo BTOpOM AETErpaie DOXOKBEM 1
u=x, du=dx; !
dye xdx’v=‘[ xdx _ i 4
A+1) @) @G-t '

OO3TOMY

-[ Adr x + J‘ dx
2+1)  @-E+)T Y @y
TaxaMm obpazom, 1

dx -3 dx
= ul +2" (n>1).

1) @2+ B2y

Gopmymsl Tama (3) HEILBAKOTCH pexyppenmisisg. Ond H03BONSY
IOT CBECTH BRIYHCIEHHME HETETrpana /, X BRYUCICHEIO HMHTerpaiy
I, € HHAEXCOM, MCELIIENM HA SIUHRLY, 2 B CBOIO OYEpPeilb, BHI :
Hue I,_, — x pumEcAcEmo I, s M T, A, B pesynsrare npBacM x g
BeCTHOMY HETErpany I, ¥ Oyner pemcned unterpan I, "
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Ipwmep 14. BrvmcnuTs BHTErpan J-(x’de)’”
Pemenne. Ilo pexypperTHodl dopmyne (3) mmeem

& __* 2 aagx+C
PRI e T :
4. Cmemanmle DpHMeps.
BLIYHCIATS, BATETPAIH:
136. [ +e ") dx. N
x(1+kx)°
.3\/2+lnx l
138. | ~——dx. 1%9. | =—adx.
v S+2
A Igx
1. | = 141. [4/T=6x° x*dx.
 3x+5 f 2—4x
142. dx. 143. dx.
J +/fax+1 J 4/ Tx—1
44, (2O S, | IR g
o "’ L \/l_xa
7 ur, [ 2
J S—ek §—cos® 2x
(253 S, [
[ Sxdx [ sinxfdx
150, | ——m 151, | =22
J Icos? 5x—2 J 4coi” (x/2)+9
182. Jg:;. 153, —;‘41"5.
» —xd; ” dx
y. a * L] —
1 Je s 155 J ¥ —6x+13

dx

_ X +1 dx
P+ 203+ 2)x2+1
OEOHYATCILHO OONYy4acM

& _ & 3 &
W+ 4+ 4) 2 +1)7

dx
——=arctg x;
Jx’+la Bx
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dx [ dx
156. X 1857, |
-v'4x-—x’ o 2+3x—2.x’
158, [ G99 159, [Gx=2ax
J 2+x-1 J o 5—dx—x
160, |—2EM s 6L f-' dx
N/ J xX*—6x+1
. o
162, |29, 16, |-
Jx=2 4 2-x+]
3 o
164, {222 4y 165, | 2722 4.
J ¥ —6x+10 J x3
166. [(2x+3)e"dx. 167. fxcos*xdx.
168. {xarcctg(l —x)dx. 169. {sin(lax)dx.
'xcosx
170. 12y o 171, [xtg®xdx

B mpaMepax 172—183 npumennts dopmynni:

g l-cos2x ., l+coelx . sin2x
sin x=———; cos* x———; sinxcosx=—r.

172. {sin®xdx. 173, [cos® xdx.
174, [sin® xdx. 175. [cos” xdx.
176. feos® xsin® xdx. 177, [sin® xcos* xdx.
178. [cos?® xsin® xdx. 179. [ (1+2c0s x)*dx.
180. J',"". 181.j &
EnZx cos (x/3)
182. J.,"’ . 183, '[“"’f*"“" dx.
sin¥x sin 2x

B npamepax 184—I187 opBMernTs GOpPMYIH:
sin acos f="1/;[sin (& + £)+sin (x— B)],

cosxcos f=1/,[cos (& + ) +cos {x— B)),
sin o sin f="/;[cos (a— f)—cos (x+ B)).

184. {sin3xcosxdx. 185. {sin3xsin Sxdx.
186. jsm (5x—x/4)cos xdx. 187. j sin (x/3)cos (2x/3) dx.
| 3
188. J = Zdx. 189, |—Z4x.
tinx cotlx
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190. J"f’“,‘dx.
SRTX
192. (tg*xdx.

191, I S0 .,
COS

Ix

193. jtg® xdx.

B opmvepax 194—199 npaMennTs DOOCTAHOBKY /=1g (x/2), TOTAa

oo 280 _ u

Tletgi(x2) 148

x=2arctg!, dx= 2d¢

dx

i 1-+sinx

[ dx

J 38i0 x+4CO8 X

" dax

fin x— o8 X
o

J 3sin?x 4 Soos? x
[ dx

8 —4¢in x+ 7008 X

o Iz x
dx(r=¢").

e —2¢

v e +1
(¢ +1

. dx.
-_ex—l
cos 2x

cos* x
-

dx.

dx
i cos x+2sinx+3

212, fctg®dx.

]
24. J.i‘:“.i..dx
X2 46x+10

216. [(5x+3)+/x*+3x+5dx.
218, j,f2x2+4x+ 1dx.

210,

4-186

_1-1gr e _1-F

T1eg ) 1+

H—'—'—-‘:.
" dx

J 3+cosx

! dx

J 2sinx+sin2x

[ ax

J §in x+C08x

[ dx

J sin® x—3sin xc08 x~
[ dx
Ginx+cos x)?

o Iz
s dx

195,

197,

199.

201.

203.

205, -
ve +2
A Ix x

207, e +2¢

Ix x
ve +¢ +1
dx
costx
(1 +tgx
sin 2x
[ dx
1+3sin?x

209.

211, dx.

213.

[ Sez”—BeJl

215. dx.

¥
Je +d-e

27, {(1-2x) /37 + 8xdx,
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[ arcsin (x/2) arcsin(92) , [ xarcsinx

220. 221. dx.
J, o J J1-2
. [0 4 23, |2
J VX +5x+17 J#+10x41
r » ix
4. | —*ux. 2s. |=%
ix x
" & +‘ v e +l
22%. ln(o:sx) dx. 7. 1n(x+Jx‘—9)
sn- X x-3

228 j(3x —1}4/ —x?—Bxdx. 229, jx’arctg(2x+l)dx
§ 3. Harerpiporanse paumonaeuirx Gymapdi

Ecna 3samenareny ( npapEIbHON pamEonannHoll apobm —(xk

ol

(MMeeT CTeners MBOTOWICHA B YHMCIIMTENE MEHBIIE CTETIEHH unoro-é
WNEHA B 3HAMEHATENE) MOKeY OuiTh HPeACTARNEE B BHAC

Q()=Alx—af = B2 +2px+ g b + 2ux 0.

rae A ~— xo>ppanEeET OpE crapmedi CTeneHA MEOTO'WIEHA Q(x] %
$... — xopEm YpaBHEHEX Qlx Smo 2 TPeXWIeHH He HMEIOT BCIeCT-

BEHRLIX g:gncﬂ , TO 3Ta Apobb pajnaraercd Ha CyMMY JJIEMEHTApA

BRIX ApoGel crenylomuM 00padods: J
M) 4 A A i_{_ |
T e g (x_n)' o

Mix+MN Max+ N> Mo+ Ny
+x’+2px+q+(x’+2px+qy+ +(11+2P¥+4)‘ 3

rae Al, A?: ,Ah :Mb NI! M‘a‘o NI’ vy MM M: — HEKOTOPE ’."

YHCTIA, HOZUIeRAIlME onpeaetenmaro. [nq X onpeaeeHud YMHOK AN
obe gacrm nocnenpero pasnoxennd (1) Ba @ {x). Tax kax paBcHCTB(
MexAY MEOrOWIeEOM P(x) B MBEOrodnenoM, XOTOPHI OOIydE
B DpaBoif JACTH, COPABEAIEBO JUIA BCEX X, TO KO3 _
AIIHE HPH PABHEX CTCICHAX X, PARHLI Mex Ay coboif. Taxum oﬁpaao :
DOJYYEM PAA YpapHEHHH DepBoil CTENCHK, B3 KOTOPHIX HalifeM Hemd
BeCTHBIC WA A, Ay oy Ay, M, Nl, M, N, ..., M, N, 4

HanoxeEEN#E METOA OTRICKAHES PAINOKEHEAS PANHOHANBHOY (hyH
IHH HA3LIBACTCH MEMOOOM HeonpedeAetsbix xodgipuyuermos.

*O XOMILTEKCHEIX MHCIAX CM. B T 9.



Ecim panuoBambHan Apobs (('3 HETIPABWIbNANA, TO CIEAYET Npea-

BAPHTENLHEO BHACIHTE OEIYIO YACTD.
et xal

x(x*+1)y

Pemenne. IloguETerpamaad QyHXHEa — NPaBHILHAS PALHO-
BamsBas ApoGs. Tak xax XKBANPATHRIE Tpexunen x2 41 mmeer xomm-
JIeXCEBLIS KOPHH, TO 0 dopmync (1) mmeem

xRt A+Bx+C Dx+E
@AY x 2+l ey

raec A, B, C, D, E — xoxpdammcars, nonncxanmc onpeaeneHHIO.
Yunoxanoﬁcqacmpanenmauax( + 1), nomyuaesm

X+ P42+ x41=A (2 +12 4+ (Bx+CO) (2 + 1) x +(Dx+ E) x,

Hm

Ipumep 1. Brrmcners BETErpan

P+ x4 x+ 1m(4+B)x*+ Cx®+ 24+ B+D)x*+
+{C+E)x+ 4.
Cpannnasload:q:nmenmnpnx” %%, x%, x* m x*, mpagem
K CHCTEME YPaBECHHR
x‘A+B=1
x:C=1,
x2:24+B+ D=1,

x:C+E=1,
1:4=1.

Pemas sty cectemy, mafinem A=1, B=0, C=1, D=-1, E=0,
[OITOMY HCKOMOE PA3sIOKeHEe HMEET BHX
x‘+x’+x’+x+l_1+ 1 x
xO2+1E x4 S+

Croepopatensno,
x‘+x’+x’+x+1 dx dx b xdx
TxEHP 21 J e+
-ln]x|+arctgx+2(f+l)

Mpumep 2. Buuscnuts HaTerpan xdx

P41
Pemenne. TToguETerpameas OpABANLEAY  PAIAO-
HameEas npobs. Tax xsx x3 4 1= (x+{ (3—x+l), OpEieM BTOpoli
COMHOXKHATENL HMEET XOMILICKCHEIC XOPHH, To o bopmyne (1) uMeen
X A Bx+D

241 x4+l xPexs!




rae A, o, L — KO3DPHNEBEHTR, HOUICKAINAE OOPCACNEHMEY, Y M-
gomas ofe vacta papercTEa Ha (x + 1) (x* — x+ 1), monyvaem
x=A(x2—x+1)+(Bx+ D) (x+1)=
=(4+B)x*4+(— 44 B+ D)x+(4+D).
IIpapapeaBas HIHEHTH OpH OJHHAKORLIX CTENCHAX M

AN CECTEMY ypasmEeHHE, nogymMm: A= —1/3; B=1/3; D=1/3. Ta-
XM oOpasom,

xdx 1{dx 1 x+1 1 1 x+]
= |— 4= dx=—-Infx+1|+-
L’H 3 x+1+3,[f-x+1 3 ket |+3,[f-x+1

Jing PEMHCICHES HOCHENNErC METErpaja BRINCHHM B IHAMEHATENS
monHuil xpaapar: x*~x+41=(x—1/2)*+3/4 — B cpenaem moxcra-
Homxy t=x—1/2. Torma

x+1 _ {241 L ds g de _
L,_xﬂdx—j 434 d‘_fﬂ+3n+zjﬂ+3;4_
=iln(:z+3/4)+s/3-arctg—2'—+c=

7

1 2x—1
=-ln(x*—x+1)++/3arctg—~+C.
! )++/Jarctg 7
Taxum o6paioM, OKOHUATENILEO MOTYIAEM
x 1 1 V3 21
= _dx=—ln)x+1|+-In(x*—x+ 1)+ arctg =+ C.
o) 3 x+ |+61n(x x+1+ 7 arctg 7 +
1
Hpamep 3. Boracmaer HETErpan J—sx-t?—- dx. |
(> —2x +5) 1
Pemenme. IlogumTerpaneBas (pyHKNES — DPAaBATHHAS pannoj

HambHast Apobe. Tak kax x> —2x+ 5 He pasnaraercs Ha BeIIECTSEHR

x+p x-}
HEe MHOXHTCIIH OepBol CTENCHH, TO HOJIOEHM 2= ==
’ Ve-r 51

"'%t orxyna x=1+2z, dx=2dz, a x*-2x+5=4(z*+1). Cnenoa:

TemHO,

Sx+3 _[suramea,, (04
(E-x+5 ] £#@+1) T Js@Hp

Szt [ o

TaJE+y JE ey
Ko sTopoMy HHTerpaly HOCIENBErO PaBEHCTBA MOXKHO IPHM
pexyppeRTHYIO hopmyny (ca. § 2, dopmyuny (3)), monyuum
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zdz __1 1 dz z +lm z
F+1y 2240 J@+1P 2@+1) 2 gz
Taxum ofpasom,
Sx+3 5 1 z 1
J{ﬁ-z:n-s;’ = ire g 2RI C
4z-5 |
_8(’:+l)+§arctgz+c.

Boaspamasce X nepeMeRHOH X, DOTyqacM
S5x+3 27 1 x—1
sz_ms):"x 2(x’—2x+5)+img(_2')+c'

BrrmcIMTE BHTETPANIRL

20, [ =% _4x 21 (=2 ax
J x={x-3) J x—D{x+5)
232, 3423 233, 2+3 :
J xle=1)(x+1) J -2
; p
234. & 0 235‘ "__dix—"-"'"'_.
Jwrnee-2 J -1 x+D)
236, | 1A 27, |- &
J P G- J P32
(x4 4322+ 23 4 x4 1 f A4l
8. J X ex+1 2%. J X =5 +6x
[ dx i dx
ml ) x‘+f- 2‘1- ) m-
~ ~
42, | 2= 43, |-,
J 1—x? J 14+x*
(¥ =2+ 3x +4 [ ds
W, | us. |
" dx [ Sx42
ue o 1. | sz
[ R+ " Tx—6
M. e W. | e
m. J-—i—_ L] J——'L_dx
-1 (x+32) (x+22(x+1)
3x+5 3x+1
2 [t et
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§ 4 UnpelelIeNEEM HNTErPAT

1. Oupenencune oupenencanoro murerpaia. Ilycts dyernas j(x)
onpenencHa Ha orpesxe [a, b, a<b. Pajobsem 3TOT OTPE3OK BAa
1 DPOH3BONBHEIX JACTEH TOUKAME =Xy < X< Xy<... <X (<X< e,
wr K Xy=xh. B XARAOM HA NONYICHERE JACTHYHLIX OTPEIKOP [x,_;, x]
DPORIBONBEYIC TOUKY & (X;_) € ;< X;) M COCTABHM CyMMY

o= fE) Ax, +1(ED Axyt .. +£ (E) Axy = iﬂ:.)Ax,. M

r&e Ax,=X,—x,.;. Cyssma Baga (1) nasuBacTCs mapamoﬁ cym-

Mol pns dyaxnwn f(x) B4 [a, b).
O6o3sagem weped A AnEHy EANOONLINEro HacTRYHOIO OTPEIXa

pasbrenEn: A=max {Ax}.
I15ian
Oupenencune. Ecau cywecmeyem xoweunvill npedea | unmezpass-
noii cymmsi (1) npu A-+0, mo amom npedes nazusaemcs deACHHbIM
unmezpasoss om gyrxyuu j?(;'f no ompesky [a, b] u oboznaiaemcn
cAaedyIotum obpasom: :
b

]
- jf(x) oo |11y $.7) 0
=]l
5
B :arrom q:ymms f(x) BASKIBACTCH unmezpupyemoit na (a, b}
3 HHO HUNCHUM H 8eDXHUM
npeae.muu wmepupoem. — nodvmmezpassroli  Pynkyuelt
X — nepemeNnotll UNMEZPUPOSAHUR.
Jng SHTErpRPYEMOCTE GYHKUEE OOCTaTOuNO €€ BeN
Ha oTpe3ke [a, b].
Hpamep 1. Mcnonb3ysd onpeneienne, BhRMHCHRTH

j. Cdx, rae C — HeXOTOPOE THCHO,

Pemenne. PazobbeM oTpesox [a, #] Ba 7 npOHIBONBLHLIX YACTCH
TOUKAME d&= X <X| <X e S Xjm) <X < ... <Xg=} H COCTABHM COOTI

Be'rcray!o HETErpATLEYIO CyMMY (1). Tax xax moanuTerpanpead
;giol'}'uocromaa, T0 A moboro nn60panpomxz‘;o
mrmc,nommnnmpammymcymymaoac 4

4+ CAXy 4+ ...+ CAx,= Z CAx; Jdanee mmeem

fm]
Z Cﬂ.xg- C Z Ax[=

= Cl(xi - )4t 3+ A B3] =Cl6—a).
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DAOUM, 4T0 HHTETPANLHAA CYMMA I8 NAHHOK (YHETHHY HE 3aBHCHT
BN OT pa3bEcHus, HH oT PLIGOPa To3ex &, B panna Cl(b— o). Cnenosa-

TENbHO, M e npeaen opa A=max {Ax;}—0 pasen Tol ®e Benuwuue.
1gign

TakaM o0pa3oM, IO ONPEAEICHHIO,
b

J Cdx=lim 3" CAx=C(6-d)

2. Ocropanie cBOICTRA ONpeeISHEON0 NHTEPATIA.

1°. Mo onpedesenwo, I Sflx)dx=0,

2°, Io onpederenuio, th(x]d.x= —J2 fx)dx.

3°. Kaxosst 6 wu Baiau wucaa @, b, ¢, ece2da umeem mecmo
Pasencmao

fﬂx)dx= J f(x)dx+ff(x)dx.

4°. IocmoRwmblil MEONCIOTIEAD MOJICHO SHIHOCIMD 3G 3HAK OMpede-
ACHHO20 UHMEZpaAa, m. e.
5

j l)dx=k j' fRdx.

[ ]

5°. Onpedesennntii unmezpar om aszebpauveckolt cymmoi Pynxsyui
Pader aszefpauiecKoli CyMae ux uMme2pasns, m. e,

iW)ig&H M=fﬂx)dxi Jgg(x) dx.

3. ®opmyna Herorona—Jleilumna. Ecmn pysexmas %) venpepur-
BHA HA oTpeake [a, 5] B dyExmas F(x) smnsercs mexoropoi ee
gepsoobpasnoil Ha 3TOM OTpe3xe, TO MMEET MecTO Popuysa Huomo-
na—Meiibnuya

j i dx=F{5)- Fla).
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ITpanep 2. Brormcnets murverpan |sinxdx.

Pemenme. Tax xax omuol n.cpnooﬁpasm ans GyAxmER
j(.t)—smx nunercnnbymmnF = = CO0§ X, TO, UPHMCBAS HOpMYIy
HsroToHa—, cuﬁlmua, nOoNyqaeM

Idnxdx= —cos|a=oosa—oosb.

BRMHCIHTD BHTEIPANSL

) 2
254. | xdx (1) 255, | (3x*—1Ddx.
s I
2 2
256. |, 257, |edx.
w * o
1 1
1 %
258. ((/x—x"dx. 259, {sinxdx.
I o
3 2
- dx h f
260. — 261. | cosxdx. 1
J J1+2 J i
[ o .
z ', |
dx X
262. J1es? 263. Jrem ]
[ +] ]
] 2 *
3xt+3x2 41 ) 1
264. J.de 265, ) (xz-!-F)dx 1
—nf4 1
2
o
—— 267. | x(3—x)dx.
Ja-x J @-»
0 1]
F 3§
268. .[smlxdx 269. | xsinxdx.
.k
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27. | Inxdx. m. I dx
4 B 42x+2
1 =]
= 3
272. |In®xdx. 273. | arctgxdx.
1 0
1 1
S F .
24, | xe " dx. 275, | x*e Cdx.
:1 :1
- 2 dx
276. ' x% . fat—x*dx. 2717, | Eres
4] 0
4 o
s | -E 29, [ ax
o 14‘\/1 J .,/x+]
[1] 1]
12 1
280. /'-’S’-‘dx. 281 &
JVil-x J1+/2x+1
1] -]
ILZ
282. | sin xcos® xdx. 283. | cosxsin® xdx.
3 o
rl. 1
w4 |- 285, I iy
et 41 e e
1] 1]
L
26, | —=_. 287. Tsimx dx.
J /351
0 0
4 1
dx
3
288. Itg xdx. 289. .["i"""
Q

10§



§ 5. Hexoropuie duimveckne n reoMerpiecKne Opujoxetns
OUPERC/ICHBOI) EHTETPALS

1. Popmy s wiomaael WIOCKNX paryp.
[
S=J Sfx)dx, i)

roe S — nnonigAp Xpuponuuclinoil TpaneuuH, orpanavennok rpadu-
xoai dyeximH f1x), oTpeaxoM [a, ¥] Ba och Ox X DpAMEMEA X =2, x=b,
a < *

5= j V() (Nl dx, ®

S — ) i -
e § Ty UioyAne Qurypul, satoenuof MokIy rpaduxa dyuK

2
S=Iw(r) ¢'{dar, 3

rae § — [UIOINafs KPHBONHEEHEO{ Tpaneguu, pepxHud -
Topoil 3ajaHa NApaMETPHISCKHME YPaBHCHHIME x=:piti', y=¢?ﬁ,

asigp.
2

5= j o* (9)do, @

rae S — MWIOmags KPHBPOIAHEHRBOro (SKTOpa, OrpPAHHYEHHOTO -
BOH, 3ajaHROd B DONAPHEIX KOOPAMHATAX YpaBHCHHEM p=p(p),
e<@<p, n apyMa 1 HWMH PajRycaMHE, COCTABNNIOIMMHE C IO~
JIRpHOM OChIO YTIEI @ M f.

Ilplmep‘ 1. Halita nnomaae $EIYpH, OrpaHEYEHHON JHMHESME
fX)=1-x*u y=0.

Peumreane. MoxHO CUMTaTh, YTO 3Ta (PHIypa o eHA. OCBLIO
Ox, opaMuvi x= — 1, x=1 u rpaduxom yBExIHE fix):l—xz {puc.
21), noatomy, no ¢opmyane (1), ee wiomaas

s=J' (1-x2)dx=( -‘?’)I'_l%.

Ipumep 2. Halita mnomass GUrype, OrpaHnYeHEol TAHEAME
n=Ai@=1-x, p=f()=x*+2, x=0, x=1.
Pemerne. [lannas dparypa saxmouena mexay rpapuxamu pynx-
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geeha M) =x 247

R

—

Yp=fy{x)=1-x2

oy 1 X
Puc. 21 Puc. 22

madi f5(x} = £;{x), npmveivm x=0 n x=1 (puc. 22). ITosTomy et
IOMmA/b HAX0OMM ¢ moMolnsio dopmynn (2):

s—lxzz PR TI CIPINN R
= | [(x*+2)—(1—x)] Xm0 ==

Ilpluep 3. Halira nno B, OrpaEEdcHEAON onuoi ap-
Koit nﬁg{.ﬂoun x=a(t—sin £ y—a(l—oost), 0<1<2n n ocei0 Ox
HC

Pemenne. ITo dopmyne (3) mmeen
>

F
S=J‘a(l —~cosf)a{l —cos f)dt=a? J(l —cos)ide=
o

2
2x
=g? I (1 —2(:0@3t-,!-‘-i-‘::mz‘)dt=c:2 [zt—Zsin l+zlain2£:|a =3xa?,

Ilpumep 4. Haiita nnomaue tburypu, orpagrdcnnoll DoxspBOl
OCBHIO H HEPBLIM BHTKOM CIHPAIE ApPXHMENA p=ap, TS a — HONO-~
RHETeNbHOE 9HcIOo (pHC. 24).

Pemenue. Ilpa B2Menennn ¢ ot O mo 2n noAspHKE pasmyc

OOHIIET EPHBYIO, Or PAHHYABAIIIYIO XPHBONHHEHKHELIE CeXTOp OABC
ITostoMy mo dopmyine (4) uMeem

ol wa 27a X
Puc. 23
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300. x*—y*=1, x=
1. xy=4, x=4, y=4, x=0, y=0.
302 y x’

Y=
303, y=[x?= 1|,y=-0 x=-2, x=2.
304, m IWIomas PEryphl, 3axmodennoit Mexay mapabonoi
y=x*=2x+2, xacarensEolt x Hel B Touke (3; 5) M ocvio Oy.
305. Haiite wromans Gurypsl, saxmogentoli Mexny napabonos
y=—x*+4x-3 g xacaveLEIMH K Bel B Towgax (0; —3) 1 (3; 0).
306. Haitte mnomans GRIyp, B30o0paxeHBLIX Ha pHC. 25--30.

L=j\f 1+ (W dx, (5)

rae L — auwHa XpHBOH, 3anaHBON ypaBHeHHEEM y=f(x). agxgb.

=g ({~C08 )

I

Kasduouda

Pus. 23 Puc. 25 Puc. 27
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F.d
L= J.\/ G +vi(dar, ©

rae L — nisEa XpEBOH, 345aHA0K NAPAMETPHICCKEME YPRPECHESME
x=@(1), y=¢ (), a<i<p.

2
L=J‘\/p(¢]+ 7 le)do, Q)

rae L — pmuye xpHBO#, :w.nannoii B NOJZPERIX KOOPAHHATAX YPAB-
HCHHEM p=p (cpzl ag@<h.
Ipamep 5. Haitte Anmagy Ayrs noayxyOHueckod mapabonnl y=
=x" or x=0 5o x=5 (puc. 31).
Pemenne. Kpupag cuMMeTpHYHA OTHOCHTENLHO OCH Ox. Hail-

[eM IyHHY pepxpelt pera xpupol. Hl3 ypasmemEs y=Xx" BaxOZHM
y =§xm IMo dopmyne (5) mony

5 5
_ T P 9% e 8 (1.2 38
—J\,/1+y (x)dx I l+4dx_27(l+4)mL P
[

0
IIpumep 6. Ha¥itn nuamy Ayrs oxEol apKE MEEIORIRL
x=alt—sin 7}, y=a(l —cost), 0< 1< 2x (cm. pac. 23).

Pemenpe. H3 ypasHeEHS DHKNOBAW EAXOOMM @ (r]—a(l—-
—cos #), ¥’ (1)=asin ¢. Koraa x npoGeraer orpeaox [0, 2na), mapamertp
t opoGeraer orpesok {0, 2x). Cne,uona‘remo, no dopmyze (6) amMeeM

2:
2x

L= a\/(l eost)z+smztdt==2a sin- dtz--4aeos:—: =8a.

g4
A al [x=acasst
wmm] y=a simit
¥
g |"|II|| o yelGA?
I ,
0 ! X -
Acmpoudy ¢ X
Puc. 28 Puc. 2% Puc. 30
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1ipamep /. NGHTH JIHHY OEpBOr0 BETKA

Y | apxamenosoli compams p=ag (cM. pag. 24).
] Pemenue, Jlepauii BETOX apxEMenoBOH
| CHEpATH oOpasyercs OpH HIMCHCHEM BOJAP-
' Horo yraa ¢ or 0 o 2xr. Torna no gopMyne
(7) nomygaem
0 5 X

\

b2 ] >
L=I ¢’+a’dw=aj‘v’q:’+ldtp.
L1} 0

MonommM  u=+/9?+1, du=—i—dgp;

Vo +1

Puc. 31 dv=de, v=¢. Torma

x b3
a!«/¢‘+ @ a[¢ ot 1 WEYY @
']

vl
[

o ]
=a[§¢\/ﬁ:ih(¢+\/tp’—:-l):[’=
“[,.m%mm)].

Hapnuik RETErpan BHMECHCH EETEIPAPOBARAEM IO TaCTIM.
HaifTe qumemy Iyre kpapok:

307. y=.1:""2 ot x=0 no x=4,
308, y=x2—1, orcencunoit ocsio Ox.

309. y=g(e*+c“"') ot x=0 g0 x=a.

310. y=Incos x ot x=0 Ao x==n/6.
311. y=Insinx or x=x/3 Ao x=2n/3,

312, yzé—élnx or x=1 no x=e.

a1, y3=§(2-—x)3 or x=—1 g0 x=2.
314, y=x2 or x=0 go x=2,

318. x=¢'sin t,y=e'oost, 0t/
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310, ACTpOEAH x=ac0s" {, y=asin”f (cMm, puc. 29).
317, Kaparorau p=a(l—~cos¢), a>0, 0<o<2n (cm pac. 27).

3. Dopmynr ofnemos Ten spamenus.
L]

Ven f Y} (x)dx, ®

rae ¥V — obseM Tena, MOJNYYEHHEOTO BPAILCHACM XKpHBOIaHeHROM
Tpanenmd 05y < f(x), asx<b BOKDYr oci Ox. Juddepeunuan mepe-
Mennoro ofsema d¥=zxy®dx.

¢
V=:tJ‘x2(y)dy.

rae ¥V — ofbeM Tena, HONYUCHHOTO PpalRcHMEM XpHBoIHACHRON
TpancuAE 0 < x < @ (y) céivédnoxpyr ocu Op. dedpepennuan nepe-
menHoro obnema dV

Npumep 8, Hak'm o&beu Tena, 00pa’opaHBOLC BpalleHACM 31~
Jmncag-f-{;-l HOEpYT ocu Ox,

Pemengde. Taxk xax 3mnNC CEAMMETPEYCH OTHOCHTENLHO oOCei
KOODIRHAT, TO AOCTATOMHO BaiTH DonoBEHY HCkOMOro ohBeMma. Ilo

dopmyne (8) uMeem

J:y () dr=n jbz (l—-—)dx=ub’ J‘ dx J’ 2 drm

. e 2 .
_nb’a——sz;——inab.

N'i—-

1, 2
Cnenoparemsso, 5V=§ ®ab?, oTxynma V=§mbz. Ecnn a=b=R, TO
JLTMIC SRNLETCH ORPYAHOCTHIO. Toraa ofneM Te/a BpaICHAL OKPY-
AHOCTH BOKPYT 0CH OX ecTh map, ofseM KOTOporo V=§1tR3.

Haiita ofnemMit Ten1, 06pa3sosanHsx BpamesancM GUIypLI, OrpaHH-
9eRnoit JEHBAME!

318. » —2px. x= } Boxpyr ock Ox,

319. y=4—-x2% y=0, x=90, rae x>0 soxpyr: 1) ock Ox;
2) ocu Oy.

320. y=x2, y=+/x BOKpyT 0CH Ox.

321. y—e’; x=0, x=1, y=0 soxpyr: 1) ocu Ox; 2) ocr Oy.
322. y=x*+1, y=0, .x—l x=2 soxpyr: 1) ocd Ox; 2} ocu Oy.
323 y=x3, y=1, x= Onoxpyr 1) ocg Ox; 2) ocm Oy,
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324, y=x—-x2, y=0 poxpyr xaxmoi u3 cnenromnx op
1} y=0; 2y x=0; 3) x=2; 4} x=-2; 5} y=—1; 6) y=2.
328, y=Inx, y=0, x=¢ BOKPYr Xaxaok A3 CICAYIOMIKX IPAMEIX:
;%Gy=0; 2) x=0; )0y=—l;4) x=1; 5) x;—l;ﬁ) y=J
. y=s8inx, y=0, 0 € xx BORPYT xakmoil U3 creyroHIux Ops-
uug:) 1) y=20; 2y x=0; 3) x=2n; 4) x=~1; 5) x=-2; 6) y=1;
y==z
327, x*—y*=4, y=2, y=0 BoRpyT OCE Ox.
328, y=x, y=x* poxpyr: 1} ocm Ox; 2) ocn Oy,
329, y=cos2x, y=0, x=0, rae 0<x<n/4 poxpyr: 1) ocE Ox;
2) ocm Oy.
0. y=sinx, y=0, roe 2n<x<3x BoXpyT KaxacH w3 cneay-

omEx opvex: 1) y=0; 2) x=0; 3} x=n;4) y=-2.

I y=2x—x3, y=0 BORpYr Xamnodl M3 CIEAYIOMMX OPAMBIX:

1) x=0;2) y=0;3) x=-1;4) y=1

332. y=4/x, x=1, x=4, y=0 Boxpyr: 1) ocu Ox; 2) ocu Oy.

=H+x" x=1, x=—1, y=0soxpyr: 1) oca Ox; 2) ocu Oy.

33, y=x2+1, y=3x—1 soxpyr ocu Oy.

338, Hapoestm caoem BAZKBALTCA TeNO, IONYYACMOS TIPHE BPAILIE-
HAH jJuBcHBOR TpapemHE, orpamuucBHON Ayroll ORpYXHOCTH
y=+/R2~x%, npamuva x=a B x=b (—R<a<b<R) u ocbio Ox,
poxpyr oce_Ox. Hailttu o0BpeM mapoBoro Crnos, BHPE3ASMOro M3
mapa x2+y%+22= 16 nnockocTaMlt x=2 i x=3.

Iaposvim cezmenmosm BANLBAETCA TENO, HONYYCHHOS TPH
BPAINCHKN AYTH OKPYRHOCTH POKPYr AMAMETPAa OKPYABOCTH, Lc-
PUSHAMKYJAPHOTO XOpAe, crarmpaiomeit xonmul ayre. Hadéitu obnem
MISPOBOTO CErMEHTA, 3HAS PajHyC OKpYRHOCTH R # Bricory H ce-
TMERT2 — JUIHHY YYACTKA OCH BPAMEHHES, HAXOAAINYIOCE BHYTPH
CErMERTA.

337. Mapossem cexmopoM HASBBAETCH TENO, OOAY4YEHHOS OpPH
BPAINCHEH KPYrOBOIO CEKTOPA BOKPYr OAHONO H3 €0 IPAHHIHAIX
pamaycos, Ha¥te obneM mapoBoro cextopd, 3HaS pajuyc mapa
R = nricory cexropa H.

B 3anawax 338, 339 mafita: 1) nnomane GHryprl, orpaEuueHeol
JAJNABHRIMH JIHHASME, 2) o0beM Tena, DONYSCHHOIO BpPAINCHHEM
aroif ¢arypsl BORpYr ocm Ox.

IlapaBonsi x=1-3y* m x=—2p.

339. Kpapas y=oos’§—sin3§ 4 opaMele =0, x=0 u x=7/2.
4, GopMynal mnomael DoPePXHOCTed BpanicHNY,

b
S=2n| flx)/ 1+ *{x) dx, ©)

roe § — Wiomaah DOBEPXHOCTH, 06pasoBanHol BpaneHHeM KPRBOH,
sapankofl ypapHeHMEM V=flx), a£x< b, pokpyr ocu Ox.
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Sﬂnjw(v)ﬂw"@@-

L

rae S — NIoMARE NOBEPXH , 00pa3oBannaOil BpAMICHHCM KPHBOH,
JagapHaOl ypasHeHmeM x=@{y), ¢ <y <d, Bokpyr ocu Oy,

)
§=2n f Y VOTIFI e, (10)

rae § — Nmnomafsk HOBEPXEOCTH, 06pa3oBanRoil BpamMEReM KPHB ﬁ,
3anam!§)ﬁ NApAMCTDHYECKEMHE  ypaBHemusmu x=¢(1), y= \{r?t R
xS i<,

?
S=2n Jp sin @/ p*+p% de, (11)

rme S — nnowans NOBEPXEOCTH, 00Pa3OBaHHOK BpaNCAHCM KpRBOf,
3AAAHHOH YpRBECHHEM B OOJIINEEIX KOOpAHHATAX p=p(p), a<p<p.

Tpumep 9. YacTh chepH, BhIpe3acMas ABYMS DApajLlcIbHEIMH
IUIOCKOCTSMM, HAXONAIEMNCA Ba paccTosumu H apyr or apyra,
HA3HBAGTCA MIAPOBHIM NOACOM BecOTH H. HadTu nnomaas mopepx-
HOCTH [IAPOBOrC HOACA, CCHH PAJHYC Niapa paseH R, a BLICOTA MOACA
papsa H.

Pemenre. IlopepxBocts mMapoBOro ImOHCa MOXHO PACCMATDH-
BaTh KAK OOBEPXHOCTH TeNA, HOJYICHHOTO BPAINCHHEM IYIH OXPY-
KHOCTH y=+/ R2—x%, rpe a€x<b, b—a=H, poxpyr oca Ox (puc.

— R
32). Tax xak ' = , T0 14+ [f"x)]* ==——, moaTOMY, COTICHO
) Y= e =— My

bopmyne (9), i
S=2n J.\/ R*—x*

HWrax, nnomaas nopepxaocTa S MapoBo- ¥
ro mpodca maxoguTcE Do dopmyne - =/RZI=Z
S=2xRH. Eca H-2R, 0 B npegene AT
DONywHM IUIOIIAAL NOBEPXHOCTH Boel ;7 N
chepnt; S=4aR2, / \
Ipumep 10. Haiite nnomans S nose- —F——5 —
PXHOCTH, NOJY4eEHON BPAINEHHCM MNHY- H
Joumu x=a(f—sinf), yp=a(l—cost),
0<¢<2n, Boxpyr ocu Ox (cM. puc. 23).
Pemenne. ITo dopmyne (10) umeem Puc. 33

R

b
dx=2nR J dx=2nR(6~a)=2nRH.
-2




S=21:Ia(l —c0s §)/(asin )* +[a(l ~cos 1)) dr=
0

i
=2/3 na* I(l—oos e d:=¥‘33 na?.

Yipmvwep 11. Haiite nnomans, noscpxeocrH, ob6pajlopasnoi ppa-
%nm xapaonan p=a(l +cos @) PORpyr monsapuoli ocH (cM. pHC.

Pemenne. UmeeM o' (@)=—asing, p3+p’z=¢4gzoosz§_ o
dopatyne (11) noxywm

S=4M2J‘(1+008 ;o)sinqncos%dgo:

Halite pnomaae nosepxsoctH, o6pasosanEoil BpalltcHHEM BOK-
pyr oca Ox:
340. Oyra carycouai y=sinx oT x=0 g0 x=m.

341. Oyrm xpunol y=x?3 OT X=—2 A0 x=2.
342. lyrm xpapofi y* =4 x, OTCcYemH O upmoﬁ x=2.
343, Hennoﬁmny=-(e +e ®or x—q

m
fi a0 x=a (a>0). o
344, Honyo:pyxaoc‘m y=4/R2=x
‘ 345. Oyrm xpaBoi# y? —4xo1‘x-0.uox—34
346. Jlyrm xpmpoli x=¢'sint, y=¢'coss o
t=0 no t=n/2. £
347. Acrposiy x=acos’t, y=asind 4
0<1€2xn, !

348, 3apemw: napafoma x=y? m np.
y=0, x=a, a>0. Hafita: 1) onomas
OTPAERYEHHOH 3aNARHNMHE KPHBLIME; 2}

3) nnotians DOBEPXHOCTH TeNa, 06pA30BAHREO
Puc. 33 Bpamiesimem stoll purypet poxpyr oca Ox. II
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BRMACICHER DHOMIANA ONOBEPXHOCTH CYHTATR CHAYANA U<bhLX%4,
a 3aTeM ycrpeMats b x 0,
5. dopmyna paborsl nepenessofi cranl.

b

A= j F(x)dx, (12)

rae A — paora mepemcHROM cunwl F(x) Ba oTpeaxe [a, b].
Ipavep 12. Oopepermarh pabory 4, AcoGXoAAMYIO A2 3ANYCKa
ze(.l;auc m33 )oﬁ m ¢ NOBEPXBOCTE 3eMNH BEPTEKANSHO BBEPX HA BLICOTY
Pemenge. O6o3EATAM deped F cHIYy DpMTSAeHHA Tena Jemuel.
ITycts my — macca 3emnu. Cornacuo 3akoBy HuloTona,

mmy
F—G ?J

rae¢ x — PaccCToSEue 0T T2 Ao neATpa 3ewum. Ilonaras Gmmy=

=X, nonysaem F(x)-%, R x<h+ R, rne R — pagnyce 3emom. Mpa

x=R cuma F(R} pasua Becy Tenra P=mg, T. e. %=P, OTKYAR
k=PR?, u F{x) =£::—’.
Taxam obpazom, no dopayne (12) nomyyaem

R4A R+A

- _pre | & _prlftt
A J' Flx)dx=PR I == Pm“ e
R x

Ilpavep 13. Oppepermars pabory A, xoTopyro HeOOXOmEMO 3a-
TPaTHETh, 900N PHEAYATH BOJY HI OPSMOroe KpYroporo IMIINBADA.
Pammyc ocHOBAERA MEIHBApPA R, BRICOTA A.

Pemenne. Pafota, xoTopyio HeolXoEMO 3AaTPATHTH, WTOOH
DOJEETH Té0, paBHA NIPOH3BENEHHIO Becd TEIA HA BRICOTY NOABEMA.
BreaeM cBCTCMY KOOPARHAT TAK, KAK MOKA3AHO Ha puC. 34, Pasobpem
ofneM MATHHOpPA IIOCKOCTAMM, MAPANICHLELIMH OCHOBAHEIO, Pac-
CTOSHRE MEXAY KOTOpHIME paBHO dx. Torga nemuap pa3obperca HA
OTAC/IbHBIE JICMCHTAPELIS DAMMEAPH. Tak Xax pedb HAET © BOje,
yACIbHEI BeC KOTOPON paBeH eJHHMIEC, TO BeC IEIEEAPHIECKOrO
C104 BOOW TECICHHO pABeH ero od . [loatomy Bec aneMeHTap-
HOro LHINMHAEPA pasen ero ofpemy dV=nR*dx. Tax xax cmna,
KOTOPYIO H&JO DPRICKNTH X 3TOMY 3NeMEHSTADHOMY IEIHMENDY IAS
DOEATHL €10, PaPHA ero Becy, 70 paboTa, KOTOPYIO COBCPIIACT 3TA
CHJIA, PEBHS,

dA=xzR*dx.
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0 y  YIBTErPHPYA, QOAYYHM BCO PA0OTY:

" 2
:I. RRIE
2 —
3 & A=zR J‘xdx--—é-—.
)
PasymeeTcd, HJaBHYIC 3a/[a4y MOMBO
x pemMTs H APYTEM cOoocofioM: cEavanma
Puc. 34 EafiTH HpuOIXEHHOE JHAYCHNE BOKOMOM

B¢/IHYMEL] B BHAC BHTETPANLHOE CYMMEI,
2 3aTeM OpeReILHMM DEpeXORoM HONY-
YHTH TOYROC 3RAYCHHE B BROE MHTSTPANA.

349, Opexrpavecknll dapsg ¢, DOMEMCHHNE B Hauane Koo-
PIHBAT, OTTAJIXHBAST 3apSA TOTO K¢ 354Ra €; H3 TOYKH X=g
8 Touxy x=b(a <b). Onupeaenurs paboty civmd F npr nepeMemicEun
3apana €.

350. OnpepermaTe paboTy, XOTOPYIO HYKHO 3ATPATHTh, TTOOH
PacTRHYTh OIpyXxHEY HA 0,05 M, cCIH HIBECTHO, YTO CHAA, PACTATHBA-~
1Omad DpyxERy H& x M, pasua F(x)=kx, rue k — xoxpdunuest
RPOOOPRMOBANILHOCTH, 3ABECATIME OT YOPYrocTE IPYXHHL, 4 4TO
Ons pacTaxeHHx Opyxussl Ha 0,01 M Beobxommma cana 1 kr.

351, OnpenenaTe pafoTy, KOTOPYIO HYXHO 3aTPATHTL, UTOOE

BHXKAYATH BOY A3 XOTHA, HMEIOmero dhopMy noaymapa 8 R.
352. Mlap nexmET Ba xBe Gaccelima riuybapod A. m:nm

paory, KoTopyro EeoOXOAEMO 3ATPATHTH, YTOCH HIRICTL mAp H3
mn;u,ecull €ro pagHyc paBeH R M eCIM yACIbHLIH BeC mapa H BOK
pasex 1.

353, Onpenesmtd PAGOTY, KOTOPYK EeoOXOmEMO 3aTPRTHTH,
yTo0K BHEAYATE BOAY K3 pe3epByapa, HMelmero (popMmy
KOHyca, oOpamesEoro BepumHoli BHE3. Bucora xomyca A,
pang: oCHOPaHHS R.

. Ilog mopmsecM nox paBneEmeM Py B OHIRHADE BAXOAHTCH
ras oGseMom V. Onpenemath paboTy, XOTOPYIO BeOOXONEMO 3aTpa-
THTh AN YMEBLINCHHS O0beMa ra3a B /B2 Pasa OPE NOCTISHHOR
TEMIIEPATYPE.

§ 6, HecolcTReminie MBTCrPAJISI

1. HecolicTaennnle METerPAIEE ¢ GecKoHe MEIME NPLICARMS METET-
puposasmy. Ilo onpenencnmio, r

]‘mf(-“) dx= lim J{ﬂx) dx; f fx)dx= Jim_ f ) dx;
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Tj(x]dx= Ji fx)dx+ T;'(x)dx=llixflm Jif(x)dx+

+ lim | (Wdx,

R +m
£

rae C — moGoe 9Ecno. ECnM DpHBEACHHLEC NPEASTR CYUIECTBYIOT
H KOHEUHEL, TO MX HA3BBAIOT HECOOCMEEHHOIMI UNMEZPAAAMIU NEPEO2O

poda. B 3roM cnyvae COOTRETCTBYIOIIHE HHTETPAJIEL HA3LIPAKOT £X0-
Onwumucy. B mpoTuBHOM ciyzae —— pacxaqumucn.

Ipumep 1. Mccnenaosars CXOOHMOCTD J o
Pemenne. Ilo onpenenenuio umeeM -

0
= lim (arctg(—arctg R)=

A —0

0

dx dx

—= lim —Ilmarctx
J‘l-i-x’ K- —m £
X

1+x* Ao-m
—
27 2

T. €. HATETPas CXCABTCH,
+=

Hpamep 2. Hocneaosars CXoauMocTs J-e’dx.

- +m
Pemenne. Ilonaras c={0, no onpeacnenuio HMeem ¢ dx=

-ty

[ +@
= J e dx+ J‘e‘dx; HHTErpaJl PacXOOMTCA, TAK KaK

+ o
F.4

R
Ie dx= lim [e"dx= lim &' = lim "~ 1)=c0.

Rt ety R 4o
0 0

Ilpamep 3. Uccaenosare CXOZHMOCTh J d—:. & — HEXOTOPOE M-
X

cno.
Pemesnne. 1) Eomm a#1, To gns moboro R>0
17



1}
L—& r—
R= g - opa a>1,

Rt 1~ o mps ax<1.

hmdx

R+t Ry R+ 1 —a|l
1

2} Ecam a=1, 10 gns moboro R>0

= ln:n InR=0o0.

l X—+4co

.4
& fmin

Rt | X l—¢+ao
]

Taxam o8palonm, mapeEwE HEHTErPan cxoaETc Upd a>1 B pac-

XOMETCE npm a5 1.

2, ERTErPALI OT Neorpasmyessnrx Gymiapii. Ecna
dyaxnag f(x encna Ha ODPOMCKYTEE [[a. b), EuTCrpApYeMa B2
moboM oTpesxe [z, b—¢], 3AXTHOREHHOM B ), H HE OTpAHHYEHA
CHCPa OT TOUKH b (ee nasmor ocobiofi), T0, IO OOpPEACIICHATD,

If(x)dx lim Iﬂx)dx

Ecmarornpenencymmnmne-mn,mwommm
HecobCmaeIsim UNIMEZPAAOM 8MOPOZO poda, 3 RUTErpan BadLIBALTCH
xX00RIUMCR. B OPOTHBHEOM CIYYAE — PACXOORUUMCR,

ABanormino, ¢\ x=a — ocofas Touxa, T0, N0 ONPENEICHHAID,

jf(x)axa- jﬂx)ax

a+s

Ecm BEYTPCHEAS mmm-peam[a. b — Touxa x=c — ocobas,
T0, IO OOPEILVICHHIO,

ff&)dx=ff(x)dx+ ff(x)u 1

a 8 [
Haxomen, ecni g u b — ocobnie TokR, TO BecOOCTREHBLIE HATEr
PAJ ONPERCTINETCH KAK CYMMA:

,f f)dx= ‘[ Sx)dx+ _r flx)dx,

rac ¢ — mobaq Tovka u3 (a, b).

d
Ipuvep 4. Hccnenosats CXOABMOCTh I \/:_x’
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Pemesae. IfoanmTerpantuan QyHKiug fi (x)=ﬁ HE OrpaHn-

9eHa B OKPECTHOCTH ToukM x=1, T. €. «0 acTca B Gecxomeu-

eocTw®. Iloatomy Touxa x =1 ocobas. Ha moboM xe orpeske [0,1 —5)

OHA HHTErpEpYeMa, TAK KaK AMIACTCA BenpephisHoi dyuxmuei. ITo-

3TOMY IO CHPEACIEHAI0 HMEEM

1 1=s

I & lim j & — lim arcsinx
=04

[ L

= lim arcsin(1—g)=",
o =0+ 2

Ji= 2 04

CnefoBaTebHO, HATEIPAN CXOMBTCA.

3. IlpmBax ¢x0AHMOCTN BecOOCTRCHNELIX NHTEIPAJION.

Teopema (| CpapBecHng mecobcTReaNEIX BITerpanon). Ecau
dynryun f&;u g[:s Kenpepbiansl excymxe [a, + o0) u ydossem-
gopmom na Hem yeaoswo 0<f(x)<g(x), mo us cxodumocmu unmez-
pasa

+ o0

glx)dx )
caedyem cxodumocmp umepajm
Sh)dx, @

a;)a Ppacxodusmocmu unmezpasa (2} caedyem pacxodumocmp uwmezpaid

)
Ylipamep 5. HocnenoBars cXOZUMOCTE J‘ x’(‘::-x).
Pemenne. CpaBEEM HOfWETerpam:Hyl0  Qymxmmo  f{x)=
¢ dyuxnaei j(x)=xl: Ha {1, + o). OuerHAnO, ITO
1 1
pEr N

| |
X (1+x)

4o
Ho mmrerpan I%x CXOAETCH, TAK KaK a=2>1 (cM. mpumep 3).

Cne,uonamuo,' COTNIACHO OPHIBAKY CPABHEHHN, CXOMHTCA H AaHHLYE

NHTerpa.

ARanorsauLii NPUIHAK CPABHEHES HMCET MECTO s BecoScTaen-
FLIX METETPATIOB BTOPOTo poOAa.
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L

Llpsmep 0. IAHTE nuomans (a-
rypd,  orpasmvenpol  xpEBOH

1
1
/\ y=rz (noxon AREE3H) H ochlo OX

. (puc. 35).

-f ¢
Puc, 35

7 X
Pemecare. Oymxnas “1-: =
HCOPCPLEHA Ha Becl gacHoBOl mps-

moii. Tak xax lua y=0, T0 och Ox FBARETCE FOPHICATANLHOM acHMD-

Totolf. CnenosaTensEo, Tped EAHTH XOHeHYI0 nnomaps Gec-
xone'mon oﬁnam, T. € rpeg;crru;a BEMHCHETE BecoOCTRCHHLIE HE-

Terpan I e B cany ceMMeTpEE BI'YPH OTEOCHATENLEO OCE Oy,
BMeeM 1
-+ & + @ X ;
dx dx ,
S= 1+x==2 j m=2!13 arctg x —zklfw(arctgk-
-t 0
‘R
Hecnegopars CXOMMMOCTE:
+m +t0
358, | ¢ *dx. 356. | xe ¥ dx
o o
+o +0
. | & 35, | arctgxdx
' J B4x . £
1 ]
+w 4o
as9, | Ly, 360, | sinxdx
X
1 0
0. 1
361, | xcdx. 2 [ &
o x‘
0
1
L 364, Ilnxdx
Jo-x2
0 o
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oy
»
365. |ln?xdx. 366. jctgxdx.
’ °
¢ dx
& 368. j ,
37 J - ) 6=
0 x{l
f dx
369, | —= . | .
RN J
: + o
-+ @ .
[ “*sinxdx.
k4 | d—x. an. . ¢ sin
o x‘ 5
v +@
o S
373, | EOB¥,, A s
- f .1
: +
4 ©
dx
375, "‘:, . 37%6. | 7oz
F l
l to
K dx 178 [ [
377- ] ’J——.“J_l- ‘l *
: o
T i xdx
[ 380, )
379- ; m e .! J‘G_FI
l +@
+a0 5 dx
(& 382. .
381 J P+x+s J 44x+9

-xp2
383. Haiite nnomanb, 3aNOTeHHYI0O MEXAY KPHBOE y=xe

ACHMIIT 0.
' eem Ha.ﬁo'::fmng;aﬁ HOBEPXBOCTH, 00pa30BAHEOI BpamenEeM

i y=e"" or x=0 A0 x=+c0.
e o o) Mt L s o
Oy wiomam, 3aKu0oYeERol MKy TRNHIMH Xy =2, y= L3 =0,
4 386. Haiits o6nem Tena, o6pa’oPAHHOrO BpamIEHH

e ACHMOTOTH BpH x>0, ’ .
J’=§7, mp;eﬁory ua;g 3a1l'lp’;mrb, YTOOHL TEIO w,ﬁ )
x



HECTH B OECKOBEYHOCTh € NOBEPXHOCTH JeMIIR! DLIMMCIHTE BTOPYIHO

KOCMHYECKYIO CXOPOCTh TEJR, T. €. HaYAJLHYIO CKOPOCTDh, OpH KOTO-
poit oBO cnocofHo BEIITH U3 DOAS NPETLACHAR 3erumu.

§ 7. Ipubmrxenmoe BLMEC/ICHEE OUPEIETCRNBIX EETETPANIOB
1. Gopmyna 'rpnmi

jﬂx)m"“ a)+f(b)+z:§ftx.)}.

rae fla)=f{x), f(xu) fixd), , flxd=£{b) — parmooTcTOTIRE Op-

munaTel dysxmun y=f(x) Ha orpeaxe [z, 6]. Horpemmocts boparymsd
Tpamenml He Sonpme YoM ‘

k

120%

k — nanbo " b
rml nm;mmmee anagesme |f”(x) Ea orpesxe [o, b).

If(x)dx*“'—" Z a+4y2s+ Yss)

6 kw0

B B Pa3pepuyTOM BRIC

b—a
Jf(x)dxﬁj":b’o'l'.)'h+ 200+ yit et yn-_2+

+4+yat ot Yua))
Ilorpemnocte dopmymnt Cavncora He Goneme vem
(b—a)°
M 2880n*’

rae M — panbommee 3maserme | ¥ (x)] ua orpesxe [4, B).
%8& Bimacymre mo $opmyne Tpamenmi gna n—=10

I= Ix’ dx. IonysenEmi Pe3yALTAT CPABEHTH ¢ TOYANM.

]
389, BeascimT MO lbopmyng'rpanennim n=10, a no popay.
Cumncona 2n=38 BETCIpan I=Id-f. ITonyveBHRIe PE3YILTATHL CP:

HETh ¢ TOTHRIMH.
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390. BymacaeTh mo Gopmyne tpaneouit mmrerpan /= |e  dx
¢ TOYBOCTRIO Ao 0,01. nl
_;‘d

391. Burmciurs no ¢opmyne Commcona HETerpan /= |e  dx

¢ Tounocteio xo 0,001, °
392, Brmacimts 0o hopmyne CHMICORA JNHEY AYTE NONYBONHE!

CHHYCOBIM y=Ssini X, pasOus oTpesox [0, 7] Ha mecTh paBHELIX yacTedl.

Lnapa 7
3JIEMEHTBI BLICHIEN AJIT'EEPLI

§ L. Oupegeaurens
1. Oopepemmrens proporo mopaaxa. Oupenenesme 1. Onpedesu-

medem amopozo NOPAOKA KAWAAEMCS uCAO, D60THAUAEMOE CUMEOAOM

[+ b;
U OnpedeAREMOE PABEHCMAOM
a; by
[ b]

Yucna ay, 4z, by, b; BAILBAIOTCA 4eMenmumu onpedesumenn,

BrrHCIETD ONpeReBTCIH:
\/E -1
4 §|. 4- a JA.

L Tk -131
sin®a cos?a a+1 b—e¢

sing cos
—cosa sin sin?f cos® Bl " ja®+a ab—

2. Oupegemrenu TpeTsero nopanka. Oupenencume 2. Onpedesu-
Mmesem Mpemve20 NOPROKA HAZBIBGEMCA WUCAO, 0DOINQUAEMOe Cu-
MEOSOM

a b] (]
A=ia, b; &)
[7 7] bg C3

U OnpedeAREMOe PABEHCMAOM
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A= MO0y T 010203+ O30y — C1DxI3 — 01320 — &1 20, ()

Yr1obu 3an0oMBETH, XAKHE ODPOEIBCACHHS B IPABOH YACTH paBeH-
cTpa (1) OepyTCa €O 3HAKOM «+», A XaKHe CO 3HAKOM «—», NONEIHO
HCHOIL30BETH CACAYIOMES NPABHIIO TPEYTONLEHKOB:

+ —
310 NPaBAI0 DO3ZBOIAET NErKo 3ammEcath popmyny (1) B BEMECIATE
AAHAELE ONpeReIATCIb,
BrIYHCIETS OHpeNendTenH:

3-2 1 12 0 2 05
8.1-2 1 3.9 |01 3101 31§,
2 02 50 -1 0-110

2-13 21 0 ¢ la
-2 32, wfto 3l |-1 a1 |
0 25 05 —1 a-la

'

3. Crolicrea onpenenwrened®. [

1° Beauuuna onpedeAumenn He USMEHUIMCR, ecau ezo cmpaxq

U CMOADYLE ROMEHRME MECMGME, M. . ;

a bg| |G ad
@ by o = b2 by,
a4 by & L1 62 &3

2°, Iepecmanoaxa dgyx cmoabyos usu 08yx cmpox onpedesume
PUBHOCUABHG Y MBONCENUIC 820 Ha — 1. J
3°, Ecau onpedesumens umeem 06a 0OURGKOBHX CcMOAGYA utu Oog
0OURaKOSHE CMPORL, MO OR DASEH HYAO. :
4°. Ymnoncenue ecex ssemenmos odno20 cmoabya usu 00O
CMPOKY ONPeOLAUMEAR HA AI0GO0E “UCAO ) DGBHOCUABHO YMHONCEHUN,
onpedesumess Ha 3Mo wucao i ;
5°, Ecau ace ssemenmbi ReKomopozo emoAbya uau Hexomopol
CIMDOKY Onpedesumesn DASHN KYA0, Mo U cam onpedesumers pasdR
KYA10.
6°. Ecau ssemenmst doyx cmoabyos usu 08yx cmpox onpede
NPORODYUONGALHEE, MO ONPEdLAUMERL PABEN HY 40, .
T° Ecau xancovil asemenm n-zo cmoasbya (n-6i cmpoku) onpede sy
meAn npedcmagAnen: coboti Cymmy 08yX CAQ2aeMbLX, MO onpedesume s

*Jgecs CDOPMYIEpOB2AN CRONCTEA IUIN OUPENETMTONeH TYPETLETO MODRAX
XOTH CHY DPECYINH B OObemeNETENM Mobolo nopshxs.
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MOJICETM DWIMb NPEOCMASACH 6 GUOE CYMMY Dayx onpégemnmiseit, u3
KOmopoix 00ur 8 n-m cmoabye (n-ii cmpoxe) umeem nepevie U3 Ynoma-
RYMBIX CAGRAEMBIX, 4 Opy2oil — Smopbie; S4eMenmbl, CMORWUE Ma
ocmassibix Mecmax, y 6cex mpex onpedesumescli odnu u me oce.
Hanpusep,

a+a’ b ool la b of | b o

dr+a"; b o =|d by o] +{a": by ¢3f.
da+a"y by ol a's by e5] 6"y by o

8°. Ecau x saemenman uexomopozo cmosbya {cmpoxu) onpedeau-
mean npubasumo coomm%?mm AemMermvl Opy2oeo cmoAabya
{empoxuw), ymuoxncernue Ha oil cbwul muoxcumens A, mo gemoina
onpedesumenn He usmewumer. Hanpumep,
a+ b by ¢ a b o

G+ iby by ¢o| =|a; b .
ﬂ3+11b3b303 ﬂabacs

Cnenmyrolniee cBoCTBO onpelemaTenel cAISAHO ¢ DOHATHAME MB-
HOPA B AreSpaHyuecroro NOOOJHCHUA,

Muropos BEXOTOPOTO 3NCMEHTA ONPSACIATENA HASKBACTCA ONpe-
JeIETeIb, NOIYIAeMbIH B3 JAHEOIO OLPSACIHTENd BHYCPKHBAHHEM
CTPOKH H cTon0na, HA UepeceieHER KOTOPHX PACIONOXEH ITOT 31e-
MEHT.

Haopumep, MMHOPOM JMSMEHETA @ OnpenciuTens A sBidcTes

s

Ca
ONpeneIHTENb BTOPOTO NOPAAKA E "

Aszebpauveckum donoseruem HEKOTOPOTO INEMEHTA OLpene/ -

T/ BAIKIBAETCE MHHOP STOrO 2NEMEHTS, YMEOKEHERIH Ha (— 1Y, rae
p —- CyMMAa HOMEpPOB CTPOKM H ¢Tonbna, Ha DepeceycHHM KOTOPHIX
PACHONIOXEH 3TOT MEMSHT, Anredpamieckoe AONONHSHHE JIEMEHTA
oBoznavaeTd TAKO Xeé TpOMMCHOY BYKBOH, MTO B caM H7EMEHT.

Hanpumep, ecid 3IEMEHT g; HAXOIWTCS B3, AepecedcHHH NepBOro
cronbna B propoil CIpokH, 1O A BRero p=142=73 8 anmretpandec-
KEM DOLONHEHHEM AB/IACTCA

b ¢
by ¢y

9°. Onpedesumean paser cymme npoussedenuii 31emenmos RaKozo-
Hubyds cmoabya usu crpoRu Ha ux aszedpauseckue OOnoALERUR, m. e.

A=a 4+ apd:+asdy, A=a 4y + 5B+ Cy;

A= (—l)3 = bse; —bycs.
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A=D0h 4028:+038;, A=mA)+0:0:+¢( 3,
A=e,C+ G+ 63Cy, A= aydy+ 5y B3+ G,

3anmce onpeNenmETENd B BHAE OJHOTO H3 HANHCAHHLIX DABEHCTB
HAIKIBACTCE PAZNIONEHMCM ere N0 EMERTAM HEKOTOPOro cronbna
Al HEXOTOPOl CTPOKH.

Tipavep. BormacauTs onpescmTeNs
2 4 6§
51219

3 917

A=

»

pasiaras ero no 3IeMeHTaM Neproil crpoxa.
12 19 5 19‘
+6

Pemenne, YveeMm
51 -8
917, 31713 o9

Am2l
10°. Cysma npoussedenuti ssemermos Kaxo2o-nubyde cmosbya uay
Kax Y0b CMPOKYU Onpedesimesn Ha meﬁdﬁpamcme donosrien
COOMBEMEMEYIOWUX IAEMEHMO8 dPpY2020 cmosbya wau dpyeoli empo
PAaEnHa HySo. ]
B 3agxauax 1419, He pacxpuBas onpenenaTeneit, JOKAIATH CIPa;
BEANEROCT: PARSHCTR!

=

11 17 sin®a cos?a cos2e i
14. [2 2 15{=0. 15. |sin? § cos* # cos28{=0.
33 9 sin®*y cos®y cos2y 1
ab+Pe b o a b, L]
16. lab,+ Be; by ¢o] =0.17. |a; b, & =0.
aby+Pey by ¢ g+ ua; bi+ab, ¢ +ae
32y | 32 7 1 -2 3 1 0 0
18. |-23 2|=[-23 =2}.19. |-2 I —5]=|-2 -3 1}
453 435 11 3 2 7 3 8 -2

B 2aganax 20— 25 BRMECIATE OIpeACTHTENH, NOJL3YACH TOJI
caoficreom 9°,

2 34 117 =7 2 05
20. |5 -2 1. 2L |-113 1522 |1 3 16f
1 23 1 7 1 0 -110
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23,

2‘-

32.

3s.
b
3.
1)

37.

1 2 4 15 1 -x 1 x
-2 1 =324 0b Q.25 0 —x -1}
-4 2 b0 —b x 1 —x
B napmavuax 26—34 ynpoCTHTh H BEMHCIAMTE OLOPEHCTHTCAH.
1 2 5 126 —4 2 ~31
3 -4 7.27.164 4| 28.|6 —6 2|
-3 12 —15 32 8 2 —12
a—-a a x2 x 1 1+cosa 1+sina 1
a a —a}-30. [y? y 1|.3L. |1 —sing [ +cose 1}
g -a —a 22z 1 1 1 1
2cos® sina 1
2 m+am—a a ax @ +x* 1
2cos? sing 1|- 33 [r+a 2n~0 of 34. lay a*+y* 1}
2 a -—aa az a*+z2* 1
1 0 1
Pemwure ypassHeHus:
1 3 x 3 x —4
4 5 ~i[=0:2)|2 -1 3|=0.
2-1 5 x+101 1
Pemnte HepastHCTBA:
3 -2 1 2 x+2 -1
1 x-2I<L;2) |1 1 -=2|>0
-1 2 -1 5 -3 x|
Hexazate, 1T0
Xi+X2 n+in 1
2 2 IE)’l‘
x—%X2 nh—n L . B
— H 2Pz )
2 2
X n 1

§ 2. Heeneaonsume ¢CECTEMED Tpex ypasueunit nepsaoil creneaw
¢ TpeME BEMIBECTHRIME

PaccMoTpEM CHCTEMY TpPeX YpaBHEHHE IepBOil CTemeHM ¢ TpeMs

HEeM3BCCTHRIMH X, ¥, 2.

127



ax+by+cz=hy, a
@G X+by+oz=h
(xo3dduBEnTHI G), 03, @3, b1, D, by, €1, €3, €3 H CBODOARLIC LheHH A
hy, by CURTAFOTCS 38AHHEIME), ‘
Tpoiixa wacen Xy, ¥, Zo BAIWBACTCE pewichuem cucmemn (1), eci

B peaymbTate HOICTAROBKH JTHX WHCEN BMECTO X, Y, Z BCe P
ypaBecEES (1) oOpamaoTcs B TOXACCTRO.

B nam-neﬁmeu OCEOBHYIO PONb OYAYT AIpaTh CICAYIOMHAE YETH
pe onpencHTENA:

{ HX T+ Froz=n,

a b g A b o ay k¢
a by i, A=k B: G5, A= |22 B2 &2,
a3 bz 5] hg bg Cy & kﬁ 5]

i bl hl

Al=ai bl h!-

i3 b: !ls

E TPETBETO CTONONOB,

Ecrm onpegenarens A cacremst (1) orimmien ot Byna (A+#0),
CYIEeCTBYET, H NPATOM eTHECTBEHEOS, PEINCHHE YTOM CECTEMBL X
puipaxaerca GopMylaMH

Ar &, A

X=m—, yp=—, Z=—,
A ¥ A A

Fpsmep 1. HaiiTH pemesns cHCTEMBI

x+2y+ z=4,

3x—5p+3z=1,

2x+Ty— z=8.
Pemenne. Cocrasnsem onpcne.lm‘renb CHCTCMEL:

1 2 1
3-5 13
2 71-1

Tax kax A90, T0 ZAEHAS CHCTEMA EMSOT Wm

A= =13,

OOpIReIREMOe Sopaynama (3), Fisems



4 2 14 1 1 2 4
A={1 -5 3|=33,A=[31 3{=33A,=|3 -5 3{=33.
8 7 -1 28 -1 2 11
Tlo dopmynam (2) HAXOMHM:
A 33 % 3 B
x=r=m=l y=—=—=l, r=o=tal,
Cnepoparemno, x=1, y=1, z==1 — HMe nageolf CHCTEMES,

Ecnm onpepemarens A cucremu: (1) pasesi mymo (A=0) a xors 6u1
CAME m3 onpesenATenel A,, A,, A, OT/ENen OT BYAS, TO CHCTEMA He
HMECT peIcHEs (HCCOBMECTHA).

Ilpumep 2. HaiiTa perueHns CHCTEMAI

x+ y+ z=2,
Ix+2y+2z=1,
4x43y+3z=4,
111 121
Pemernne. Tax xax A=31 2 2|=0, a A,= |3 1 2[=1%0, TO
433 443

PAHEAN CHCTEMA HE HMECT PEICHAN.
Haxonen, ecmr A=0 u A,=A,=A,=0, 10 ccrema (1) mmbo

copceM He MMmeer peincHudt, THOO ecmu cacrema (1) mMeer xorx OB
OBHO pelmecHEe, TO OHa UMeeT DECKOHEHO MHOTO pemeHuil,

B 3apanax 38—d45 yCTAHOBMYE, WTO CHCTEMEl EAMCIOT eaHNCTREH-
Hoe pemeHHE, B HAHTH €rO.

2x—4y+3z=1, 2x— y+ z=2,
38, { x—2y+4z=3, 39, < 3x+4+2y+2z:=-2,
3x— y4+S5z=2. x=2y+ z=1,
x4 2p+3z=5, 2x—4y49z==28,
W {x— y— z=1, 41 {7x+3y—6:=—l.
X+3y+4z=6, Tx+9y—9z=5,
x+2p— zmi, x+2y~ z=12,
42, { —3x+ y+2sm0, 43, { —3y+2zw2,
x40 a 3x+ y+ zw8.
ERRTY L X—=y+sma,
X4 y=gmb,
“' ,é'”“‘“- '{dmm“ " |



20. DIAMTHE peMICHMA CHCTEME] 4/, DANTH peincHus CHCTeMBI
X+ y+ z=1, x+ y+ z=1,
2x4+ y+ z=2, 2x42y+2z=3,
3x+2y+2z=3. 3x43y+3z=4,

48. HaiiTh pelmeBRs CHCTCMEL
x— y+2z=2,
2x—2y+4z=4,
Ix—3y+6z=3.

49. HafiTe pemieHns CECTEME
x— y+ z=2,
2x—2p42z=4,
Ix—3y+3z=5.
50. Oupegenurs, UPH KAKHX 3HAYCHHEX ¢ B b cHCTCMA
Ix—2y+ z=b,
Sx—-8y+9z=223,
2x+ y+az=-1

1) EMeeT eaRCTREHHOE peINeHRE;
2) Be BMecT peIncHui;
3) EMeer 6ecKOBETHO MHOTO PEHICHHI.

T'nana 8
PANB

—

§ 1. Iomaree WCAOBOTO PRAA

1. Ocuosanie onpenencamu. ITyeTh [aHA MECOOBAN NOCIENOBATE
ABHOCTH Gy @y, 3, ¢y,  BHpakcHEE BEAR R

A
. !
O+ a+ Gyt Gt =), O (1!,

HA3LIBACTCH YRCAOSHM PROOM BB NPoCmo PASOM.
Yncna a, di, s, ..., da, HAILIBAIOTCA WACHAMU PROA, WK

d, — obtguMm usenom proa,
CyMMBI KOHEHHOI'0 THCHA WISHOB Paja
S|=d|, Sz-al+ag. Sg=ﬂl+a:+l33, arny
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By=ad-t+@T..+a, ..

BAIKIBAFOTCH Nacmunnuisuy JMsmamu pada (1). Tax xax 9dcno wieHoB
psma 6GecxoHEIHO, TO HYACTIHAIC CYMMEI pifa oGpasyior Gecxones-
EYI0 NOCHSAOBATENRHOCTD UCTHIHRIX CYMM

S. 5'2,- Sg, reuy S,., e (2)

Paa (1) BAIMBALTCH CXCRYUMCA, CCIH DOCNEAOBATENHLEOCTD €10
JACTHUELIX CYMM (2) CXO[EA k xaxomy-HBOYAL WBCHY S, KOoTOpoe
HAILIBACTCH cyMmoll pada (., CHMPOIHYECKH 3T0 JANHCHBACTCH TAK:

b
S=al+az+a"...+&+n» HIA S=‘ z a"

Ecna xe nocncAoBaTE/nIOCTh FACTHYHLI CYMM (2) pacxoaMTes,
TO pal (1) BASKIBACTES PACIOMYUMCR.
Hpavep 1. IToxasars, 0 pan
1,1 1 1 e 1
T'hi+;'—'3+§'-;h"+u(u+1)+m_.§ "-m

¢XOOHTCE.
Pemecrne. CocraBaM UCTHTHYIO CyMMY S, NCPREX 7 LICHOB

pana:

5, —-l*1 !
1 230 T a1y

YrolH ynpocTHTh BRHPXeHEE Ans §,, PAIIOKEM G, B8 JIeMeH-
TapEue npobu. Hmeenm

4 B
WD) m ml
oTCIONA
I (A+Bn+a
2GH)  a(+D)
[Ipspasempax MIJCITE] DDA ONUEAKOBLIX CTCOCHAX it B YBC-
Iurensx ofemx PApEUTBA, DonyuaeMm A+ B=0, A= 1, o1xyas

A=\, B=—1, poaromy
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03ITOMY
1 1 1 1 1 1 ]
Sa—(l— E)+(§ - 5)+(; - ;)+...+(; - ;Ti')‘

IpEnong noxoCEKE TICKHLL, NOJYYAEM

S,=1———

[Tepexons x opeacny, maxogaM
lnnS lnn(l--—)nl hm-—--—-l 0=1.
n+1 retn p4-1

Taxum ofpa3oM, AABEKIE pAA CXOARTCE H €ro CymMMa S passa 1.
2. Heolxommvoe yelose CXOOMMOCTH PAAR.

Teopema. Ecau pad ) a, cxodumca, mo e20 obwuil usen cmipe-
L L]

MIINCR X HYH0, M, €. }in;a,=0.
Ilpamep 2. Hoxasats, aTe pSA

1 1 1
R e E-

KOTOpPBIS HALIBAETCH 20PMONUNECKUM PROOM, PACROHTCH,
Pemenne. Tak xax lim a,= hm 1-0 TO WIS rapMOBHYECKOTO

W=a0
psaa BeolXomdMOe YCIOBHE cxommocrn BhinomHeno, Joxaxem, 1T
ogo pacxonarct. Helicrpurensuo, ocau 6w aToT pan cxomcq
3HAYAX €TO CYMMY ¥epe3 5, MEI Ohl EMETH

)
lim Sy~ S9=lim Sy~ lim §,=5-5=0. )

Ho

1
S2a=Sa ——+——+ +2—n 2—n+—2;+ +-—- n_=

1
2!
T. &. S;.-S,>§. OTtciona cneayet, ¥To papescTpo lim (S, —S.)
HEBOIMOXKHO, T. €. FapMOBEYeCkEl paJ PACXOOUTCS.

Taxum ofpazoM, yCloBEe 1:_13 a,=0 SRARETCH NeoBxodumsim, H

Hé JOCTATOMHLIM YCIOBHEM CXOAEMOCTE pAfa.

Ecim xe nne BexoTOporo psna ero ofmmil wien Be
K HymO, TO TeOpeMa IO3BONACY CPaly CKa3aTh, ¥Io Takol
PacxoTUTCH.
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b 3gmuax 1-—I1U HAMMCATL HCPBLIC OATH *WICHB IO 38J8HHOMY
obmeny U1eHY.

1
L gy=—-. 2. gy=—. 3. Gymm————,
= 2-1 = 5" 3 G 2n—1{2n+1)

6. a=(-1"" .

.5, a,=
»-p3" AT

(h-l)l!
"t
10. a,= —(2n!!-2 46...2n).

B :umm 11—20 paiTh (popuyny mm oﬁmero‘mena paaa.

I 1
11. 1+"1'—-+—+. .12, E—2+E+m E;+

9. 4= (@n~1)1=1-3-5-7..Qn—1).

3 &£
16 25
13, 142242 gt —+ + +—+ L
26 0 ¥
U0 I
(TS P WL T S (L NP S L IV
35 7°9 11 V2 Ji ‘/3 VAN
1oL 1 )
b b b —— -, 18.l+ g -
243 443 843 1643 12 123 1234

19. ”2*2;"'3;‘15*35‘65*“' 20. 2410426+ 826 242+730+ ...

B aag9ax 21—30, noIb3ysch METONOM, _IPHMEICHHLIM B ApHMe-
pe 1, m.mnnonpococxonuuocmnnamcympmos

M1+ggt+g o <L 2 144odod

2’
7< NS P L SR VR (P +
- 39 27 LELS - ’Ji 3J4 J- LN
11,1
5. ﬁ'l'—“{“n-{- . 26, ﬁ+§+ﬁ+...
1
7 .t 41
123234 345
B 5o 3. 5 B
T L e-Dea+s T S eemetnsl) T S

B 3a)max 31—36 pposepuTh, Bhmonaserca 1 Heobxommmoe
YCJIOBHE OJUMOCTH AJIA PAAS.
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A1
2n+1 L ]

A Yy— Y

L L] aml

N Znsm— 3s, iiﬂf 36. Z(I+-)

am] L am]

§ 2. P ¢ seoTPRi TeMmEIME LICHAMY,
CXOANMOCTE

1. Tpmiasx
Teopeun 1. Hyenms aanu 080 PADG ¢ HEOMPUYAMEABHLLMU YACHA -
My Za. u Eb U DAR 6CEX M SHMOHALMCR WEPASEHCMBO GySb,.

Toz0a us cxodusocmu prda E b, caedyem cxodumocme prda Z s

FT 3| ‘- 1

@ 43 pAcxXodumocmu pada Z a, cAedyem pacxodumochms pada Z b,
=] Nm]

CpaBHeRRCM C FapMOBHIECKHM PRAOM HIH ¢ yOrpalomedi opo-
rpwmeﬁmmncmnmocmma .

3L m§ L.

nwl W/ A=lp- 2 n=l l+2

o 1 2 2, 1
L ay . &3

a-ih” a=inQ"+1) n=) (lu+l)'"'l

2. Ipasnse Janaubepa .
Teopema 2. ITycms 0an PAd ) 0, € NOAOHCUME SBHBLMY amu

. gyl '
U cywjecmayem npedeA lim -—-—=p. Tozoa: a) npu p<1 prd cxodum

en; ©) npu p>1 pad
3ameuanae. ]'Ig“xp— 1, K3K TIOKASWBAIOT OPEMEDBL,
-

3. 0, MOXCT KAK CXOAHTECA, TAK H PACKOHTECH. B 3roM

=]

He0GXOANMO JOUOEHTENHEOE HOCICAOBANEE PENA C NOMOMLIO UK
C nomompio mpussaka JlaTambepa BOCIEAOBATS, CXORATCS Hal
PaCXOANTCH PAAKL

8. Z:l— “. gg 4. 2‘17';

“«35 03 s 5 -

=l n LT Y] a1 ®

14



. MANTErPATRMLEE DDHEINAK.
Teopema 3. Hycmb dan prd
SO+ DO+t W+ = T 1l0),

YAeHb KOMOPOZO REBARIOMES SHAMEHUAMY WeKomopodl Pymxyuu f(x),
nosoxcumenvhioli, Henpepuisroti u yosismowet na nosyunmepsase [1,
+o0

+ o0). Tozda ecau J f(x)dx cxodumen, mo cxodumea u pad i 1) ;
rwl

+a

oy
ecau e J flx)dx pacxodumen, mo pad Y f (n) maxxce pac-
LT
Xooumen.
C DOMOMBIO HETErpadbHOTO NPHIHAKA HCCICAOBATH, CXOASTCH
EIM PACXOASTCH PALE.
a+2

49. ”§ ;‘"(¢> 0)- ﬁo E 1.'._']. 510 .§ '2
o 1 = n - 1
24 BLoy % lero

=] A=y wm]

4. Cvenmunsie 227844,
HUccneponats CXO0IEMOCTE PANOB.

1 1 1
. - - a 1 — — — e
55 1-1+1-1+ 56, +10+100+1000+
1 1. 11 1 1 1 1
57. i+;+3+§+... . 58, ;+:/:+’—'Je-+:'v7;+...
1 2 3 4 1 2 3 4
59, ﬁ‘;’-’-ﬁjﬁtm-}” 60, E+§-:'1—§+-2—’2+...2‘
an @) Q) @ 2-10 223 23 A
61. 3' + 5! +?+Tn- 62. J1_+ 23- -3-’ +_T
41 £ 43 g4 1S S Ja
63- T 21 + 3, + 4‘ +n- 64- _3_+_ _3i_+_'3‘_+u-
6. 3 63— 6. F—
n-l"'2 wml 3'+n Nl "\/’H'l
2 2n—1 2 n o 5
68. ZTO 69- ET- 7“- ZTo
am] aml 2 pl =13 pt
n ¥ n¥: w3l
A=l r—sinn amlg A=l u‘
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n+l e =L S 1
74, 75, — 76. .
n§ V{R n§ n’ n§ v’ﬂ(ﬂ+3)
@ 7' @ &
7?. 78. 79. L)
.§ Jn’+n’+5 E . 3 .§3 (21—1)
.Y sa¥-L i"f-’-'

‘_2n[lnu)’ n-!”]n“ x-!

E+a* 8. Z

PR/L
IIpesuax Teopema 1. Ecau abcosiomnbie 8esudunol
YACHO8 SNAKONEPEIYIOue20CR PROQ

-+ as—tt..+(=1)" o+ ..= Y ()" 2, (a,>0)
sMoxomonno yhvlamom: o> @>ay> ... — t obwull waen pada cmpe-

MUMER K HYMIO! h:g a,=0 — , mo pro cxodumcn.

M l Pm 1__+____+ +( l)l‘i'll Z( l)‘*‘l
CXOOBTCH, TAK KaK ynonne'rnopxe-r YCIOPHSAM npnanaxa 'ﬂeﬁﬁmm
Y l>3>-;>... %)) 'h_g%;=

2. AfcomoTian M yclosman cxomaMOcTH pugon. PIg ¢ WicHaME
IPOH3BOJLERX 3HAKOR EA3RBACTCH IHAKONCPEMEEELIM.
Bo3pMenm xaxoli-mn0ynp IBaxoncpeMeHpmi pag

a5
at+aytayt..+at..=Y a, (1)

Nm )
LA THCIE dy, sy G3, --.p Qg ».. MOTYT GRITH KK NONOXATCALELIMM, TAR
H OTPHIATEILHEIMH, DPHYEM BX PACHIONOMEHHE B PAAC IPOH3BOALHEO,
Paccniorpnu P, COCTABICHEK M3 aGCOMOTHRIX BEIMYHM WICHOB
paaa (1)

lad+lad +lasl+ .o+ o= 3 Jal 7))

A=1

Teopema 2, Ectu pro (2) cxodumen, mo exodumen u pro (1). Pxd
(1) 6 smom cayuae HaswBaeMER abcoOAOMKO CXOIMYUMCR,

Ecure pan (1) cxoautes, a pp (2) pacxoarrcs, To pax (1) nasumas
CTCR VEAOSHO CXOORULUMER,
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Ilpumep 2. Pan l-—%—i+ - %-—6—1,—-;1;+..., COTJIACHO TEOpeMe
2, abCoOTHO CXOASUMICH, TAK KAK CXOANTCH pa,u, coc‘rmeumil H3

a6COMOTHBIX BE/THIHH WICHOB AAHHOTO PAAA! 1+23+—+ +._+ —

+—+... +;+... (cMm. namavy 49).

Iipavep 3. Pxn Z( 1} yenosro cxoasmmics, Tax xax om,
cnrnamo DpPH3HAKY ﬁeﬁﬁnm, cxomarca {cM. mpamep 1), a pan
Z COCTABNCHHERLL B? A6COMOTHEEX BEIITAHE €70 WICEOB, PACXOAMT-

& pmommecxnii paa).
aK XaK paf (2) fsadercs pAnOM ¢ DONOKHTENEEEIMH 4JICHAMH,
TO A3 HCCNEROBAHHAS BOIPOCA O €ro CXOMEMOCTH MOXHO DPHMEESTH
PACCMOTPCHEBIE PAHCS HPA3HAKH CXOZRAMOCTH: NPHIHAKH CPABHCHHA,
HJanambepa, BETerpaisHIi OpEIHAK M AD.
Heeneporats Ha a6COmMOTHYIO M YCHOBHYK) CXOZHMOCTB ClCAY-
1I0018¢ PAIALL

1 1t 1 1 1 1 1 1
8. I+ s statestrtst-
1 1 1 1 1 1 (- l)
87 1——+— A +...
RS AT ST
2 sinn -y =™
8. ¥ 8. ¥ . % §
n=l w =] 3' =l n
@ ;1Y mtly ntl 210
or. L0 g $ER_Vn > ‘[ 93, L0 7
n=l Inn nm| A=l [
. " -n" & (-
Z( b ( ) 95 E, 3n+2 =. %. E, 10n+1"

o7. 02" gg, f“". 9. $ (et

ot amptin®n ’+l

100. 3 (-1 22, 101, Z( " 1§07

=l B\ﬁ' s-l nul g

§ 4. Crenepmmie pamn

1. Oupenenceme n ofinue 3amevannd. Hirrepsan cxonmmocrs, Pan
BHOA
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B+ ax+aP +ad + ot .= ) ax 1))
n=l
HAIKIBACTCH CINENCHHWM DAOOM.
Uncina @y, a;, Gy @y -y iy, HAILIBAIOTCH Kosdifuyuenmanu

cmenennozo pada.

IipEgapag x pajiAvHLIC WECHOBLIC 3BaveAHd, GymeM monywarsh
PAIANYHELIC TICTIOBLIC PLALL, KOTOPHE MOTYT OKA3ATRCH CXOAMIIHME-
CH WIH PacXoASuEMucs. MHEOXECTBO Tex 3HAMCHNII X, OPA XOTOPEIX
pap (1) cxoxmres, HaswBaeTCs 06JIACTHIO €0 CXOMHMOCTH.

Oucpasmo, 9TO  9ACTHMHAS CYMM2 CTCOCHHOrO  pasa

S..(x)=ao+a.x+ . +a,x ssnserca $yaxnucit nepemeanoit x. Iloato-

MY B CYMMA pafa § Taxxe Apngerca BexoTopoll dhyEknuelf mepemes-
BOll x, onpenencEEOE B OGNACTH CXONAMOCTH pajga: S=
=5()=Y ax" (mm f{x)= ¥, au".
el =
Yacno R H3ILBACTCH paduycom cxedumocmu pada (1), opx
<R pag cxopmres, a opa |x]> R — pacxopures. Marepsan (— R,
B ITOM C/IyYAe HA3LBACTCH urmepsasoM cxodumocmu pada (l).
Ecm pap (1) cxomares B2 peeit umcnopod mpamMoit, To oHmyT R==00;
€C/IH OH CXOOHTCE TOIbKO OpE X =0, To mHmyr R=0.
Ilpa x= + R pag (1)} moxer mabo cxoauTRCH, M0 paCXoHTECE.
DT0T BONPOC pelacTCd Il KAKAOIO KOHKPETHOTO pila.

On
Papuyc cxOEEMOCTH MOXKHO BaliTR mo fopmyne Rz'!in}ol%——I,

€CIIH COOTBETCTBYIOINHE IPEAET CYIMEeCTRYET.
TIpsnsep. Paomomm PSAn

Z —= +x’+f-’+“+ +——

w]
3To0 CreneHHOR paf, pee K0IQOENECHTH er0, 38 HCKIOYCHHCM o,
oTAHHL! OT Hyns. HaliteM pagayc # HETCpPBAT CXOAMMOCTH HRHHOTO

1 1
pana. 3aece Op=" Mty =, IToaromy

R=lim — =iim s u(l+§)=l.

0y Ly M R
CrepoBareapao, ¢ CXOMEMOCTE R=1 B psg cxoOMTCE Ha HE-
Teppane (—1,1). MceneayeM nopeaesEue paad Ha KORIAX HHETCPBAIA
CXORBMOCTH, 'r ¢ p Touxax x=+1. l'Ipn x=1 nonquu rapMOHH-

uecxmil paj Z- anpu x=—1—pan Z(—l) -, KOTOphill CXOTATCA

=1 Lod;
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OpH3IHaKa JICHOHHATA, IaKMM 00DA30OM, NAHHEIA PAN CX
mogou TOYKe monyuETeppana [—1, 1} # pacxogurcs BHE ero
HaiiTH pagayc B HHTEPBAN CXOSUMOCTH PSAA H ECCACAOBATL ero
cxom:uom HA TPAHHIAX HHTEPBAIA.
x)n-i (- ll|n+l L]

103. $% 104 T 108 P 105. § &5

]l al A =] amle

o Al
107. $3% 108 55 109, 142

= = 3'-' 12,/ s’\/_ 7’J_

© 10"
110. l+ + 11L .
V'3 5 9 5’ v 1353 ,.;l n

-1 n~1

¥ -t x
112, El( 1) —-l' 113. ugl( 1) (Zn v

114, 1-—= i

5Ji s’ﬁ s‘J
3—zﬁ 3’»3,/_ 3?- 4\22

l+l
116. Z 117, 2-—- 118, Z(nx)
n-l(zu-l)z pei ¥ =1

» cTenemmnie paan. Ecau dpymams f{x)
aamepmei-ﬂ ﬁpmarmcxncrmnoﬁm
ﬂ-ﬂ=ao+a]x+a:x +vn+a‘x +”lp (2)

70 XOXDDRTAEETEL TOT0 AR OUPEACTIOTES 1O doppynan
w0=f @, = ® (11,2, 3, .)

TloAcTaBIEs PRIEXCENRS too(b@mnem‘on B pasencTso (2), HoywaeM

f@=f O+ 25+ L ros, +/ Ou+.. o)

Pan, crosmmi B OpPaeo -imml bopmynn (3), HA3HPACTCA pROOM
Maxaopena nns nnmn
Ilpa pasnoxeruu byrxnnil B CTENCHABIS PNALL YACTO umomy-

mrcnpammxmanpnMampeaacnmylom

115. 1

P
e=1+—+—;+—+ 4= + , ¥ < 4+ c0; @
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Wi -l

sin x= x—£+£—x—+ +£——9-———-+ bx] < 4 0
a7 gae ’
h
cosx—l—£+£—£+ A=)+, W< 4 003 5
(22)1
2 2 o e
I+=x-T 45Tt b (=D) ‘i+ . —1<x<l; (6)
A+ =142 x+“(‘ D2y 26 13)!(’ Dyt
+"("")("21 ["("'mx"+ . —1<x<l, 0

al
rae « — mofoe BEMECTBEHHOS TRCIIO,
Tipamep 1. PasnoxuTs B psa Maxnopesa dyuxmmuo f{x)=c”,
T. ¢ OPOBEPHETH COPAREANABOCTD dopMynHl (4).
Pemenzne. Mmeem ['(x)=f"{x)=...=f"(x)=¢", orxyma npm
x=0 nomaeuf(ﬂ)=f’(0)=f"20;=...=f (0)=1. Hoacrarmas no-
AyvcuHEle IRAYEHAT B HOPMYNY (3), HAXOAHM

x 2 22 Py
=Lttt +—+.

Tax xax

dy
R=jim —=lim " D o,

n--nn._n A=-00

TO paA cxomETced Ha Boell wEcoBol npAMoil.

Ilpamep 2. Paznomsats B psa Maxiopesa (pym:umof(x)—e
Pcmennc Bocnoanayemcs opmynort (4), Monoxum £=—x32,

TOLAA €& -=e. Pnteen

ORI R
TR
IIpa {=— x* HAXOAAM MCKOMOE PA3NOXEHHE
2 # o (-1)’::’"

A

COpABEANNBOE, OTEBHIAHO, AJIS BCEX 3HASCHHHN X,
I'lpmezp 3. PasnoxaTe B pax  Maxnopera  dyHEnE0

S(x)y=cos’x
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Pemerne, Pmeem ooszx=§(l +cos2x). Ucnomeays dopmyny
(5), samumem paiioxenne HYRKIHA COS 2x, IAMCHHB TAM X Ha 2x:

o o 29"
cos2x=1 Y + m vt (=1) (ml-t-...
Hne
203 Pt 2
cos2x==l-—2!—+-?—...+(—l) ! + .
Taxem obpasom,
n In
2 ] B N L
cos* x 2[l+(l 7t vt (=1) an +e ] |
OxouqaTensuo
a—1 2n
2‘!" Bx‘ ||2 x +".

2 — — — e N —
cos’x=1 21-1-4! vk (=1 o

Honywennniit pgx CXOAETCHE OPH BCEX X.
1
IIpamep 4. Paanoxmurs B pan Maxnopena Gysxipo _{'(x)=lnl—t£.

Pemenne. Mmeem ln}iz=ln(1+x)--ln(l——x). Bocnone3opas-

mmch dopaynoii (6), MoxeM 3aIMMCATH:

[
n—1X

o 1
In{(l+x)=x——+—+..+(—-1) —+..,
2 3 n

P
l(l-x)=—x—"-T =T

QOrctopa nonydaeMm

x* a1 f:

n+x)-ld-P=x-Z+5-Z 4 (-4
X n =X T3 T T

( LR X )
— N e v L e e R
2 3 4 n

Packpripas cxoOxe B npaBoAs moaolHble WICHE, HAXORAM HCKOMOS
paIOXenye;
n—1
1 2 x
T, P e S s R B
1~x 3 5 2n—1
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LepEAHO, paL CXONATCH B HETEpBane { — 1, 1).

Mpamep 5. PasnoxaTs B pan Maxiopena, ynkmuo f(x]z‘/.l}_.
+x

Pemenne. Mneem ! =(l+x)'m Bocoonpaopapiack $op-

1+x
Mynoii (7), nomydEM paznoxenne
1 Ix 132 135 L(-—l)’l'S'S'“.'(Zn-l)x'_}‘

Jirs 20 @u P S
COpapeAHBOc OiN EETephana (—1, 1).

B jaxmovcHES OTMCTHEM, 1TO B PSAE CIYYach PACCMATPHBAIOTCH
cTeoeHBERe pangu 6onee obmero »uaa:

&+ a (x~a)+a;(x—a)+...+a.fx—a)f +..= i a.(x—a,

XOTOphie npERoasTca X Buy (1) samesolf nepemennoii x—a=t.
PasnoxaTs » pag Maxnopena B BAHTHE HHTEPBAIN CXOTAMOCTH

ymxmii,
119, flx)=4", 0<a%l. 120, f{x)m—r.
et
121 fix)=xe™™ 122, f(x)=sinx2.
123. f{x)=sin?x. 124, ,}t}=x’ COS X,
128, f{x)=1a (1 —x2). 126. flx)=1n (1 +2x%).
14x 1+4+3x
127. flx)=In* = 128. f(x)=lnl_3x.
129. f{x)=Ia(l + 5x). 130, f{x)=la(5+2x).
131 flxj=In(x*—3x+2). 132 %]=ln§x’—5x+4).
133, flx)=1n(x*—10x+9). 134, flx)=ln(6+x—x%),
135, fld)=/T+ 2, 136. f(x)=3/1+x
7. £{)=2 g A=,
137. f()=/27+x. 138. f{x) v
1 1
139. f(x)=ﬁ. lﬁ- /(X)—Jg_:;.
. 1 |
141. f(x)=;—:—;. 142, f(x)=m.
1 3
] 1
145. ﬂ,x)=-m. 146. j'(x)=2+3 <
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147, f(r)— ot

+Ix+2

148, f{x)=———

x=Tx+12
5:-—1 2x-+3
149, = . 150, fx)=——————
f[x) 2_5x4+6 ) x-dx+3
§ 5. Pagu Dypre

1. Oupenenennme. Proom Pypve diyrxyuu £1(x), onpedesemois u un-
mezpupyemoti xa ompedxe [ —x, ®], Kassieaemca RO
a%
-2—+2(a,.cosnx+b.ainnx], (1)

=l

rosduuemsl Komopo2o onpedesnromen PHopmIiEMY
J.f(x)dx ay=- J.j(x)cosnxdx b, -—Iﬂx}smrxdx

Ecxu pag (1) sensercs pmou dypoe pysxmE f(x) TOOEMYT

ﬂx)=—+ Z (ancos nx+ &, sin m). @
Ecnm fx)=f(-x). 1. . f(x] dynxmma werias, 10 b,=0

f(x)-—+ 3 a,cosnxax.

Ecm f(x)= ~f{—x), 1. e. f{x} — dynkuna Bevenas, To a=01n

[-]
Sx)=Y b,sinnxdx.
]
2. Pan ®ypue ¢ oM 2 ,
Teopema. Ecau dymcyun f(x) u ee npoussdnar f'(x, — nenpe-
priskbie giynkyun wa ompeske [— 1, 1] (I — npoussiavhoe nooxcianeas-
MOE YUCAO) UAU MCe UMEIOM HA HeM KOHEUROE NICAD MOue paspeiea

I poda, mo 8o scex mouxax xel—1, I}, 8 xomoptx f{x} nmpepmana,
cymma proa paena f{x) u cnpasedasuso passocerue
fd=o+§ (a..eos +b, smlﬁ) ®
A=
20e

== _[ﬂx)dx 8= jﬂx)cos—dx b,=- f(x)
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a A& KaNCOOW mMONKe X paspuied @YHKyuu cymma pRoa pasHa
(o) +f0c+))/2 u na xonmyax ompesxa cymsma pséa pasua
(A—D+)/2.

B aaibaeiimeM Opeinonaraercd, 9ro paccmamnname byexnum
YAOBICTBOPKIOT YCAOBEAM JTOMR
3amenanne. Pan (1) sengercs BACTELM caydaem papa (3), on

3 =
nmmcn n;agn)ot;’:m B rmn dypre byuxumro

1, ecmm —w£x<0,
f(x)_{-—l, ecma 0<x<gan,

Pemenne. Umeem:

- 1]

a=- J‘f(x)dx fx-u+lj(—1)dx=lx .
- 0

--[0 (- x)]—-[u—ﬂ]—l—l 0,

1
_..;x 0=

an=§ If(x)oosmidx=,—l| J.cosnxdx—-ij‘cosnxdx=

TR

lsinnx' °—'1 sinnx[:
If(x)ﬂnnxdx J‘sinnxdx—iv[sinnxdx=

0
u

0

0 jcosax

~X 'x n

Icosnx

=x—-1—(cos0—cosm:)+
T RN 0

+i(cosmr-—co50)=£(cos mr—cosO)=--;[(~ 1)y’ -1].

IIpa weTHEX n PLpaXesEc B XpaapaTHoll cxofixe pappmo Hysmo,
2 OpH Be4eTHHIX 1 oHO pasBo —2. ITosromy b,= -i(n=1, 3, 5.).

TaxaM o6pasoM, dy=0, g,=0, by =0, bzy_1=~ Ha ocuoba-

BER opryas (2)

=(@n-~-1)

fty=-t 322D

=l
B pasrepEYTOM BEJE 3TOT PSJ JANMINETCN TAK:
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Sx)= -——(ﬂf E"—"'353—"’+sm:"’+ )

Toukoli papupa sBngeTcs Touka x=0. Ha OCHOBAEEE TeopeMu

flo-)+flxo+) _
B Belf cymMa psia pasEa 5 f(o Hﬂoﬂ Hi n-—Onna

KOHDAX OTPE3Xa CyMMAa psjia paBHA A n};ﬂ') D =0, T. e.

CYMMA pfIa HC COBNANAET €O 3BAYCHKIME DyBXTIHE f(xi Cnenosa:
JEHO, KPOME TO x =0 nonysenapi cxomETcs K (PyERTIEM ]
BO BCEX TOWKAX XE\—1, 7), B KOTOPRIX HEOpEphIBHA.

Vxazanme, O0paThTe BHEAMAHNAE HA TO, YTO DYAKINA HedeTHAS,
mo3ToMy Boe KoahdRIpenTH ¢ d,=0 B HX MoXHo OBUIO HE BRMHC-
JINTE.

Ha o1pesxe [—=, 7] paznoxATs B pan Pypee hyExinm,

151, =sinx,

153, flx)=x2. 3,
185, fix)=x+=. . =xX—7.
157, -2.g+3 o, 20 3x. 0
—REXS ’ —AEXE
159, flx)= 1, O<x<m “lx.  o<xgx
_f—x, —n<x<0, 40, -—==x<,
161. flx)= 0, O<x<m _{sinx. D<xgm,
n, —asx<l, 0, —x<x<0,
163, = 164. =
o r—x, 0gx<n. S& {iﬂ:x, D<xgm.
1
3 —ﬂéxéﬁ,
165 =1 L
;(nx—l), D<xgm, ’ '
Ha orpeske [—/, /] paznoxuts B pap Dypre dysxmum.
167. fix)=x. I _l<x<0 168. flx}= IXA I<x <0
y —HERXR[Y, _JV —isxsl,
169. ﬂ"]“{—l, 0<x<l. 170. ﬂx)"{ . 0<x<l
I'nasa 9
KOMILREKCHBIE YHMCJIA

BeefeRHe KOMIUIEXCERIX WMCEII BR3BRHO TEM, YTO B MHOKECTBE
BEIIECTREHHELIX JHCET] HE BHIIOIHEHO R3IBJACICHAS KOPHA YeTHON cTere-
HHA B3 OTPHIATEHBHOIO TACIA.

Oupenenenne, Komnaexcrbim wuca u z naama(eman) ynopriouex-

X7

HAR napa SClyecMeEcHANX Yuces . m. e. 2= HPH IMOM
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X HAImMeacmcn aexqecmemmﬂ, ay— MHUMOIR YACMBIO KOMRACKCHOZ20
vucaa.

Kommnexcaoe wreao z={x; )? m306pamaeTcy Ha WIOCKOCTR OXy
Touxo#l ¢ xoopammaramm (x; y). ILnocxocts Oxy B TOM Cryuae
HA’KIBACTCH YCAOSHO KOMNAEKCROL BAGCKOCMIBIO,

Kosmnexcaoe ncio (x; yf npH y #0 EadWBaeTCH Mrimdis. MEE-
mMoe TacIIo (0; ¥) BASKBACTCHE VUCMO MAtiMbis, 3 YACTO MHAMOS MHCIIO
{_(Ii; 1)} — smwumoit edunuyeii m o6o3uavactca Gyxsoii i, 1. €. i=(0; 1).

0 ompeneeHrto monaralot (x; 0)=x, (0; y)=iy, (0; 0)=0.
g9]] KOMIeKCHRIMM wmcqavm, Iyctes z=(x;: »

B z;=(xy; y;) — ABa xoMINEXCHWX 9ucHa. Torna cymmoli RoOMILIeKC
HAIX THCE]I Z; H Z; EA3LIBACTCA KOMILNCKCEOE WHCIO
z=(x+ x5 yi 4y

DasHOCMEI0 — KOMILICKCHOC THCIIO
2= (06— X33 Vi = 2);
npoussederuesm — KOMIIEKCHOS YHCIO
z=(0%—Pys XY+ Xy,
YACHINBIM ~— KOMILIEKCHOE THCIO

- (xl-“rl'nh_ xm-xm) 2 #0
L+ 1 G4 ) ]
{)lpmep 1. ,Eo:aaan., yro #= -1,
emenRe. B cuily onpeeneHnn OpOU3IBEACHAN XOMILIERCHRIX TH~
cen mMeeM =i i={0; 1):(0: 1)=(—1; 0)= —1, wro & TpeGopanoch
ZI0%A3aTh.

dopma xomurewcuore weena. Jindoe xoMmiierc-
Hoe BHCNO z={X; ¥) MOXHO TIpeACTABATH B BRAC

z==(x; y)=(x; 0)+{0; y)=Lx; 0)+(»; 0):(0; N=x+1ip

H DTPOMBOARTH HAJ KOMILICKCHHIME YBCIAMA ACHCTBHN Lo OOKMHEM
npapRnaM areSpu MuorowneHon. 3altHCh 2=+ iy HAILIBAETCE af-
zebpawneckoli fopmoth KOMNAEKCHD20 wuCAQd,

ITpumep 2. TH CyMMY wcen 2 =24i B Z,=3—12,

Pemenne. Hveem
21+ 2=+ D+ (3~ 2)=2+3}+i(l ~2)=5-i.

Yipwmep 3. Paspeants wBCHO 2, =2+ 3 Ba 9HcHO 2, =1 +#,
Pemenume, IIpaxTRyeckn Ae/cHEe KOMONCKCERIX THCEN BRIOIHI-
erci N0 CheayIOMEMY Opasiiy:
-’_l=z+:3_~(2+a)(1—14) M-5_14_ .5
n L+ Q+4)@E—@ 17 17 17
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KommnexcHoe yncno z=(x; —y)=x—iy HAILNALTCI KOMMIEKCHO-
conpamcerdinim aBcHy z=(x; y)=x-+iy H pzobpaxacrcs Ha KOM-
nne:gnoii IUIOCKOCTH TOUKOH, CHMMETPHYHOR TOMKE Z O THOCHTEILHO
och Ox.

IMpumep 4. Pemmrs ypapaenHe x2+2x+2:=0,

Pemenne, IIpuMcENB X SAaHHOMY YPABHCHHIO R3PECTHOC IPABH-
IO HAXOX/ACHuS KOpHeil XPaAPATHOrO ypapHCHMN, NOAYMHM

.x],g="liv —l=—1ii.

Jlannoe ypapHeHHC BEINECTBCHHEIX KODHeH Be HMEET, ero XOpHH
EOMINEKCHO-COOPSXCRHME, T. €. X, = — |l +i, Xoa=—1—i

Tparosomerpmieckan opMa KoMIIeKcRONe uucHa. KoMunexcaoe
THCHO Z=X+ iy olpeneiifeTcn YHOPEAOICHHOR DaPOi PEmIECTBEHHLIX
amcen (x; y). Ilo dopMynaM x=pcos@, y=psin @, CRA3KBAICIOMM
NOJMPHEIC H OpSMOYTONbHLIC XOODAMHATH (cM. pHC. 7), mOIy9EM
TPETOROMCTPHEECKYIO (hOpMY 3AMMCH XOMILICKCHOTO YHCRA Z =X+ ).

z=p{cos @ +isin p).

HuCi10 p HAIKBACTCE MO0y AeM, & HHCIO Q¢ — aPZYMEenmoM KOMILIeKC-
HOrO wEeaIa z. OER of03navaroTca TaK: p=|z|, p=Argz, npmu
S8PrYMCHT (¢ OOpPEReNcH ¢ TOMHOCTBIO A0 cnaraemoro 2an (n=0, +1,
+2,...), 2 MOAYIIb EMECT 3HATCHHE p=|zj= +

HNpumep 5. [Ipeacrasers » -rpnrouompmoﬂ dopme amcito
z5=i.

Pemenue. Mun z=i mmeer: x=0, y=1, p=/x3+y?=1,

cowsf-gmo, sin¢==f=;ul.9rmsnammn KOCHHYCA H CHHYCa
F ]
COOTBETCTBYET JHAYCHEE APryMeHTS qo=§. Cnenopatenso, z={=

=1-(mg+m§)=mgmm§.
Hycrs zy=p (cos @ +isin@y) B z2=p;(cos @r+ising,). Torma
YMHOXCHEC B ACCHNE XOMIUIEKCHEIX WHCEN 2) H Z; ONPEACHSIOrTcS IO
dopaynane

z," zy= py 9z [c08 (@, + @2} +sin (@) + 92));

A

— ==~ [cos (@) — @2)+ isin (p, — @2)).

n m

Ilycre z=p(cos p+isin ¢). Toraa po3pescane B CTENCHE B HIBJIC-

qeHBe KOPEA n-if cTeNeHn (7 — NeNoe NOJOKBTENLHOS WCA0) OCYIne-
cTenseTeS Do dopmynam

Z=p" (cosng+isinng), ()]
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"Vi="\p (ms"*:*"+tsin "*:"") *=0,1,2, ..,n—=1). ()
B uacrHOCTH, ec/E B (popMyne (1) monoxmIe p=I, TO moAyIHM
$opauyay
(cos o+ sin ¢)" =cos np+isin ng,
KOTOpas NasmBaeTcs gopmysoii Myaspa.

BHDonsMTH DeECTBHES:
1. (2+i3)§3—12). 2, (a+ib)(a—ib).
3 3-72). 4. 1+0°
4 ]
1-4 1+1
7. (5+2)+(3—1). 8. 5+2)(3—i4).
1+a 10, 42
248 ' 51

5z
i1. ";3—, Zy ﬂ2+i, 22-2— l'. 23=4—3l..

2
12\! - z|=l+i’ z}=‘\/i+i: Z;=l‘|‘i\/5-
%y LG

13, Pemlm;g'pannemxt 1) x2425=0;2) x*—2x+2=0;

3) x2=2x+5=0: 4) X +4x+13=0; 5) x*~8=0;
“6) x*+4=0 — B OpoBEPATL NONCTAHOBXOM KOpHel B ypasueHRe.
IIpeacrasyrs B3 TpEroHOoMeTpHUecKkoit Gopme KoMIUTEXCHEC Yu-
CHA:

%;. é 15, -1 16, ~i.

. S 18. 2+22,/3. 19. 3+183.

20, -2‘}‘/_ 21. i o3 2. :/1;3

23- 1— 34 24- l"‘ 3. 250 3+I-3-

26, ~3+i/3. 27. -1-i/13. 28, /3-i.

29, 144, W3 30. 1-i. W3 31 {;+;.

3. L a3, =1 3, 2
! 14i 143
Haiite pce 3na9eHAs KOpHeil;

38, /1. 36. 2J/1. 37, 3, /i

38. 4/-1. 39. 5./1. 4. /i

41 1+ Q2. /-3-i/3. 43, %/ ~1+i
BemacanTs:

44, (cos9°+isin9°)1°. 45. (cos 10°+isin 10927, 46. (1 +9™.
47. (1-iﬁ)°. 48. (~1+)°. 49. (\3+9>.
50. (1-9°. 51. (2+iy/12)°. 52. (‘/37“)“
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1lpenen pOCACOOBATENRHOCTH KOMILIEKCHRIX "mced. lIYVCTh gaHa
MOCIETOPATCALROCTE KOMIUIEKCHRIX HHCET

Ziy Z2y T3y seey Zyy aavy

e Z,=X,+ly, (1=1,2,3, ..)

KoMnnexcHoe MHCIO d=Xq+ {)q HAILIBACTCR NPEOLAOM NOCALO08U-
messrocmu {z,}, ecna ans moboro &> 0 cymecTyeT HOMEp N, Taxol,
970 mpH n > N BRINOJRACTCH HEPABCHCTBO |2, —al < &. IlocneaopaTens-
BOCTE {z,} B 9TOM CNYY4¢ EAIKBAECTCA CXOONMEicR K YUCAY d, WTO
3AIECHBAETCA B BEAe Lim z;=g mma z,—~a npe 700,

A

HeobxomuMEM B JOCTATOTHRIM YCIOBREM CXONHMOCTHE HOCHE0-
BATEILHOCTH {2} ={x,+iy,} SBIACTCA CXOREMOCTE LOC/IEAOBATENb-

HOCTeil BEmMECTBEHHEIX Hcen {X,} H {1,}, T. €. hmx.—xq, Lim ya=.

HafiTe npeaens nocaeaopaTenpaocTed:
Sn 2n?
53, lim (—+ +")

e \R+1 3ni—1
. # w5
54. E: (u*-l-l“3n+l+l 3._2)'
T+2434.. +n ]
,,_m( n? 5n+ll '
56 1 [nsn 241147
n;+ .
s tm [ (1421 (1) ]
88, lim {n(in(r+3)—lan)+i}.
. 1y 1\~
o 3 [ (142 -1 (1-2) ]

60.1im[ (1 cos )+x(\/n‘_— f)sm]

=

61. Joxazath, 40 ecad lim z,=g, TO COPABERIHPO PABEHCTBO
nd -]

., I t2at..47

]lm I 2 .|!=

n-e 00 "
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“HCI0BEE PAAB ¢ KOMIACKCHBIMH WCHAME. AN BHOA

i
® 4
Zi+ bt et =), I, 3

L]
TIE 2,5 Xy+ )., HAIHBACTCR WHCAOSHM PACOM € KOMNAEKCHbIMU YAL-
Hamu.
Heo6xoaBMEM B AOCTATOTHHIM YCIOBHEM CXONEMOCTH papa (3)
o o
ABMEETC CXOEMOCTL PAIOB ). X, B 3, Y.
il aml
P (3) cxofmrca, 6CHB CXOMMTCH Pal, COCTABNCHALIE B3 MOXYA
0

ero WICHOB, T. €. PAX ). lz,|= Y /xi+yi B arom ciysae pan (3
HAYLBACTCH a&ommna-clxodmf;&cs.

@ i
Tipamep 6. ViccieoBaTh HA CXOAHMOCTH PAA ), (%-HL). 4
2

3
-] o
Pemenne. PaccMOTPEM pAak ) lu ¥ 1 06a PSAA CXOBATC

aml ] =l 3
TaK XAK MBJNIOTCH TEOMETPHYECKHMH MHPOIPECCHAME CO 3EAMECHA.
TensaME g=1f;<1 B g=1f;<1. Cneposatemuo, samnnlt pag T
CXOmATCA.

Ilpmmep 7. Hiccneaopath Ha CXOARMOCTD PR f: (l.."",l.)
2

Aml

Pemenne. Jannuili pag pacxofnTci, TAK XKaK paa i !
TAPMORTECKEM, KOTODHIE, XaK HIBECTHO, PACKONETCA. -
Ipsvep 8. Viccienopars HA CXONUMOCYh PA Z m
Pemenne. Hueeu !
i d“::m =Z u— Pax Z cxomuTes (ou. 3anasty 49 ri.
noa’r'oluy B AaBHR px,n cxomm, npn-leu abcomoTHo.
BaTh B CXOMEMOCTD PEJIKL:

6. 3 l.+x‘i). a § ( +,})

“ (‘"‘,i'“ J «iG)




68. i (usin -1-+1' (_l)“l). 69. i (ﬁ'—l+i )

™ $ () ™ 2 ()
nifnem) B

anl =1 1+2
& 1 -y & A+
74. Y [ +i . 15. .
net L/n(r+3) ,,(2'+1):| E !
%. 3 1ﬂ). 77, 3 22D
Hm] 2 | 2'

Creneanbie psinl ¢ KOMIGKCHLIME Saesans, Pan paaa

o0
G+ aZ+ B+ . A0 +..= ) a2, @
awi
ez — KOMIJICKCHAS NEPSMCHEAN; @, — KOMIUIEXCHEIC YHCIa, HA3kI-
BALICH CMENEHHBIM PROOM.
Pamayc R cxo CTH CTemenHOro psga (4) onpepenserca mo

bommyne R=lim |—-|. Ecns paa cxonuTcs TOABKO B TOMRE 2=0), TO
wro [

10,ara10T R=0, ecnu & pag cxomaTCs Ope Moboik sHawcARH 2, T, €.
HA el KOMILIEXCHOH ILIOCKOCTH, TO CHATAIOT R= 0.

[pumep 9. Hafitu pamayc CXONEMOCTH psaa 3. =

1 1
Pemerne, Tak xax a,=-, ¢,,,=——, TO
) a+l1

i|=1im E: "= tim 22,
Buti] meo P oA e A

CraorarelsaO, psij cxogdTen, xoraa |zj<1, T. ¢. B xpyre pagayca
R=1 ¢ neaTpOM B BEawaNe KOOPAMMAT.

R=lim

[ a3

@ »
Ilpamep 10. Halie pagiyc cxOMMOCTA PEfia 3, 3.
a=t
1

(n+1)y

, TO

1.
Pemenne, Tax xax a,,=;, Ay =
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W l)m

R=lim — = lim 2" = lim w=lim (p+1)= 0.
wow Jagyg] A A R0 P

CrnenoBaressEo, pag CXONBETCS OpH m06oM 3HaYCHRH 2.
Hafitn pagsycH CXOAMMOCTH CEAYIOIIEX PAAOB:

. | = 72 80 Sus
-1 P o 3" s
81. ): 37, 0227 8 Y @+n
nmg I =] n' n=d
84. Z— 85, f: 7. %i(ﬂ+a"}z’
=l 2 aml =iy
+9" , £ 3 , s 00" .
8‘7.2—-;-1—*2. BS.EIR,——_Hz 89.2,[ -2
Tnasa 10

AHAJIMTVMECKAA TEOMETPMA B ITPOCTPAHCTBE
§ 1. Ilpamoyromuan CHCTEME KOOPAMNAT B HPOCTPANCTRE

ITpsmoyronbHAS CHCTEMA KOOPAMBAT OX)2 B HPOCTPAHCTRS ONpe-
AeJISETCR ‘3aAanMeM MACIITRGROH eMEHNE HAMCDPEHHN XNHH H TPeX
fepecexsomExcy B opHolf Touxe (¢ BIaUMHO DEPRCHAMKYNAPHLIK
ocelitc Ox, Oy ® Oz, Touxa O — wavaso xoopouram, Ox — ocy
abeyuce, Qy — ocs opduram, Oz — ocv gnnauxam. ’

IIycrs M — npousponbEas Touka upocrpascTsa (puc. 36). I,
BEQCM Uepe3 TOYKY M TPH IUIOCKOCTH, UECPREH/THKYJIAPHEIC KOOPy
JRHEATERIM OocAM Ox, Oy B Oz. Touxa ncpecetenus muockocTeil q
ocsME 0003BAYMEM COOTBeTCTBeHEO dYepes M, M, w M,. IIpmo-
YTOMbHNME KOOPAREATAMYE TOUKE M BA3LIBAKITCE THCIA

xX= OM;‘ y= OM,», Z== OM;,

i

{1z

AN .o

LY

]
AY

L]
S e e

$£
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T. €. BENHYMHH HANPABACHHLX OTpe3koB OM,. OM,, OM,; npu aroM
X Ha3uIBaeTCA abeyuccoll, y — opdunamoil, a z — annsuxamott TOYKH
M. Cumeon M (x; y; z) obo3uavzer, ¥T0 Touka M EMeeT KOODZEHATR
x, ¥ 1

TaxuM o06pa’oM, mp Bmbpanmoil cmcreMe xoopiamHAT Eaxpol
Touke M NPOCTPABCTBE COOTBETCTBYET €MHCTECHHAN YNOPANOYCHEASL
Tpoiixa waces (X; ¥, Z) — ee UpIMOYrobHbie KOOPAMHATH H, ofpaTno,
xaxnol ynopagogsersoil rpotixe ugcen (x; y; z) COOTBETCTBYST, E IpH-
TOM OfEZ, TOUKa M B IPOCTPaHCTBE.

Inockoct Oxy, Oyz, Oxz HABHEBAIOTCH KOOPOUHAMNBIMY RAGCKO-
cmAasmy. OHE AENNT B0¢ MPOCTPAHCTBO HA BOCEMD jacTell, BA3HBACMBEIX
OKINANMAMN, KOTOPHE HYMEPYIOT TaK, K4k DOKA3aHO H2 pEc. 37.

1. Jasw rousa A (4;3;5), B{(—3:2; 1), C(2;, —3;00n D (0; 0; 3).
Haiitq xoopmuuaTh Bx npoexowil: 1} Ea miocxoeTs Oxy; 2) Ha mioc-
xoeTs Oxz; 3) Ha wiockoors Oyz; 4) Ha ocep abonuee; 5) HA ©OGh
opauHaT; 6) Ha OCH AMUINKAT.

2. HaiiTy XOOpIHHATH TOUEX, CAMMETPHYHEBX TowkaM A {2; 3; 1),
B, -30,C(—3;2; —1)u D (s, b, ¢) oruocurensso: 1) mwiockoctu
Oxy; 2) nnockoctr Oxz; 3) wiockocte Oyz; 4) ocr aboce; 5) ocy
OpRuHAT; 6) OCH aMIIUEAT; 7) HAYAIA KOODHMHAT.

3. B kaxux OKTRHTZX MOrYT OHITH pacHoNOMeHRl TOUEH, KOOp-
MUHATH KOTOPHIX YAORNETBOPRIOT ORHOMY ¥R CASAYIOLIMX YpaBHeHuit:
1 x-—y=&; 2) x+y=0, 3) x-~z=0; 4) x+z=0; 35) y—z=0;

y+z=

4. B xaxax OXKTAHTAX MO OLTE pacnouom TOYKH, CCIH!
1) xy>0;2) xz2<0;3) yz>0;4) xpz>0; 5) xyz<0?

. Hannt cnqnyxomue yeTHpe BepumHs xy6a: 4 (—1; —1; —1),
B{; -1; =1, C(-1; |; -l)uD(l 1; 1). 0npem=mm.ero OCTa-
JLHEC BEPUIHHEL,

§ 2. Ilowurre mexTOpa

Ompencoenne 1. Hanpassernnwii ompesox AB nasweaemen sexmo-
Po.

Bygpa A ozmavuaer Havano Bexropa, a Oyksa B — ero xomerm
BexTop Takxe oGosmataroT H omEod Oykeoli ¢ ueprouxoi HABEPXY,
Elpanpmcp @. HanpzeneHde BEKTOpa HA PECYEKE YEASKBAIOT CTPEXKOH

ue. 38)
BexTop, y XOTOpOro HAW4JM0 H KOHE COBOANANOTY, HA3BBACTCH

Kyaesmim B obodHavacTcs 0 W npocTo §.
_  HAmuna sextopa oBoanavaercs |AB| wm |g). Ecnu |g|=1, To Bextop
@ HA3BBACTCA COMBMUHBIM.

BexTOpH @ # b HASLIBAIOTCH KOARUNEQPHBIMY, 6CHH OFM JIEXKAT HA

omiod DpAMoll HRE HA ORpANNETL-

HEDX EPAMBIX. F
Hymepo#l BexTOp HAKpaBIEH OJMHA- ”

Kk0BO ¢ MoGHM PEXTOpOM; JIHHA €ro

pamHa By/xO, T. €. {0i=0. Pur. 38
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Oupenenesme 2. Bexmopu: 8 u b nasweaiomen pasnvisu (a=b), ecau
OHY KOAAUHEAPHN, GOMHAKOG0 HANPGBACHY U UX JAuUM pooHuL,

Hpoexyueii esexmopa AB Ha och ¥ HaeBaeTcR BeyHuEEa A'B'
BANPABICHAOIO OTPEIKA A'F’ ma ocH u, rae A’ — npoexmEs TOIKH
A B2 och u, a2 B — npoemnnroqmﬂnaaryocs.ommaqeme
np,AB.

IIpoexmua sexTopa AB B2 0Cb 1 OTpeAeNSeTCH bopmynol

up, AB=|4B] cos ¢, n

rne¢——ymnm£ynmopoi¢4_3nocb£u.

Ilycrs X=np. 4B, Y=up, AB, Z=np, AB. Ilpocxnun X, Y, Z ne-
kTopa AP BEA OCE KOOPAHMAT HAZHIBAIOT &T0 Koopdunamami. IlpH
9TOM IHINYT

AB={X. Y, Z).

Kaxopu G BB Gaumi e Toukm A {(x;; yi; 7)) 1 B (xy; y3; 2)), KO-

OpPAEHATH BeXTOpa AB onpeneNmOTCE CHCAYIOmMUME dHopMynama:
X=x—x, Y=p—-yn, Z=n—-1. @

Tycrs neE npoEsBONbEEI BexTOp a={X; ¥; Z}. Popmyna

la}=+/ X*+Y*+ 22 (3)

nmmy npoaa.nomoro BEXTOP2 4epe3 ero KOOPAHHATH,
nuuexmvnempomanocmtoop-

magat (pac. ;?mﬂa d»opmyn (1) B (3) nonysaem: _

X Y V4
oS =——————, mﬂ=w, CO8 ==y 4#
JX 4 riez? JE T4+ 22 V2 oS L LN

cos &, cos §, COSy HA3LBAIOTCH HANPASARIOWUMY KOCUHYCAMU BEKTO
a. Bo3poAS B RPAAPAT NEBYIO H IIPABYIO TACTH KAXACFO M3
(4) B CyMMEpYSH TONy9ICHEHIE PE3YIbTATH, EMeEM

cos?a+cos? f+cos?y=1, (

z 3
T. 6. CyMMa KBAaJpaTOR HANPABIYEO.
nm:l‘ KOCHEYCOB JH0G0ro BEKTOpa paB
ga l. .
Tlpumep, Hanmx Touxn 4 (I; 2; 3
/ g 2 B(3; 5 9). HaliTe XOODAMHATH BER!
a 7 y Topa AB, ero AJMEY H EAUPABISIOIIH

xocauycsl. Tiposepurs dopmyny (5).
Pemenue. o dopmynam (2)

xomM X=3-1=2, Y=5-—_2_=-
Z=9-3=6. Cneacsareapeo, AB=

By

Puc. 39
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(;){f (z;’ Li=1il; 3; 6}. Hanee, BCOOILIYE COOTBETCTRCHREO (POPMY L

M“1/22+32+63=7. 008¢=$, c.osﬂ=$, cosy=g,

npn:n-ouoos’a+cos’ +¢=t:bsz =T+ BN+ 6/ =1
6. Jlapu Touxu A (3; ~1; 2)!8(-—-1 2,‘?) Haiira xoopauna
pexTopop AB u BA.

7. Bapu Tomm 4 (1; 2,3)__3(3- —4; 6). Halite Anury ¥ Hampas-
NAomKe KOCHEYCH BeXTOpa A

8. Hainnnnaynerropaa—{zo' 30; —60} ® ero BANpPABIRIOIME
KOCHHYCH

9. mmmmpmmmpa X=4, Y= —12. Onpenemurs
ero*r noxoopmaryann ycnosma, w0 |a|=13.

OnpenenMT. Hawazo mextopa a={2; —3; —1}, ecm ero

xoaﬁx oonm.naeron cmﬂmﬁg_ -1;2).
_ peacuTs Touxy N, ¢ XOTOpOil COBIAAAET KOHEN BEKTOpA
a={3 —1; 4}, meronamomnamﬂcmuoiu(l 2 ~3).

2. BUYNCTNTE HAUpaBJfIOMEC XOCHHYca BexTopa a={3/13;
41121;3 12/13}).

Hamy |o|=2 u yram a=45°, B=60°, y==120°. Burmcinms
HOPOEKIRH BCKTOP3 @ HA XOOPAHHATHLIC ocn
14. Moxer nu BeXTOp COCTABAATL OOPAHEATHHMHA OCHMY
cnc%wnme yraei: 1) a=45°, ﬁ=60° = 120" 2) a=45°, f=135°
3) a=90°, §=150°, =00
SMomsmmopcocranmcnnyus PAMHATHERME
ocaME cneayiomme yrawr 1) a=30° f=45° 2) ﬂ=60° y=60%
3) a=150°, y=30°7
16. Bet COCTABIRCT ¢ OcvH Ox B Oz yram a=120° 1 y=45°
g;_m Off COCTABJINRT C 0chio OY7
P @ COCTABIACT ¢ XOOPOMEATHRME ocamu Ox u Oy
yrm.Itala-z , #=120°. BNYECIHETL €50 KOOPAHEATM IPH YCIOBHM,
70 [a[=2.

18. OnpeacnuTs KOOPABEATE TOYKE M, CNH e¢ paRHyC-ReXTOpP™
cocmjslmc:oopmamm OCHMM ONHHAKOBHIC YF/IL H €10 JTHHA
pasHa 3.

19, Paauyc-sexTop TOUKE M COCTaRNReT € OCAME KOODMMHAT
pamuez‘?_crpucyrm Onpeacndrs 3TH YIJIEL, €CJIH JAMEA BEXTOPA
pasna

20. Panmyc-pexTop -rom M cocrasnser ¢ ocsio Ox yronm 45°
u ¢ ocsio Oy — yron 60°. Jlngna ero passa 6. QOnpencanTs x00p-
AMHATH TOUXH M, ecild ¢e XOOpAMHATA Z OTPHNATE/NbAA.

21. B-romA(z; I; —1) upunoxena cana, pasas 7. 3uas Kse
xoopARHATH 3Tolf el X=2 1 Y= -], onpecacaers Hanpasneude
H KOBel BeKTopa, Ao0paxaloinero CAy.

*Pajmrycos-peaTopoM TOTXM M BatwBacrcd BeKTOP, HAYINRE @3 maTasA KO0Op-
aMEat 3Ty Toiky. Paggyc-sexTop oBosnagsior F: F=OM.
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§ 2 JliNeSARIe OIEPAIME HAN BECKTOPAMI.
Paznoxecase pexrops no Gazacy

Juneitnvimu onepayunasu Ban BEXTOPAMYE HAIWBAIOTCY ONCPAREER
ClIOKEHHEA B PRMMTANAS BCKTOPOR H YMHOXKCHHR BEKTOPOB Ha HMCHA.

Cymmoil a+b apyx vexTopop @ H b Ha3LIBACTCA BEXTOP, KOTOPLIH
BEeT E3 Hayaja BEKTOpA @ B KOHel| PeKTopa b mpM YCNOBHH, 4TO
gxmzo ;Jpnnoxea X XORNY BeKTOpa & (NpapUNO TPEYroLHMKa)

HC a

Passocmuio b-a apyx BEXTOpOB b ¥ a_BAKIBASTCY BEXTOP, KOTO-
puﬁncyumcnetrgpouanae'rmropb(puc 40, 5),

Hpouseedenuem 2a (a0 u wucao 1+ 0) HAILIBALTCY BEKTOP, KOTO-
puiii koJnMEEapen BEKTOPY @, AMEET [LIHLY, paBHyIo [A] [a], u vanpap-
SCHUE TAKOE XK€, KAK H BeKYOp 4, ecns A>0, B NpoTHBODONOXKHOE,
ecnm A<0Q (puc. 41).

Ha puc, 41 nsoﬁpaxcu cayuadt {4 > 1.

Ecnu =0 mau a=0, To npousseieckle iq CHMTACTCS DPaBHKIM
AYNEBOMY BEXTOPY.

HMeI0T MECTO Cnepyiolie ABE OCHOBHME TEOPEMSl O HPOCKIMAX
BEKTOPOB.

Teopema 1. llpoexyus cymmst 06yXx 6eXmopos Ha OCb PABRA LY M-
Me ux npoexyuil Ha 3my ocv, m. €. 0P, (@ + a:)=0p.ay+ 0P, a2, .

Cnencrare |. B a={X; Y;; Z,) u b={Xy; Yy; Zo}, 10 a+b=
={Xi+ X5 Y1+ V3 Z,+2,}.

Teopema 2. Ipu ymuoxcenuu sexmopa @ sa uucao A ezo npoexs
BUR B OCH MAKHCE Y MHONCAEICR HA IMO KucA0, M. e. Ip, Aa=AIp, &

Cnencreue 2. Ecau a={X; ¥; Z}, mo ).a={2.X AY: A2} onx

0 wucaa X.

[Tpuanaxom xo/nsLeapHOCTH ABYX BexTopoB a={X, Yi Z.},

b= {X3; Y»; Z,} sBnserca nponOpUHOHANEHOCTD HX KOOPAMHAT |

X, Y z :

Iycts pexvopu 7, J, k — eaunuunme sekvopH, T. €. |f|=|f|=
_=i§l= 1, pexTop 7 nexuT Ha ocH Ox, BEXTOP ] — HA OCH O, BEKTO
k — pa ocu Oz.u xaxuell B3 HUX HaDPasIcH Ha CBOSl OCU B HONOXKE
TenbHyio cropoy. Tpoifxa pexTopop 7, j, k Rasumaetcs basucom. .

W8
w \Z
%

Bye 40 Py, 47




JioGo# pexTop @ Moxer GuTe pasnoxen mo Oasmecy 4, J, k, 1. €.
DPEACTABICH B BRAC
a=X+ Yj+ 2k,

rae X, ¥, Z — X00pAMHRTH BEXTOPS 4.
(Tpumep. B Tpeyronsuske ABC AB=a, AC=b. ITocTporTs:

pak piE nih 5 23

Pemenne. Bocnonsiyemes opaBsiioM uapuncnorpam‘ (puc.

42
ADwa+b; 3‘5,1}‘; CB=a—5; "c‘:‘é:“—;; 63:,_32_"

22. Bextopu a u b 3auMuO OepOeHIMKYNIPHEL, NpuveM [a]=5 X
|bj = 12. Onpenennts |a+5) u |a—Bl.

23. Naumr: Ialsl.‘.’v ]bl-l9u|a+b]-24 Bermcmute la—EI

24. Daumr |a|-=1! ibl=23 ¥ |a—5{=30. BrrmcarTts |a+b|

28, Bexropuia u b ) o6pasyioT yroa ¢==60°, opayem jel=5=n Ibl
=8. Onpeaennrs | |a+b|u|a —b.

26. Berropuanboﬁpn:ym yron ¢ =120°, npauenm |a|=3 u |b|=
= 5. Onpepensts |a+bl o~ bl

27. Jloxasars, uro a+b=b+a.

28. Jioxassts, w10 (@+8)+e=a+(B+0).

29, Ha Tpex pexTOpa OA=3, OB=b u OC=¢ nocrpoes naparn-
nenesuncsi. YKa3aTh T€ €ro BEXTOP-QHATOHAIH, XOTOPLE COOTBETCT-
penno pasuit a+b—~¢, a—h+¢, a~b—¢ub—a-c.

30. B tpeyrommuuxe ABC cropony AB rouxamm M u N pasnennm
HA TPM PAaBHHE YaCTH: AM=MN=NB. Hailitu sextop CM, ecnu
CA=2a, CB=b.

31. PasuycaME-BEKTOPAME BEPIIMH TPEYromsuuka 4BC mnnsor-
G 7\, 1 B 3. HafiTH panmyc-pexTop r To9XM M DepeceieHMs MeAUaH

NLHEKA.
i;f B TpeyromwBnxe ABC npaMdan AM smnsercs GmccexTpucoi
yrna BAC, (C, npivem Touxa M nexnt Ba cropore BC, Haiitu AM, ecau
AB=}, AC=¢. -
3. Homuuuumropauanbnocrponsxawincneny—
joumux pextopos: 1) 3 2) -%E; 3) Za+§ 4y} a—sb
34. Ilo croponam OA u OF npmoyromm OACBE ornoxenn

*&mmanwao&mqnwunmm
CRPAAIERCTPAMM, TO CYMMA d+5 €CTL sexTOp, C ANArOBAYEI0 ITOFD
GApRATeNOrpALAMS, HIYIIEro E3 OSmero mavtna & u b,
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)
y +

e F A
Puc. 43

OA, AC, CB, BO, OCnBA ocnnmnaOA 3u0B=4.

3. B gpaMoyronseaxe OACE (puc. . 43) M u N—wm
cropoR BC u AC. Palnoxurs sexrop OC=¢ no sexTopamM OM =a
u ON=b.

36. Ha mrocxocry Oxy DOCTPOMTE BEKTOPH OA—a=2? OB—
=.~=b-31+3j H OC=c=21+6]. Pasioxurs BEKTOD C IO BEKTOPAM

anf Ranu nea pexvopa: a={3; —2; 6} u b={~2 I; 0}. Ongeze-
mmn‘mmmmmwm Bempon 0+1

+5; 2) a-b;3) 23, 4) -—*b‘ 5) 22435, 6)

xommueapnoc-rb nerropon a={2, —1; 3} m b=
-{ 63 ;i CTABOBATH, Xaxoit B3 HEX NIHHHEC APYFOrO H BQ
CKOMLKO paa, xa:onnnanpmcuu-—-n OBy WIH B OPOTRBOIOJION
uue
OPE KaKEX 3HAYEHESX o, § BEKTOPH 4= —2'x'+-
+3}'+ﬁk15nc:x 6’+2§xonmeapnﬂ.

49. [lamo pasnoxense BeKTOpa ¢ Do Gadmcy 7, J, k:o=167—14]
+12k.0npeamnpaanomemnosrouym6mcynmopa
VAPALICIBROTC ¢ B NPOTHBONOJOXROIO C HHM
HES, DpH ycuosuu, 910 |d]=75.

§ 4. Cxanspuoe npomiseeume BEXTOpPOB

1. Oupencnreme x ocnonszle caolicTaa Ipow3:!
Onpepencame. Cxasnpuwism npouseedenues 08yx mymux se
mopos & u b nasvisaemen Nucao (CKAARP), paswoe NPousseoeHue dmngg
SMIX BEKMOPOS HA KOCURYC Y2 AT Mexwcoy Humu. Ecau xoms Gt 00un i
aexmopos kyAesofi, mo yeoxmonpeduenucx

AAPHOE NPOUICEIENUE NO ONPEOEAEHUIO ROAGZH
wom HyA0. .
0¢ BpONIBCICHNE BEKTOPOB G X §
oboaysagmior a° b, Urax,

4 > 55=|51 Elm‘}’s

TIE @ — YTOJ MEXAY BEKTOpaMH 2 | b (pag
Puc. 44 44),
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Tax xax |af cos p=mnp;s a, |b| cos @ =np; b, TO MOXKHO 3aIMCAYE
a-b=|b| nps a=|a| np; &.
CpoiicTna cxampnoro OpOoH3BEeieHHS

1° a'b= b a (CBOKCTRO DEPECTAHOBOYHOCTH COMHOMHTENCH).

2° (Aa)-b=2 (a'b) (cpolicTBO COMCTATENLEOCTH OTHOCHTEILHO
YMEOXCHHS HA YMCNO).

3%, a-(b+c)=a‘b+a’ ¢ (CROHCTBO PACHPEACHTEILEOCTH CyMMEL
BEXTOPOB).

40, a'a=|a]* (cxansapuoe NPOU3IBEACHUE g’ @ HAILIBACTCE CKATNp-
HLIM KB&IPATOM BEXTOPA @ H obo3aauaeTcs a’)

5°, a-b=0, ecrm 2 L b, u, obpatao, a L b, ecnu a-H=0 u a»0,
b0,

M3 cBoiictn 4° 1 5° any GA3MCHRIX BEKTOPOB i, /, k HenoCpeacTBeH-
HO NONyYacM CHEAYIOIME PaBEeHCTBA!

17 j=kE=1,
?‘f-.:?‘ k=f'?=f k=k '-f=k'j-=0,

2. Buipaxeuse CXATEPEOTO DPORIBCHAEMMS Hepe3 KOOPIENATH BeK-
TOpOS.

Teopema. Ecau sexmopw a u b sadans caoumu KoOpOUHAMAMY
a={Xy, Yy Z\), b={Xy; Yy, Z;}, mo ux crasnpuoe npouseedenue
onpedesnemcs dopmysoti

EE=X;X;+ Yl Yz+Z|Zz- (l)

H3 TeopeMBI BHITEKAIOT ZBA BAXHBIX CIEACTBHA.

Caeacteue 1. Heobxodusmvis 1 00CHMAMOUHBIM YCAQSUEM NEp-
nenduxysnpuocmu sexmopoe a=1{Xy; Yi; Z\) n b={Xy; Yy Z,} nesn-
€MCR PasEHCMB0

X Xa+ Y1 i+ 2,Z,=0. (2)

Cuegctaue 2. Yoo mencdy sexmopame a={X;; Y\: Z,} u b=
={Xy; Y2, Z,} onpedeanemcn pasencmeom
X+ Y ' i+ 2125
cosQ= (3)
VEI+YI+Z2 R+ Y14 22
Ipumep 1. Halitn cxanspHoe nporsseieHde BekTopos a={3; 4;
7} u b={2; —5; 2}.
Pemenxue. l'Io dopmye (1) maxommm a-b= 3 2+4( -5)4+72=
(0. Ilockonnxy a* b=0, cornacmo csolicray 5°,
Hpumep 2. HaiiTa yron MKy BEXTOPAMHE a-{l 1; 0} mb={1;

0; g
emenne. Ilo popmyne (3) nonyvaem
o= 1“141:040°1 _ 1 1
SRR 12100 22 2
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LACHoBATCIBED, o=00".
41, Hajitn cxampnoe TpOHIBEAEHME nexmpon a u b, amas, arc
laj=3, fj=4 u BEETOPRL ?pa:ylo'r yro.u_;p
42, Jdaus BEKTOPM a=1+j+2k o b= -j+4k Onpenenars 1ps 4

nnp.E
3, Jamst B a={4; —2 —4), b={6; —3; 2}. Beram
D@ N D DR sy Y Do
44, JlaEkt pexTOpHI a—m'1'+33+4i 5-—4’+m;-—7§ ITpE kaxoM
SHAYCHHH M 3TH BEXTOPH IepUeRAKy s :
45. Burancmats (5a+36)° (2a—6), ecnm |a1-2 !5}1 =3, aé.b- _ ]
A 40ngque.um YION MCKIAY BEKTOPAMH 2= }u b

{473 C;flpt}enm yron mexny sekropamu a={2; —4; 4} u b=

48. Onpeacnurs, OpH KAKOM IHAYEHHR /1t BEKTOPE! a=mi—3j+2l
8 b=7+ 2/~ mk praEMHO nepUeHIEKYIAPHEL

49. Packpurt cko0KE B BEPAXCHHH

Q1-J) J+ (7 28) k+(— 2k).

50. PackpuTs Cx06k¥ B BRIDAKCHHAX:

1) @+ 2) @+6*+@-5y.
BRIACEETE reOMeTPHMECKHH CMBICTE IO

51. Hanmsi Touxu 4 (3; 3; —2), B (0; —3; 4), CF—S U)HD(
2; ~4). HocTporTs BekTOpH. AB=0 H CD=F & naéita op; b.

82. Naun Touxn 4 (a; 0; 0), B (0; 0; 2a} u C (a; 0; a). Tlocrpon
BexTOpH OC ¥ AB ¥ HAlTH Yrol Mery HAMH.

53, HailTe yron Mexay ODAccexTpHCaMM YIIoOE x(Oy B yOz.

54, VI3 pepInMHEI KPAAPATA HPOBERCHH NPIMEE, NCIsnMe Dpd
THRONONOXHARIE CTOPOHH momonaM. Haltd yron mexay IrHM]
npEMEIMH. ]

55. Halita yron MexJy IMArOHANAMH IAPAINENOIPaMMa,
cTpocHHOrO Ha BekTOpax =21+ u b= —2j+k.

£6. BuupcanTs: 1) (m+7)%, eclm m 4 1§ — eRENYELIC BEKTOP
c yrnom Mexgy mumua 30°% 2) (2~ 52, ecm [6]=24/2, |B=4 u
MexAy Bexropavu a B b pasen 135°. _

57. [amml pexTOphE a, b, ¢, nexampe B ofHOH MIIOCKOCTH, TpHYE
Ial =3, 1Bl=2, |ej=5, yron mexny @ u b papen 60° H yron memj
5 u ¢ — 60°, ITocTpOBTS BEKTOP U=@a+5—C A BEMBCIMTD eT0 ME
ayms no Gopmyie [u=+/(a+b—c)%.

58. Iloxasats, TO YIon MeXJy QBArOHAJISME IPAMOYTOIbHEK]
HOCTPOERHOTO Ba BexTopax a u b (a L b), onpeaenserca dopmynof

a2~ b* '
SO
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o). Halityn pabory 4 cnu F Ha mepeMelleHEH s, ecnM |F]=2,
Isi=35, a yron ¢ mexny sextopamu £ u 5 papen nf6*.
. BuucnETs, KaKkyio paGory 4 npowssozar cuna F={3; -5;
2}, xorzm €€ TO4YKa NPUIOKEHHS LECPEMEINACTCN M3 HAYAIA B KOHen
BexTopa s=={2; —5; —7}.

61. Bextopu @ B b o6pasyior yron :p-g n; 38a4, 970 |a|=3, |5|=

=4, punscanTs: 1) a-5; 2) a%; 3) 6%; 4) (a+b)%; 5) (3a—2b) (a+2b);
6) (a-- 5% 7) (3a+ 25~

62. IIpoexniu nepeMemenns 5§ JBHXYMEHCE TOUKH BE OCH KOOP-
JIHHAT PaBHH S;=2 M, S,=1 M, 5,= ~2 M. [Ipocxusn peficrayrotneii
cunit F na ocm xoopmunar paepm F,=50 H, F,=40 H u F,=30 H.
Buruacmats pabory A cunst Fu yron mexay cunoit F u nepememenn-
eM J.

§ 5. Bextopiioe npomiseeuse

1. Oupeneneune sexropHoro npowdsenesns. Bexropu a, b u ¢ Ha-
IBIBANOTCH KOMRAGHGPKbIMY, SCIIA OHM JIeKAYT B ORHOHE ILIOCKOCTH HIN
B HapaJUeNIbHLIX IIOCKOCTHX,

_Tpoiixa BeKTOPOB BA3EIBACTCH YMOPAAOUENHO, ECIIA YXA3AHO, Ka-
KO H3 HHX CYHTACTCA IEPBLIM, KakOH — BTOPHIM, Kaxoil — Tpe-
TeuM. Hanpumep, » 3anace @ b, 0 BEKTOD @ CHHTACTCH MCPBEIM,
b—nmpuu, ¢ — TpeThHM; B 3amuck (b; ¢; @) BexTop b — mepBLTH,
¢ — BTOpPOH, g — TpeTHil.

ViopaaoueHnaa Tpofika HEXOMIIAHAPHKIX BEXTOPOR Ha3HBACTCH
npagofi, €CIM NOCIE NpHBeNeRus X K ofloeMy Hagany B3 KOHUA
TPETREFO BEKTOPA KpaTdafilidil NOBOPOT OT HEPBOTO KO BTOPOMY
BEACH COBEPIIANOIIHMCE OPOTHR 4acoBoil crpenss. B mpoTuRaOoM
cnydae Tpo#ika Ha3LIBRETCH Aegoil.

. Onpeneneume. Bexmoprbim npoussederuem sexmopa a Ha sexmop
b nwaswiaaemen sexmop ax b, Komopuiil OnPedEAREMCR MPEMA YCAOSU-
AMY:

1) dsuna  6eXMopa ax b pasna |a} |b] sin @, 20e ¢ — yzos mexcdy
sexmopamu a u b

2) eexmop a X 5 | NEPRENOUKY ARDEH KaNCOOMY U3 6eKMOpos aub;

4 )3) sexmopu @, b, ax b ofipasyiom npasylo mpoiixy eexmopoe (puc.
5

2. Ocuonsnie cpoiicTaa BEXTOPHOTO NPORIBESCHNN.

1°. ax =0, eclK a B b — KONLIMBEAPHKIS PEKTOP.

2°. IIngga BEKTOPHOIrO OPOHIBEJEHMS HEKOJUIMHEADHEIX BEKTO-

*Ecra sexTOp Pmﬁpamr CHAY, TOUXA NMPRACECHRS TOTOPOH NepememaeTcx
)0 HANAZA B EOHEN BexTOPS £, T paboTa A JTolf cam onpeaenerca o dopayne A=
= §u |Fl|flcos .
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poB @ B b papHa MIOIMATE 5§ HAPAJLIEIOrPAMMS,
nocrgoennoro Ha 3THX BexTOpax (pEC. 45).

3, gxb=—bxa (ceolicmso awmunepecma-
ROBONHOCIIK COMNONCUMEALCIE),

4°. (Aa)xb=A (ax b) (ceoticmeo covemame-
AOBHOCIIY NO OMHOWIEHINO K CRAARDHOMY MHONCU-
meso).

5% (@+Byxc=axc+bxec (caoficmso pac-
nPEOCAUMEABHOCIIE DINHOCUMEABHO CYMMB deK-
mopos).

Puc. 43 Cornacao onpepeneHmio B CBOHCTBAM 1%q 3°

BEKTOPHOTO OPOM3BENcHNA, LA GAIMCHIX BeKTOPOB 7, /, k monydaem
CIEAYIOILHE paneucrna

kx:—f kx; =0, 1

ITpumep 1. Brramcauts ONOmMEjs S NAPAILICIOrPAMMA, TOCTPO-
eunoro ua pextopax a+ 36 u 3a+ b, ecnm |a|=)b|=1 u yron Mexay

BexTOpaMu pasen 30°.
Pemenne. CorinacEo oHPCACACHHIO H CROMCTRAM BEKTOPHOrd

OpPOH3IBE/ICHHA, HMEeM
(@+30) x 3a+by=3axa+axb+95xa+3bxb=3 (@xa)+axh—|

-9 @xH+3 bxh)=30-8 @xH+30=~8 (axh 3
(nocxomy axa=0, bxa=—axby, s=8 |axbj=8 |a| || sm30°
=81 l -=4,

A Buputene BEXTOPEONO DPON3BLACHUN Jepe3 KOOPINEATR Bek)
Topos.
Teopema. Ecau sexmopwt a u b 3adaust csoumu Koopounan

a={Xy; Y;; Z,}, b={Xy; Yz, Z;}, mo sexmopsioe npouzsedenue sexmopy
a na eexmop b onpedesnemes Bopmysoii
axb={(¥,Z,~ Y,Z,); (Z. X2~ Z:X,); (X, ;- XzY})}.

21y GopMyy ¢ DOMOMBIO OOPEeNeATENeH BTOPOro IepAaKa MOKE]
3ANMKCATH B BEAC

axb= {

Tpumep 2. JIaHEI PexTOpH a={2; 5; 7} u b= {l 2; 4}. Hajin

xoopmusaTh X, ¥, Z BeXTOPHOTe IpOM3BeAeHuT a X b,
Pemenne. ITo popmyne (1} maxommM

Y, Z,|

(P 41
Y, Z,|

b e £

Z X,
Z Xy
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2 ke T e T

Hngg axb={6; ~1; ~1}. - i 1) 3=, B2k
. Og_pe.me.m_ )| MTh BEXTOP a X b, ecym: 1) a=3i, b=
2) a=1+j, b=1-}1.3) E=g+3ﬁ b=13j42k. Halita b xaxaoM cirydac
WICIIAAP NAPAJUICNIOrpaMMa, NOCTPOCHHOIO Ha BEKTOpax a B b,

64. BrraucnuTL DIOMAKE TPEYTOMBHEKA ¢ BepmaHaMu 4 (7; 3; 4),
B(L;0;,6)mn C{4; 5 —2). T,

65. ITocTpouTs DapajLIenorpaMm HA BekTopax a=2+ku b=i+
+2k ¥ BHMECIMTL €O IJIOMAAbL K BRICOTY.

66. PackpuiTh ckobxu B inpocrm BHPAKCHHA:

D) ixG+R)—/x(+B)+kxG+7+X)_ _

2) @+b+o)yxc+@+b+o)xb+(p—c)xa;

3) Qa+b)x (c—a)+(b+c) x(a+b);

4§ 0 (xR)+3-Fxk)+4k-Gxph. . _

67. Hoxazars, uro (2a+56) X (a+2b)=3ax b,

68. BexTopn a B b cocTamnaior yron 45°. Halite nnomans
TPEYIONbHUKA, DOCTPOCHHOIO R hekvopax a—2b W 3a+2b, ecnw

=6 = 5.

é9. Haiite nnomags DapansenorpamMma, HOCTPOSHROrO HA Bek-
TOpax a=m-+-21 ¥ B=2m+n, THe m M 7 — eRUENTHKE BEKTODH,
ofpasyromuae yroa 30°.

70, ITocTpouts TOILHEE ¢ BepmHHaME A4 (1; —2; 8),
B ©0; 0; 4) u C (6; 2; 0). Buucmurs ero naomanb ¥ pricoty BD.

71. BEMECANTL AMATOMANH H IIOWAD DAPANNENOrpaMMa, O0OCT-
poemnoro Ha pextopax a=k—ju b=T+j+k.

72. Mamu pextopn a={2; 3; 5} u_b={1; 2; 1}. Haiita xoop-
IMHATH BEXTOPEOTC NPOR3BENCHEA a X b,

73. BRRECINTD INOMARL OAPAICIOrPAMMA, OOCTPOCHHOrO Ha
pekTopax a=6i+ 32k m b=31-2/+6k. = _

74. Jloxazats ToxAeCTBO (2% b)Y’ +(a-b)*=a? b2,

75. Hoxasats, uTo (a x 5)*<a®- 6%, B xakom ciyvae 3aeck Syner
JHaK papcHCTRA? _ -

76. Jausl Bextopu a={3; ~1; -2} u b={1; 2; ~1}. Haltrn
KOOPABHATH BEKTOPHWX upoxsBenenudi: 1) ax b; 2) 2a+B)xb;
3) Ca—-Byx(2a+b).

77. Hawui rouxua A (2; —1;2), B(1;2; ~1)n C(3; 2; 1). Haiite
XOODAMHATEL  _ BEKTOPHHIX OpoM3BeacHRAH: 1) ABx BC;
2) (BC—-2CA)x CB.

78. Cuna F={3; 2; —4} npuioxena x Toxxe 4 (2; —1; 1). On-
penenaTs MOMEHTH 3TOH CHIIH OTHOCHTCIFHO HAYAIA KOOPARHAT®.

‘Er.m_nerrop F mofpaxaer cany, npunoxeenyro k xaxofi-aubyms Towxe M,

8 3exrop OM Rpet B3 BexoTopolt Towxm O B Touky M, 10 sexTop OM x F upencrasas-
#1 coboit Mosent canki F otsocaTENR BO ToWkE O.
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79. Cama F={2;, —4; 5 npunoxesa Kk touke M (4; —2 3).
Onpepenars MOMEHT 310l CHIM OTHOCHTENLHEO TouKHE A (3 —1)

80. Cana F={3; 4, —2) mpanoxena x Tome C (2 —1; —2).
Onpenenars BeIW'MHY B EAUPABIMIOINAC XOCHNYCH MOMERTS 3TOM
CHITH OTHOCHTE/IbEO HaYa/1a KOOPIMHAT,

81. BumEcnurs cHHYC yria, obpa3joB8EEOTO BEKTOPAME d=
=(3,-2 1} u h={2; % 6).

,[[almmopma*{z —-3; 1}, b={-3; 1; 2} me={1; 2; 3}.

mecmrrb('xb)xcuax(bxa

§ 6. Cmemanmoe mpoMdBeneHMe TPeX BLKTOPOD
1. Oupepencane B reoMETPHMECKNI CMEBIC] CMEIIAEHOIG NPON3Bee-

HES.
_  Onpenenense. Cuewaniim npoussederives mpex sexmopos a, b,
C Ha3LIB0EMCR YUCAO, PASHOE CKAARPHOMY NPOUIEEOLHIIO GeKMOpd ana
eexmoproe npoussedenue sekmopoe b u ¢, 1. ¢.

a (bxo).
Cnenyiomas TEOPEMA BRIPAKAET ICOMETPBYCCKAN CMBICT CMe-

INABHOr0 DPORIBEACHHS.
Teopema 1. Cuewannoe npouseedense a’ (b % -) pasno obvemy v

napassesemmedn, NOCMPOEKRO20 HA 6eXMOpax a, b, ¢, esnmomy co
SHaxom «-+», ecau mpoiika a, b, c— NpASaR, CO IHAKOM « ), ecAu
mpoﬁxg)a b ¢ — sesan. Ecau xce a, 5 ¢ RoMRAQHApwsl, mo
a (bxc)=0.

CnencrpHe, H3 meopesmsl 1e2r0 euis0duUmCA MOXCIECME0

a'(bxe)y=(axb)-e, 1)

M. e. 3HAKU G X 8 CMERIAHHOM NPOUIBEOEHUIL MONCHD MEHAME
Mecmamu,

B CANY TOXJCCTBA (1) cMelmaHHK® DPOH3BCOCHEN 4° (bxc Fy
(@x b)* ¢ Moxno ofozuaunts Gomee mpocTeV cumponoM abE.

2. Bupaxcuse cCMIMENOTO OPONIBEICRRA 9ePel KOODARNATL BeK-

TOPOR. 1
Teopema 2. Ecau eexmopui a, b, © 3adanst caoumu XoopouKamamu
"‘{Xh Yb Zi}: b={X2’ Yls ZZ}! C={X3, YS; Z.‘l}s ;

mo cmeruannoe npousaedenue ab ¢ onpedessemca dopmyaoti

1
Y, Z zZ, X, X, Y, F
Y, zj"’y' z, XJ+Z' X, Yj‘ @

Tipuvep 1. Haiitu cmemaHHOe DPOHIBE/ICHHE BCKTODOB E={2§
-1, =1}, b={1;3; -1} me={1; 1;4}.
Pemenne. Ilo popmyne (2) Baxogum :

abe=Xx,
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—ae B -1 =11 13
abe=2(] 1| Tq 1|1 )r |

| 4 a1 =213—1 (=5)—1(=2)=33.

Hpumep 2. HaiiTh 06neM Tpeyroanaoi DRpaMEAN C BEPINMBEAMM
A(2,2,2),8(4,3,3),C&&:549Hu D5 5 6).
Pemenne, Obbem HEPAMEIE PaBeH [‘ o6remMa napanncnennne-

aa, nompoennoronanempaxdﬂ AC u AD; oTCION3 M U3 TEOpeME
1 3axnr03aess, ITO V paBeH 1/s abGcomoTHOl BEIHYMHL! CMCILIAHAOTrO

OpPOH3BEACEHS AB AC A4D. HaiiziemM XOOPAMHATH BEKTOPOB LB AC
8 AD, comnajaioume ¢ peSpadvm mapamums: AB={2; 1, 1}, AC={2;
3; 2}, AD={3; 3; 4}. Ilo dopmyne (2) HAXOAHM CMEIIAHHOE NPOH3-
BeIeHne pekTopos AB, AC H AD.

ABAC AD=2 3 i|+l |2 Zi+1 |§ ;1=2-6+1 (—2+1{-NH="7.

Orciopa v="/.
83. HaiiTa cMemanmoe npomssesenue pextopon a={1; —1; 1},

—g 1; Enc:—-{Z 3; 4},
TH obbeM T peyroneHO# mupaMuapt ¢ bepmunamu 4 (0; 0;
1),B(2;,3,5,C6,2,3)sD(3;,7;,2).

85, I'Iocrpom‘b mapamvuay ¢ pepmasame O (0; 0; 0), A4 (5; 2; 0),
B(2;5 0)n C(1; 2; 4) u perucanTs e¢ 06beM, miowaye rpasu ABC
B BLICOTY NMHPAMHAL, OOYMICHAYFO HA 3TY IPadb.

86. loCTpOHTS HapaineienHnca Ha BEKTODAX a=3+4j, b=
=--3j+k, ¢=2/+5k ® spraucauT ero obsem. Ilparoii uny newok
Gyler ceasks sextopos (a2, b, 07 _

87. IMoxasats, 410 BEXTOPH a= —T+374 2k, b=21—37—4k, c=
=-3i+ 127+ 6% xoMUIAHAPEL, M PANIOKATH PEKTOP ¢ 110 BEKTOPAM

aub.

88. Iloxarats, uTo Toukd 4 (2; —1; —2), B(1; 2; 1), C (2; 3; 0)
¥ D (5; 0; —6) nexat B oAHOM IIOCKOCTH.

89, IToxaszars, uro: 1) (a+b) [(@xc)xbl=—~abe, 2) (@a+2b-
-0 [(a—b) x(a—b-0o)}=3abZ.

99. ITocrponTh mupamuny ¢ Bepmmsamu A (2; 0; 0), B (0; 3; 0),
C (0; 0; 6)111)(2 3; 8), BLMHCHHTE e¢ 06heM H BRICOTY, ORYIHCHAYIO
narpmABC

91. IlocTpORTL BeKTOPK @=1+j+4k, b=1-2 u ¢=31—37+4k,
HOKA3aTh, YTO OHH KOMILTAHMADHLI, H Pa3NOKHTL BEKTOP C HO Bex-
Topam @ ¥ b.

92. Onpepenuts, kakoil ABAACTCH 'rpoiixn a, b c (npanoﬁ HIH
nemoif), ecms: 1) a=£k, b=1, t* ¢=j; 2) a=1, b=k, 2=}, 3) a=], b=,

5) a=i+}, b=1-], ¢=}, 6) a=i+],

e=k; 4 a=i+j, b=j, ¢
=T—J, c=k.
93, Benopu a, b, ¢, oﬁpaaymmllc Dpapyio Tpoiixy, BIAMMEO
DEPUCHANKYAAPHEL. 3881, 4710 |¢|= Ibl 2, le=3, PaMMCIUTS abe.
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94. Bexrop ¢ mepneHaNKYIApCH BEXTOPAM ¢ B b, yron MeXy
a g b panen 30°, 3nax, w10 |a}=6, |5 =3, |d|=3, prrmcmTs G5,
95, oxalats, 9TO |ab'|€|a| 5] lc}. B xaxom crysas 3zech MOXeT
HMETh MECTO 3HAK papeHcrea?l
96. VCTAROBHETSL, KOMIUTAHAPHE! JIW BEKTOPHE a, b, ¢, ecnm:
1) a—{2,3 —1} b= 1; =1;3), e={1,9;, —11};
2) a={3 -2; 1}, b= 2 I; 2} c={3 -1; 2}
3) a={2; —1; 2}, b={}; 2 -3}, ={3; - z
97. Homan,mmmA(l 2 - ),B(O, 1 5), C(-12; 1),
D (%,&l ];’,) JIEXAT B og;::i ILIOCKOCTH,
LHCIHTL O0BeM , BEPIINBM XOTOPOTO HAXOANT-
caBToukax 4 (2; —1;1), B(5; §; ’), cC@3:2 —1)3(4 1;3).
99. Maun eepimmnl TeTpasapa A (2; 3 1), B @ 1; -2), C(6;
3, N, D(—5; —4, 8). Halita ausgny ero BHCOTH, onymennoit H3
BepUIAEK D,
100. O6neM TeTpasapa Zpu €ro BépPIIHAK BAXOAATCA B TO9-
xax A(2; 1; -1), B3, D 1), —1; 3). Haiitm Xo0opOBHATHI
geTRepTOi BepnmmD €CXE H3PECTHO, ITO OHA JIEKHT HA oCH ().

§ 7. Ypasucmmu miocxorTn

1. Ofmee ypamuense nrockocTL IIyCTE 3aJaHK: DPAMOYTONBHAS
CHCTEM2 KOODARHAT (xyz; NPOHIRONLHAS ONOCKOCTh #; TOYKa
M, (x5 yo; 2o), Texamas Ba TAOCKOCTH m; Bextop N={4; B; C},
OEPUCHANKYNApHLI nnockocTE # (pac. 46).

PaccMoTpEM mpoH3BOIBHYI0 TOUKY M (X; y; z). Touxa M nexur
HA NIOCKOCTH & TOTJA H TONBKO TOTAA, KOrAa BEKTOp MoM u Np3a-
HMHO OepDeHABKYASPHE. Tak KAK XOOPAHHATH BekTopa MM pasHE
X—Xp, Y—Yo, Z~Zg, TO B CRIY YCIOBHS NEPOEHANKYIAPHOCTH ABYX
BEXTOPOB oM., § 4, dopmyna (2)] nonygaes, uro Touka M (x; y; z}
NEXHT HA IIIOCKOCTE X TOTHA B TOJNBKO TOIAA, KOIAA

A (x—x0)+8 (y—yo)+ C (z—2)=0. (1

Ypapserne (1) ecTh HCkOMOE ypaBHEHHE IFIOCKOCTH 7,

Packpripag B ypasncmm (1) crobxn lj
ofo3mawan wac0 — Axy— By;— Cz, Oyxm:
soii D, ponymm

Ax+By+Cz+D=0.

Vpasaense (2) HA3LIBACTCE obupim y
HUeM NAOCKOCIIK,

Bexrop N={4; B; C}, nepuerasxy.
HEDf HIOCKOCTH, HAMKBAETCK MOP.
SEXMOPoM ITOR MIOCKOCTH,

p 1. CocTapuTs ypaBHeHHe Ik
KOCTH, Ipoxozsuic wepes Touxy A, (1; )
1) neprermExyapEO BekTopy N={2; 2; 3}‘1




remenne. llo popMyne (1) aCXOMo¢ ypaBHCHHE TaKOBO:
2(x—D+2 @—D+3 (z- D=0 mm 2x+2y-+3z—7=0.
VYron ¢ mexay mwrockoersMa A;x+By+Ciz+D;=0 n Ax+
+ Byy+ Cyz+ D, =0 onpenensercs oo gopmyne
_ MR Ay + B B4+ C1Cy
TIRNA Jale B C Jait Bl C

Bropoii yroa pased 180°—¢.
Yenosse napannen,HoCTH IIOCKOCTelH

05 @

Vcnopue nepneBIUKYISPEOCTH DIOCKOCTEl
AlA: + Ble+ C]C1=0.

2. HopmamuBoe ypasuemse IIOCKOCTH. PaccTosmee oT TOUKM A0
raockocry. IIycrs 330N BPAMOYIOJbHAS CHCTCMA KOODOMEAT OX)yz
¥ Dpod3BONREAN TnockocTh x (puc. 47). Iipopemem wepes Hawano
KOOPAMHAT DPAMYIO, DEPIEHABKYIIIPHYIO ILNOCKOCTH X, M BA30BEM ee
nopmasvio, OGo3nauuM yepes P Touxy, B KOTOpoil EopMATL Depece-
KaeT muockocTh 7. _Ha HopMan® BBegeM HanpaBAeEHE OT TOYMKH
O x Touxe P. Ilyctb a, f, y — YIIBL XOTOPHE COCTABNSIOT HALPAB-
JIeBHAasd HOPMAJE C OCAMH KOOPOHHAT, p — AJNHEA OTpe3ka OP,

Brumeaem ypappeHwe AanHO# nmockocTH w. Jlxa storo mpeaem
€AHHWYHLIH BeKTOp R Ha HOopMAJH, Tax Kak # — eAMHWIHEIY BeK-
TOP, TO

n={cosa; cos f; cos y}. 3)
Ilyers M (x; y; z) — npoHE3BoNbHAN TouKa. OHA NEXEHT HA HIIOCKOCTH

R TOrfla B TONLEO TOTAQ, KOTAa Ipoexmus pexropa OM Ha HOpMATE
paBHa p, T. €,

np; OM =p. )

3amenasn, 9To np; OM=n'OM x 5.!7:{.\:; ¥, z}, mo dopmyne
(I) B3 § 4, ymrumag papescrso (3},
HMees
np; OM =7 OM=x cosa+

+ycosf+zcosy. )

H3 pasencra (4) ¥ (5) nonyvaem
xcosa+ycosB+zecosy—p=0; (6)
VpasEeHde (6) BAIEIBACTCH HOPMAABHDIM

ypasresues TUIOCKOCTH.
Ecnm Toyka M* uMeeT KOODIHHATH
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X7, ¥, 2%, 4 INOCKOCTh 3ANAHAE HOPMAJBHLIM YPABHCHHEM {), T
pacc'rome d o1 TO9KE M™ 10 II10CKOCTH ONPEAEHsieTCA IO @opmyne

d=|x*cosa+y* cos §+z* cosy—p|. ™

Ofmee ypapHeEWe mNockocTh (2) DpHBOAHTCS X HOPMANBHOMY
BHIY &)o ymoxem:eu HA HOPMEPYKIIHNE MEOXHTENb, OLpEAENA~
pMyO#

= i=.
# VA +B3 42
3max HOPMHPYIOIIEI0o MHOKETENS IPOTHEBONONOXECH 3HaKy caobox-
HOTO WwicHA D ypapBenns (2). Ecnu B ypangenuu (2) D=0, To 3max
nopmpyromero MBOXHTEIA BHOMPACTCA DPONIBOJILEO.
?ep 2. Japn mnocxocTs x+2y+2z—8=0 ® Toyxa M* (1,
1; 1). Haitru paccroseue d or Toaks M* a0 aauHol mNOCKOCTH,
Pemenme. Uto6w Bcmonszosars dopmyry (7), Hazo opexae
BCETO OPHBECTH JAKHOE ypapHEHME K HOpManbHOMY BHAY. [Lns 3TOro
BalifileM HOPMEPYIOMNE MBOKHTEIL:

1 1

ﬂ. ==,
V12422422 3

YMEOXAA AAHHOC YPABHEHHE HA 4, NOMYYaEM HCKOMOE BOPMAnbHOS
YPABHCHHE IIIOCKOCTH:

]x+2 +2z g 0
3 3y 37 3
HoacTasnas B JICBYIO YacTh 3TOFO YpaPEEHHY KOOPOMHATH! TOUKH
M*, mveem
2 2 8

1 3
d 3+3 3 3 3
101. CocTaBETh YpaBHCHHE IIOCKOCTH, KOTOPaA OPOXONMT 4
TouRy M, (2; 1; ~1) B HMeeT HOpMaILEL BexTop N={1; —2; 3}.
102. Cocrabets YPaBHEHHS IUICCKOCTH, KOTOPAR MPOXOAHAT T
HAYANIO XOOPAKHAT M RMeeT HOpManpnsii sextop N={5; 0; —3}.
103. Touxa P (2; —1; — 1) cay®HAT 0CHOBAHEEM nepneumynapa,i
OHYIUICHHOTO H3 HA%ANA KOOPIMHAT HA WIGCKOCTh. COCTABHTD ypan&
HEHHBE 3TOH IIIOCKOCTH. !
104. Mamwr touxu M, (3; —1; 2) u M; (4; —2; —1). Cocranm
YpaREeHEe IUIOCKOCTH, Hpoxonsied Yeped T0UKy M), nepnesnaxyns|
HO BekTOPY M, M, 3
105, Mamu toukH M, (0; —1; 3) m M, (1; 3; 5). Cocramu
YPAPHEHRAC LJIOCKOCTH, Opoxoasmeii yepes Touky M, DepneHguKy.
BO BexTOpY M\ M,.
106, ITocTponTs mnocxocTs 2x+ 3y + 6z—12=0 H gaiiTa yrau
HOPMAJILEOI'O BEXTOPA ¢ OCSAMH KOOPAHHAT.

168

=1,




1¥/, 110CTPORTDP IIOCKOCTD LX —ZV+z— 0=l H HAHTH yrim €¢

"OF168. Hammcars myga.m° cPne rnoCLoGCTR, WpORORSTIEH 0
Th IIOCKOCTH, OPOX0, sepes ock Ox
o Touy M, (0, ~2;

109, Hammcats ypamreme WIOCKOCTH, HApaNic/bAcE ocm Ox
# npoxoasmiel wepes Touxu M, (0; 1; 3) 1 M, (2; 4; 5).

119. Hanecars ypasHCHRE I1OCKOCTH, NpoXoAsmel gepes och Oy
H wepes Toixy M, (4; 0; 3).

111. Hanucars ypapBeHEc NAOCXOCTH, Oapajnnemuold oce Oz
H ppoxopamied wepea rouxa M), (2; 2;0) Mz 4; 0; 0),

112. Hapacats ypasaesMe O10CKOCTH, Hpoxoasmei sepe3 nasano
XOOPAWHAT ¥ Yepe3 e Toukm M, (4; —2; 1) x M; (2; 4; ~3).

llg I(r)laii’m YTOR MCKARY DNOCKOCTAME Xx—2y+2z—8=0 u x+
+z—-6=0.

114. Ycradopurs, KaKne H3 CICAYIOUINX Dap ypasuenuii onpege-
NS0T JAPANNELHEE HFOCKOCTE!

1} 2x—3y+4+52~-7=0, 2x—3y+5z+3=0;

2) 4x 42y —4z45=0, 2x+y+2uz~1=0;

3 x-324+2=0, 2x—6z—1=0.

115, VYcrasoBHTH, Xakye B CACAYIOIUX Oap ypapHenui ompeae-
JNNWOT NepHeHABRKYNSPHEEE [IOCKOCTH?

D 3x—y—22-5=0, x+9—3242=0;

2) 2x+3y—2z—-3=0, .x—y—z45=0;

3 2x-5y+z=0, x+2r-3=90.

116. HanncaTs ypaBHCHHES NNIOCKOCTH, HpoxoAsmell yepes Touky
M, (2; 2; —2) B napannenbRyo WIOCKOCTH X— 2y —32=0,

117, Hapxucats ypaBHeRHe¢ NNOCKOCTH, DPOXOANIUCH uepes TOYKY
M, (—1; —1; 2) n nepnesnuxynspro#f nnockocram x—2y+2—-4=0
B x+2y—22+4=0.

118. HagmcaTk ypaBHesNe RIOCKOCTH, NPOXOAAIMIEH 9epe3 TOYKR
M (-1, -2; 0) ¥ M, (1; 1; 2) » nDepmesuxynspHolf IIOCKOCTE
x+2y+2.z —4= =0,

119. Hanmcare ypasHeHHE IWIOCKOCTH, HPOXOAAmiel Yeped TOUKH
M (}; —1;2), Ma(2, 1;2)m My (1; 1; 4).

120. Haitty paccrosme Toukm (5; 1; —1) or nnocxocrs x—
—2y—2244=0.

121. Haiite paccrosane Touke (4; 3; () oT nnockocTH, DpoxoOAs-
meii sepes Touxn M, (1; 3; 0), M; (4; --l De M (3,0 1)

122. Hailita paccroadie Mexay HApaNielbhbAbiMH MNOCKOCTSMMN
4x43y—5z—8=0 wdx+3y—524+12=0,

123. Hanucats ypapHesine ILIOCKOCTE, DPOXOXUIIEH Hepe3 HA4an0
xooImnuar DAPAILICABHO WIOCKOCTH 35X~ 3y +27--3=0,

24, Hanucars ypasECcHME ILIOCKOCTH, Hpoxoasineii uepes Touxy
M, (3; —2; ~T7) napannensao mnockocTl 2x—3z+ 5=9.
Hanucats ypaBHeHHE IUIOCKOCTH, DpoXoadniel yepes HAYano
xogpma}*} DNEPOCHAEKYISAPEO ITOCKOCTAM 2x—y+3z—~1=0 & x4
+2p+2=0.
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120, FalEcaTs yPapECHHE IIOCKOCTH, TPOXONSIICH EPEI TOUKY
M, (2; —1; 1) nepncHABRKYAAPEO IWIOCKOCTAM 2X—2z+ 1m0 B y=0.

127. BuipecTH ypapHSHHE MHOKECTBA TOYCK, OTKJAOHEHHE XOTO-
PHIX OT INIOCKOCTA 4x —4y —2z-43=0 pasno 2.

128. HanpcaTs ypaBECEES niiockocrelf, napannensEnix muocko-
ml%—%l);;z—3=0 H OTCTOSUIHX OT Het HA PACCTONEMM d=35.

X HCATh YPABHCHES ILTOCKOCTH, NpoxofmmeH 9 TOuKY

M, (0; 2; 1) & mapannenssolf pexropam a={1; 1; 1} u 5=fﬂezll; —~1}.

§ 8. Ypasuenus npamoil

1. Kanouuveckue ypasnemnn npamoil. IIpamaa onpenemaercs co-
BMECTHEIM 3aJAHEEM YpPaBHEHHI ARYX MNOCKOCTel

A1x+B|y+C|z+D| =0,
A;x+Bzy+ CQZ+D;=0,

DepecexalomExcyd 0o IToE opaMoif, _

ITycrs nanm xaxag-gubyns opamas L n penyienoll pexTop a, ne-
aamuil Ha AaHHOY mpamoli BRI DapannenbEsE cif (pEc. 48). p
@ HAINBACTCA HaNpABARIOWUM sexmopom Ramaod npsmoil. Bripenem
ypaBHEHHA DpaMOH, npoxoaumel wepes paunyio Toaxy My (xo, yo; Zo}
H BMeromelt paHBLIl RANpaBAKIOMEE BexkTOp a={h m; n

Iycye M (x; y; ) — Opod3BONEHEAE TOYKA, NEXHT HA Nps-
Moil TorAn M TONBKO TOTHA, KOrAA KOODAHHATH BexTopa MoM=
={x—Xo, Y—Ye, 2—2,} NPONOPMAOHAILHE KOOPJAMHEATAM BEXTOPA &

X—X Y= I3
— - . l
I m n ( )

Vpangeans (1) v apaa10TCs HekoMbIME. OHE BASHBAIOTCH KaHORUYEC-
KuUMYU YPasHeRuAMy npaMoil,
IMpemep, Haittn xagonadeckye ypapHEHHY npIMoi
Ix+2y+4z—11=0,
2x4-y—3z-1=0.
Pemenne. ITonaras, nanpamep, xp,=1, B3 cucTeMu

2y0+420— =0,
0—3Z|]+ 1=8

noaydaeM Yo =2, Zp==1. Taxam ofpasoM, Touxa

# M, (1; 2; 1) npsmodt Badiacaa. Teneph onpenc-
JHv Hanpasngomuit Bexrop @. Tax xax nps-
Maf oOpedelicHa NepeceteHEeM ILIOCKOCTed, TO
OHA NepPHECHAHKYJISpHA EKAXAOMY HI HOPDMAJL-
My mnx extopos N, & N, IlosTtoMy B xavecrne
BEKTOpA & MOXKHO BagTh Juoloil »exTOp, mep-

Puc. 48 nenExyaspELit pextopam N, u N, HEanpumep
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HX P& Boe npomspeneare a=N| % N, Tax xax xoopnusaTH Pex-
Topos N, u N; msmecran: N,={3; 2; 4}, No={2; 1; -3}, 10 mo
dopmyne (1) 13 § 5 Badigem xoopamaaThl pexTopa a: a={—10; 17;
-1}, 1. ¢. I==10, m=17, n=—1. [loacTarnas Hafinenuue 3mave-
HHS X, Y5, 2o B /, m, n B paBericTea (1), momylaeM xaHOHHYMCCKMC
ypapBeHus sannoli opaMoi:

Kanomuvecxue yPabHEBHN OpAMOif, Tpoxoasiell Yepe3 ABe AAH-
HEIC TOUKE M, (X1; yi, 2;) B M; (X2} y2; 22), AMEIOT BMA

H _Fn oA
X=X N—hn I-n

2. IIapameTpadeckue ypasuesns npamoi. OGossawus GykBoil f xa-
XJ0C M3 PABHHX OTHOWICHME B XaHOHHYeckHX ypasueHusax (1), mo-

JyaHEM

OTKYAA
x==Xp+1t,
{y=yn+m:, 2)

PapedcTpa (2) BAIHBAOTCS NEPAMEMPUYECKUMU YPOEHENUAMY TDA-
Mmoit, npoxopaniel Touky M, (x; Yo, 20) B HMeIOmed BEanpap-
Jsmoui BexTop a={} m; n}. B ypapsenaxx (2) ¢ paccMATpHBACTCH
Kak IpOE3BOILEO MiMensromufics napamerp (—w <<+ ®); X, ¥,
z — xax QyHKIEM OT £,
3. Yroa Mexny upsMeMN, YTO1 MeXAY ABYMS NPAMLIMA, 3453H~
HMH HX KaHOHHYECKHMHE YPABHCHHAME
X _ymn _rn L XXy In
‘] m m fz m3 L] !

onpeneIAcTCE Ho Popmyae

_ hiy+mymy+mny
JE+mi+n? JOiemisnl
YCIOBHE HApaLTCIbHOCTH ABYX NPAMBIX:

cos ¢

YCIOBHS epNeHANKYIAPHOCTH ABYX DPAMBIX:
I]J;'l‘ mmtz+ =0,
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1M, 1]1pHBECTH K EAHOHHMECKOMY BHOY YPARHCHHN CIRCAYIOINHX
OpAMbIX!

) x—=2y+32—4=0, ) Sx+y+z=0,
3x+2y—5z—4=10; 2x+3y—2245=0;

3) x—=2y+3z+4+1=0, ) 2x—-y+3z2-1=0,
2x+y—4z—8=0; 5x+4y—2—-17=0.

131. Cocraparh XaHOHHYECKHE YPABHEHRS NpPEMOi, Npoxoasmei
qepes Touxy M, (2; 0; —3) mapannemsno: 1) extopy a={2; —3; 5};
x=1 y+2 z+l

2} npamoik S =5 - 3) ocr Ox; 4) ocu Oy; 5) ock Oz.
132. CocrapuTh K2HOHHYECKHE YpaBHeHMs IPAMOil, mpoxoasmeit
epes ape gasune Touxm: 1) (1; —2; 1), (3; 1; -1(); 2) (3, —1,0),

(1,0 —3g; @O -2,3),3;-21%49 ;2 —-4),(-1,2 -4
133. ABHTH TAPAMETPHYECKAE YPaBHEeHAS DpaMol, mpoxogs-

meil uepes Touxy M, (I; —1; -3) papamnemsso: 1) BexTOpY a=

={2;, -3; 4}; 2) opamoit JtT'-l=yl2=z—;1; 3) upamoi x=31—1,

4
y=-—=2+3, z=51+2
134, CocraBnTh NAPAMETPRYCCKHE YpaBHEHAA CACAYIOUIHX HpA-
MEIX!

) 2x+3y—z—4=0, 2) X4 2y—z-6=0,
Ix—5y+2z+1=0; 2x—y+z+1==0.

135, Ilocrpours DpaMele;
y=3, y=2, x=4, x=4,
H {z=2; 2 {z=x+1; 3 {z=y; 4 {y=3.

OnpefenATh HX HANPABIAIOIMBE PEXTOPHL.
136. Hoxa’ars mapannesbHoCcTh IPSMLIX:

x+2 y-—l_f x+y—z=0,
x—y—5z—8=0;
{x+3y+z+2=0,

2) x=2+5, y=—1+2, z=t~7 x—p—3z—2=0,

137. Hoxasath DEPHeHTEKYASPHOCTE OPAMBIX:
1) x_y-l_z {3x+y—-52+1=0,

1 -2 3 2x4-3y—8z+3=0;
{2x+y—4z+2=0,

2 x=tly=3t-2, =641 ¥ §, 5 ra-0,

138. HaiiTe yroa Mexay OpaMBIMH!
17



1) x—y+z—4=0, x+y+z—4=0,
2x+y—2245=0 2x4+3yw~z—6=0;

Ax—y—z+12=0, i {3x—2y+16=0,

) —z—=2=0 3x—z=0,

139. Haiits Haupapimomuid pexTop nmpsMol x+y—z=0, y=x
H HaliTy yriml OpAaMol ¢ OCAMM KDOpAMHAT (CM. yKazaHme K 3ajiave
B oTpetax 138),

140. Hailtn yron npamoii x=22-1, y=—2z+1 ¢ npaMoil,
xoAsOledl wepea HAYANO KOODAMEAT H Yeped Touky M, {1; —1; —1).

141. HanscaTts napameTpHvecKiie ypasacHAS upsamoil: 1) mpoxo-
pameil gepes Touky M, (—2; 1; —1) ¥ mapannencHo# pexTOpY O0=
={1; —2; 3}, 2) npoxoasuieii vepes Touxu M, (3; —1; 4) v M, (1;

142. ITokasate, ¥yTO npiMas §= =; nepHeHIUKYISpHA DpaMOi

x=z4+1, yml—2z
143. Hanncare ypaBHeHHA NPSMOH, mpoxoAsmel wYepe3s ToOuRy
M, (—4; 3; 0) ¥ napannensnol npamoii X—2y+z—4=0,
¢ 'Y pat P 2x+ y—z=0.
144. HamncaTr ypapHeHHS OCPOEHANKYNAPA, OOYINEHHOTO H3 TO4-
ka M, (2; —3; 4) ua ocs Oz.

145. Haiite paccrossue Touxd M, (2; —1; 3} or opamoil x__-;-lz

146, Hallte paccrosHme MEXRY DAPAULICTLHHMH DPAMEIME
x—2 y+1 z+3 x=1 y—1 z+l

2 2 1 2 2

147. Hanucats ypaBRCHEN NEpOCHAXKYIAPA, ONYMEHHOI'0 H3 TOY-
xd M, (2; —3; 4) Ha ocs Oy,

148, ITocTpouTs OpaMmyio x=3, =135 B HaliTA ee HanpasIsIOmMuH
BEKTOP.

149, HanucaTe ypaBHCHES NpPSMOH, NpOXoasllied wepe3 Touxy
My (—1; 2; —2) napannestHo npaMoi x—y=2, y=2z+1,

150. Ha¥itu paccrosuue ToIkH M, (3; 0; 4) oT npsmoii y=2x+1,
z=2x (cM. 3apauy 145).

§ 9. IlpavMan & WIOCKOCTE

Yron Mexay npsmoi %‘Eﬂ.-:ﬂn BIOCKoCThIO AX + By +
m

+Cy+ D=0 onpepensercs mo popmyne
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| i+ Bm=Cr | .
JA B P +n®
YCIIOBHE NAPASNCIHEOCTH HPAMOil M ILIOCKOCTH:
Al+ Bm+ Cn=0,

YCHIOBEC NEPUCHABKYISPHOCTH OPpSMOll M NNOCKOCTH:
A B C

I m n

sin p=

.

Touxa nepeceaeunn npavoli ¥ wiockocTd. Hanucas napamerpayec-
KAC YpapHcHMS OpsMoli x=Xp+t, y=yo+mi, z=2,-+ nt, DOACTARAM
B YPABHCHHA ILIOCKOCTH AXx+ By+4Cz+D=0 BMECTO X, ¥, 7 MX
supaxenus yepes £, [loncrapnss palineRpoe 3uaveHse { B yPABHEHNY
opaMoil, HaxOAEM HckoMyKX Touxy M (x; ¥ z) nepeceyenus npamoit
€ MIOCKOCTHIO,

Hpemep. Haiitn Touky mepeccdcnRs npsamod
INOCKOCTEIO 2X 4 3y +2 =0,

Pcmenne. 1lapamerpugeckne ypapHeaus mpamoll MMectoT Bug
x=2142, y=3¢+1, z=t+3. [Jaa onpeaencHus TOUKH TIEpPecedeHAs

OpsMoll M NNOCKOCTA DOICTABHM BHIPAMCHMS ANE X, ¥, Z H3 ypaBHe-
wuift npamoii B ypapsesse nnocrocty, [Tonywaem

2@t4+2)+3 G+ 1D +14+3=0,
OTKYma Haxoum /= —>/;, CICAOBATCIbHO, KOOPARHATAMH TOMXH
mepeceyenus Synyr x=4/;, y=-"2/, z="‘ll.s Urax, npamas # nmoc-

XOCTS nepecexarorea B Touke M (Y5 ~ 3% 1%/
151. Haiita yron Mexjy OpsSMbIM3E B IIOCKOCTAME:

1) {"=3x_ Lk dxaytz—d=0;

x-2 y-1 -1
_.-—.-=¥_.--=i..._ c
2 3 1

2z=—3x+2
2) ——.-,—w—:—- B x4y+22~4=0.

152. Aoxasats, yTo OpaMas x=3—2, y= —4¢+1, z=4¢—5 na-
wiockocTh 4x— 3y — 62— 5=10.
153. Haiite TOMKY mepeccucBHN IPAMOil H INOCKOCTH:

x-1 y+l_5 —1=0

2) x=2t—1, y=t+2, z=1—1, 3x—2y42—-3=0;
x y-1 z+41 _
3) 'i="“;-——£—', x+2y+3z—29—0.

x+1 y+1 z-13
154, loka3ars, 9T0 DpSMas — =Ty =, Dapamnensna mioc-
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x+1 Y+l Irs

XOCTH 2x+y—z==0, a npaman R riare JBEEHT B 3TOH II0CKO-
e Sx—3y+22—5=0
- y+ —J=,

155. Joxa’arh, YTO NpEMas {2x—y—z—l=0 IEXUT B ILIOG-

kocTH 4x—3y+7z—7=0.
156. Hanucats ypapHenHe DepleANHXYyNgpa, ODYIIEHHOTO H3 Ha-
9454 KOOPIEHAT HA OPAMYIO -x%z =Z—;—l =z_'l'2.

157. HauucaTs ypapHeHNC OEPHEHABKYAPA, OCNYIICEHOTO H3 TO9-
ki (2; 1; 0) ua mpamyro x=3z—1, y=2z,

158. HanucaTh ypasReHMe OOOCKOCTH, OIPOXOASIEH weped ToOUKy
(—1; 2; —3) ¥ nepricHaAXYNApBOH DpaMel x=2, y—z=1,

159. Hanscars ypaBEGHHC ONIOCKOCTH, mpoxommedt depes nps-

MYID i_;_g=y_-2_3=£§_] H TOUKY (3; 4; 0)'

169. Hanucath ypaREeHME DROCKOCTH, mDpoxoasmseil wepes mps-

~1 1 2
”_l_=%=%— 3 DEPOCHOUMKYNAPHOH  DIOCKOCTH 2x+ 3y —

—~z=4,
161. Hanmcath ypaBHeBEEC UIOCKOCTH, RpoXoasieii yepey napan-
x=3 y z2—1 x+1 y-1 2
NeNbHNE OPAMbBIE —— =~=—— H —— =— = —,
2 1 2 2 1 2

162. Hanmcarh ypapHEeHHE DUIOCKOCTH, OpOXOIAIUCi uepe3 TOUKY
(2, - 3; 4) napaienLEO BPIMBIM J-:=2’—:—l =23 H J'—‘i'—]=‘v;l-=f—+—s.
1 2 8 4 0 2

163. T HThb IWIOCKOCTR X+ ¥ — z =0 B BEpaMyI0, DPOXORAITYIO
uepes Touxd Af; (0; 0; 4) u M, (2; 2; 0). HaliTe TOuxy mepeceuenns
OpAMOiL ¢ IIOCKOCTRIO H YIOJ MCXAY BEMH.

164. IlocTpouTE NAIOCKOCTE P=2, OpMyKw Xx=—z+1, y=2
H HAHTH TOUKY HX IICPECCHCHER B YIOJ MeXIY HEMM.

§ 10. Ypassienin norepxuOCTN N /INHMM.
Yparsenns muumHApETeckodl DOBEPXHOCTE N
LOBEPXNOCTEH BTOPOro BOPAIKS

1. Vpasueans uosepxpoctu  nuunw, ITycTh 3anans IPAMOYTONE-
HAY CHCTeMA koopAauHAT OXyZ, DPOM3IBONGHAN HOBEPXHOCTL S (pPHC.

49) 1 ypapHenue
F(x; y; 2)=0. )

Onpeneneune. Ypasuenue (1) nazveaemcsa ypasnenuem nosepxuo-
cmu 8 & 3a0aHN0il cucmeme Koopounam, ecat emy y0o0sAemeopiom
xoopounamst moboil mouxu M (x; y; 2), rewcauyeli na S, u ne yoossem-
80DAIOM KOOpOURAMbE HUKAKOT mMovKu, He Aexcaweli wa smod nosepx-
HOCII.
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4 Iipavep, B OPEMOYIOiBHOE CHCTEME KO~
OPJAEEAT YPABHEHES
y (x— P+ (bl +(z—c)*~ R*=0
4 o
(x—a*+(y—bP+(z—c)*=R?
g y ~ OUPENCINET HOBEPXEOCTh, SRIAOMYIOCK
/ cepoil pagayca R c nesTpoM B Toake C (a;
a b; ¢). Ecnn nerTp chephl EAXOIATCE B HAVA-
Puc. 49 i€ XOOPAMEAT, TO €€ YPARHEHEHE HMECT BMLI

x24y*+z2=R2

JlHEMA B DPOCTPAHCTBE PACCMATPHBACTCH KAK NEPCCCUCHHE JBYX.
HOBEPXHOCTEN, T. €. KAK MHOKECTBO TOYCK, HAXOAAIMIMXCE OJHOBpE-
MEEHO HA ABYX OOBEPXHOCTAX, H COOTBETCTBCHHO ITOMY JIMHMY onpe-

nengeTcH 3aMaHEeM APYX ypannenui puaa (1)

F (x; y; 2)=0,
Fy(x; y; 2)=0,

eCIH AM YAOBIETROPAIOT KOOpAMHATH JoGol Toukm, nexamed Ha
JNHHHE, H Be YAORICTROPAIOT KOOPXHHATH HUKAKOR TOUKH, HE IeXa-
HQ JIBHUH,
165, Cocrapurs yparHeHMe chephl B KaxaoM K2 CIEAYIOIHX
B’

1) chepa umeer uearp C (0; 0; 0) u papgmyc R=9;

2 umeeT neEtp C (5; —3; 7) u paguyc R=2;
c (2) cq;epazl)lpoxonnr Yepe3 HAYAIO KOOPAHHAT H HMEET LEHTpP

; —&h
c (;) c B DpoOXONET vepe3 Touky A (2; —1; —3) m ameer uenTp

5) nenTpoM chephl MBISCTCA HAYANC KOODIHHAT, H LIIOCKOCTH
16x— 15y —12z + 75=0 apngercn xacarem.uoii x cihepe;

6) pa Hmeer uentp C(3; —5; —2), ¥ miockocTh 2x—p—
—3z+11 =0 gpasercs xacaTenbHOH K .

166. Cocrarute ypampcHpe chephl ca R=3, xacalomeiict
WocKoCcTH X+ 2y+ 22+ 3=0 B Touke M (1; 1; —3).

167. BrramcimTs ¢ R chepri, XoTopas kacaeTcd nuockocred
3x4+2y—6z—15=0, 3x+2y—-62z+4+55=0.

168. Chepa, 1nenrp xoTopoil nexmT Ha  OpaAMoi
A2x+4y—z—7=0,

+2y—2z+4=0. CocTapuTh ypapHeHMe T0l cdepul.

169. Cocraprir ypaeHeRMe chepH, xacalomeiics ABYX napan-
nerbERX nnockocrell 6x—3y—2z—35=10, 6x—3y—2z4+63=0, opr-
seM oHON 13 mEX B Touke M (5; —1; —1).

Kacaercd nnockocreit x+2y—2z-2=0, x+
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20, OnpentnsTs KOOpAMHATEL ncurga L H pagHyca N CpPephL,
3azautol ypapaesnem x> +yi+22—x+2y+1=0.

171, OopeacneEre X0OpAHHATL HeHTPa C B pagMyc R chephl,
3AZAHHOH OJEEM K3 CASOY:OIIMX YPAaBHCHHM:

D x=32+(F+2P+(E-5°=

2) (x+ 1) +{p—3)+z2=9,;

3) x24y2 422 —4x~2p+22—19=0;
4) x2+y2 422 -6z=0;

5) x2+4+y?+22420y=0.

2. Vpasseuus nammapudeckoli NOBEPXHOCTE ¥ mosepxuocTel BTO-

ﬁ:rv nopwaka. Ilycrs P mwiockocTH Oxy NEEMT HEKOTOpPAN AMHUS.
POBEAEM HEpe3 KAMAYIO TOYKY JIMEWH OpsMYI0, Dapa/UiefbHYIC OCH

Oz. MHOXecTBO 3THX IpAMREIX 06pa3iyeT HEXOTOPYIO NOBEPABOCTE S,
XOTOpas HASLIBASTCH yYUAMHOPUUECKOl. YXA3AHHEE NpAMBE HAILIBA-
10TCH 00pasyiowusy NOPEPXHOCTE S, A IMHNS — €€ Kanpasintoueil.

Ypaeuerne sEa2 F (x, y)=0 B 0poCTpaBCTRE OUPENENSET IHIKH I~
pHYECKYIO NOBEPXHOCTD § ¢ 00pasyrouiEmMy, NapaelbHhME 0CH O2.
ABanoruayHo, ypasaeuue F (x, z)=0 ompenenseT naBHAPHYECKYIO
OOBEPXHOCTh C 06PasyIOIAMA, HAPAIUICILERMB oCE Oy, | F (¥, ) —
DWIHHIDHYECKYI0 ROBEPXHOCTL ¢ o0pasylomuMHE, DApajUICAbHBIME
ocu Ox,

Kanomuueckse (WNu OmpocTefimine) ypapgeHHE HEUIHHIPHYECKHX
OOBEPXHOCTEH BTOPOro HOPHAAKA:

x: 2

;;+£;- I — snnpnTEYeCKHH IMABAZD;

£y

zbz

— ranepfongvecKuil UEAHBAD;

y2=2px — napaGonaveckiii nETEHAD.

VpaPECHHA BCeX TPEX NUJRHAPOR ¢ 00pasylomuasMe, napanicib-
HBEIMH 0cH ()2, He COAEPXAT KOOPABHATH Z H COBMIANIIOT C YPABHCHH-
AMH HAPABISIOMMX, ONPEACIAOMMX KPHBLE BTOPOTO HOPEAKA, CO-
megcrmo- asoc, ragepbony # mapaboiy, nexammX B IIOCK0~
cra Oxy.

3ameTEM, aTO HA IUIOCKOCTH Oxy ypapHenme F (x, y)=0 ompene-
JINET JMBMIO, HO 3TA Xe JIHHEA B MPOCTPAHCTBEHHOH CHCTEME KOOp-
ouuat Oxyz 3a5a¢TCA ABYMS YP2BHEHMIM:

F (x! ,V)=0,

z=90.
Hanpuuep& B ngocrpancmnuoﬁ CHCTEME KOOpHAMHAT (xyz ypanBe-
BEe x>+y4—R%>=0 onpeacnseT IIITHAAPHYECKYIO HOBEPXHOCTD
KpYropoll NEIHHAD, A HAOPABIKIONIAN 3ITOro NEIEHAPA (OXpyx-
HOCTB), Jexamad B IIOCKOCTH Oxy, ompenenseTcs ABRYMS ypapHe-
HHAMH!
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x*+y2=R*,
z=0),

Kpoae 3TEX Tpex IRIBEAPOR BTOPOTO NOPSAKE CYIIECTBYIOT eIlie
OIECTh HOPEPXBOCTEH BTOPOro HNOPANKA, KAHOHHUCCKHE YPAPHCHHSL
KOTOPHIX EMEIOT CHeTyIONmEd BAN:

x3 )" 21 .
;;+b_‘-:+?=l ~—— SIIALCOMA®;

xz yl z!

_;+;_;;=l — OJBONONCCTHRY runeplonona;
&

xz y2 zl

§+F~:’a= ~1 — asynonoctasil rumepGononra;

1 2
"_+y;=2z (>0, g>0) — snmunTHvecknll napaGonomy;
?

x! yl

=2z (p>0, ¢>0) — runepbonmyeckuil napabomoun;
P 9

xz yz zz
; + PrigpT =[) — KOHYC BTOPOTO DOpAAKA.

TaxaM ofipajom, CyIMeCTBYET AeBATH HOBEpXHEOCTEd BTOpOro mo-

172. Kakylo IOREpXHOCTS ONPEACHACT ypaBHerHe x2 =4y

173. Kaxyio noBepxHOCTL OUPEACHsCT YpaRHCHHE 22 =xz7

%74. Kaxyio 00BepXHOCTE ODpencnseT ypapuemde x24-2x+
+y*=0

175. Kaxne moBcpxEOCTH ODPEAC/IMIOTCE CEAYIOUTHMH Ypabie-

a
maami: 1) x24y%=4; 2) f—+‘v—6=l; 3) x2—y23=1; 4) y2=2x;

5) 2¥=y, 6) z+x2=0; 7) x*+y*=2y; 8) x2+y*=0;9) x2—22=;
10} y2=xp? ITocTpORTS 3TH NOREPXHOCTH.

176. YcTagoPRETE, 9TO ONOCKOCTh y—2={ Depecexaer Xomyc
x24y%—2z%=0 no runepSone.

177. o moimmnegeoexaercaxonycx’—y’+z’=0cmoc-
xocravm: 1) y=3; 2) z=); 3) x=0

178. YCTaHopuTH, 9TO IIOCKOCTE X — 2 =) HepecekaeT SIIHIICon
x*
ﬁ+1_2+:=1 110 3NAHICY, BANTH €ro HONYOCH H BEPIIMAEL

179. Ycranopnts, o ILIOCKOCTH z+1=0 pepecexaer oppomo-
noctap renepbonony Yl =1no rroepbone; HAKTA ee NOJY-

32 18 2
OCH H BEpIIIEHLI.

*B cayuat a=b=¢ JUNNCONA IBARELTCR cPepol.
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134, Y CTaBOBHETS, 4TO OIOCKOCTE Y-+ 0=0 mepecexacT reuepoo-
2 2

mraeckuil mapaSonony fg—‘%=6z o napaGoJe; HaliTd ee mapamMerp
H BEPINEEHY.

2 2 2
181, IlocTponTh DOBEPXHOCTH f9-—+1;—+:—5=1 Bm galite momans
ee ceveHnl wiocxkocTamy: 1) z=3; 2) y=1.

Tnana 11

ITOHATUE, IPEAEJ 1 HENPEPHBIBHOCTE ©VHKIIUHA
HECKOJIBKWX IIEPEMEHHBIX

§ 1. TouaTme yHKIRM HECKOTLKAX TepeMesuiIX
A OCHOBNLIE CBENCHNMN

Oupenexeume. Tyemv X, Y 4 Z — nexomopoie uucaossie Muoxce-
cmea. Dyricyueii 08yX nepeMeHtbx HaA3IBaemen Muoxcecmeo | ynopa-
Oovermsix mpoex uucea (x; y, z2)*, maxux, wmo x npunadsexwcum X,
¥ npunadsencum Y, z npunadsencum Z u Rawdan ynopadovernar napa
vuces (x; ¥) sxodum 8 00y 11 MOALKG OOHY MPOLIKY IMO20 MHOIICECTNEA,
a xaxweooe z exodum no xpaiineli mepe & oduy mpofixy. ITpu smom
2080pAm, YMo ynoproosenwoil nape wuces (X; y) nocmasaeno & coon-
sememane wucao z, u nuym z =f (x; y). Yucao z nassiscemen snavenu-
em Pywxyun [ ¢ mouxe (x; y). Hepemenunyio 1 nasvieaom 3aeucusotls
NEPEMEHHON, @ NEPEMERHBIE X U Y — HEICOUCUMBIMU NEDEMEHNLIMU
(eau apzymenmamy};, muwoncecmso {(x; y)} — obaacmeto onpedeserun
PYRRIuL, @ MHONCECMBO L — MHNONCECMEOM SHANEHUll PynxyL.

Tax xax kaxzoit ynopsmowenuodi mape umcen (x; y) opm dux-
CHPOBRHHOH DpPSMOYrOJLHOM CECTEME KOODABHAT COOTBETCTRYET
eEMHCTBEEHASR TOYKA M nNoOCcKocTH H, 0GpaTEO, kaxnoll Towe M co-
OTBETCTBYST SAHECTRCHEAR YOOPANOYeHMAS mApa 4BCcen (X; y), TO
QYHEIRIO ABYX NEPEMEBRBLIX MOXHO pacCCMATPHBATEL Kak QyEEOEIO
Touxu M | emecTo z=f (x; y) mucath z=f (M). O6nacThio onpenene-
HEY QYHKIEA B 3TOM CIyYae SBISETCd HEKOTOpoe MHOecTBO {M}
TO‘Ile_Il mxocm«.;u

pEMeph $hyHxnpil ABYX NEepeMEHHBIX,

1. z=x%+y%, O6nacte onpenenenns 3roll GyHKIHE — MHOXECT-

po {M} ncex nap wmcen (x; ), T. €. BCK WIOCKOCTh 00Xy, 8 MHOXECTBO

3gavenuil — opo x Z={0, + o).
2. z=1{/x*+4+y*—1. O6nacTeio onpeaencHE? NaBHON GyHEIMU
SBIMETCH  MHOXCCTBO BCEX TOYEK, IS KOTOPHIX BHpAXEHNe

1//x*4y*~1 onpeseneno, T. e. MEOKECTBO TOYEK, KOOPAHHATH

*Hamomenw, 9To Tpoiixa smcen x, J, 7 Ba3LPaeTCN ymopadouennoll, ecns
YEA3AHO, KAKOE H3 JTHX YECS CIMTASTCE DEPBhIM, KAKOE — BTOPDEM, EAKOE — Tpe-
TREM.
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¥ EOTOPRIX YAORJIETBOPAOT EHCPABCHCTHY
*24y%—1>0 pmm x*+yi>1, MHO-
AECTBO TOYCK, NeAAIHX BHE Kpyra pany-
yca R=1 ¢ meETpoM B Ha4aNe XOOPRHHEAT,
& MHOXCCTBO 3E29cHEH PyHxoaH mpencTa-
Biaget coboii mpomexyTox Z=(0, + c0).
THYHO MOXHO NATE ONpeILIICHHE
$yRKHEE Tpex mepeMeHHREIX k=S (x; ¥, z),
qeTkpex nepeMedHuIX u=£ (X, ¥; z. {) H BO-
obiie n nepeMenBRX w=f (x;; X3, ..., X
Puc. 50 OyHROHS ZBYX DEpeMEBARIX H3oOpaxa-
’ €TCA B DPOCTPAHCTBE B BHAE NOBEPXHOCTH,
KOTOpas onpelenseTca ypapaenneM z =/ (x; y), T. €. cama Gopmyna,
3ajaromas HYHKOHIO, H eCTh ypapHcEMe 31O momepxmocTd. Tax,
HanpuMep, YpaBH¢HRe Z—2x+5y+10=0 sBaserca ypaBHCHMEM
IJIOCKOCTH, [{aHHAE IUIOCKOCTh ecTh rpadmk GyBKITUM zZ=2x-—
-S5y-10.
ocTpoeHre rpaduxos dyuxnwil OBYX DepeMCHHRIX BO MHOFHX
CIy9asx DPENCTaBIRET IHAYHTENRHAKE TPyAHOCTH. Iloaromy cymie-
CIBYCT ellle OuH cnocol mioOpaxenns QYEKUMH IBYX NepeMEHHELX,
OCHOBAHHBIA HA CEYeHHH HOBCPXHOCTE Z=f (X, ¥) NUIOCKOCTIME Z=¢,
rae ¢ — JMoS0oe HCIIO, T. & INIOCKOCTAME, HAPAJLIETLHAIME ILTOCKO-
cra Oxy.
Ha3zopeM mmAMell yposHS QysKnEs z=/ (x; ) MHOXECTBO TOYEK
(x; y) miockocTH Oxy, B XOTOPHX (GYHKDHS OPHHEMAET OFHO H TO X€
sgadecHEe ¢. O9eBHIHO, OPH PASIMYHEIX ¢ DONYHYAITCH PA’THYHEIC
JHEHE YPORHN AN4 SAEEOM (QYHKHEH.
Tipemep. [MocrpouTs NHEEY ypoBHA dyHxmEM z=x2+y2.
Pemendue. Jlunun ypoBEN AaHHOM QYHKUAA ONpPEENTIOTCE ypa-
paemmeM x2+yl=¢ (0€c<+0). Jlepas ¢ pasnHyHEle 3HAYEHHS,
norydaeM ceMecTBo TEHAR ypOBEA, NPEeICTaBISIONAX cofoll xoH-
HeHTpHYecKEe oKpyRHOCTH. IIpd =20 OKpYXHOCTL BLIDOXKIAETCR B
Touxy (0; 0) (pmc. 50).
Kaxsae nopepXgOCTE F30GpARIIOT CASAYIIUME YPABHEHAN:

1. x+y+z—1=0. 2, 3x—4y+5z—-2=0.

3 2x+3y—42z-12=0. 4, 2x—z4+4=0.

5. x+y=0. 6. 3x+42=0.

7. 2243=0. 8. x+y+z=40.

9. 2x+7y—-62=0, 10. 2y+11z=0.

11, x+4y—2z—-20=0. 12, x24+y2=4,

13. x24yi=2x, 14. xy=4.

15, z=y2 16. y=22%

17. z3=xz. 18. z2=x2-4

19. y=x3. 20. x*+y*+2%+2x+6y+2z=0.
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38. z2—x%2=2"

Hajita obnacru oppenesenns Gyuxnmil, 3aNaHHLIX CIEJYIOIHME

topMynaMu;
1
x2gp?

4L, z=/x*—y%
43 z=\/J_c+y.

45, z=——

39, z=

4. 2= 1-52

49. z=In (x+y).
1

51. U=
J1-x2= 52422

1
40, z=——,

X4y

42, z==\/;y.

£

{
Jx‘+y’—a’.

&

=

48. z=arcsin 12
X

80. u=In (z*—x*-y?—

852, ym—et 2"

IfocTpouTh NHHYKE YPOBREA CHEAYIOMEX ymyimit:

53, z=xy.

85, z=x+y.

57. z-=f.
¥

54, z=x2y+y.

X’

562—-
I

58. z=x /y—1.

z=4/at—-x2—y2,

\/4—x’—y’-z;'

1).
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8 & llpenes m BenpepAIBNOCTE
ABYX mEpeMeNERIX

IT YHKOES z=
(M) 5 Toums BAue (M) ot Mk (AP 50 oGnanars wewt caopeToon,
uTo B moGoi J-oxpecTEOCTR? 370l TOUKE COAEPKUTCE XOTH 61 Onma
TOMKXA MHOXeCTPA {M}, oTmaunas ot M,.

Olgeuemlle 1. Yucso A nasvieaemca npedesom Pyrcpm z=
=f (M) & mouxe My, ecau das moboil cxodmyelicr x My nocaedosame-
aviocmu mouex My, M, ..., M, ... (M, # M, M,e{M}) coomsemcm-

8YI0MaR NocAedvsamesshociy anavewuii Pywyuu § (M), f(M2),
JF (ML), ... cxodumen x A,
O6oznauenne: lim f{(M)=A4 amu lm f{x; y)=4A.
M-+Mg ;:;g
Ounpenenemme 2. Pyuryur z=-f{M) nasvisaemcs wenpepuianoil &
mouxe Mo, ecau npeden @yniyuu & Imoii mouke cywecmeyen u pasen
snavenwro ynxyun & smoti mouxe, m. e.

uu'fr F(M)=f{M)) uau lim f(x; y)=f (x; yo).
Mo -
Ha éyExiMH BECKONBKHX HEpEMEHHEIX JIETKO NEPEHOCHATCS BCE

DONOXKCHHA TEOPHH Ipeienos (PYEKOHE ojHoil nepemennoii, B 9acT-
HOCTH CIPABE/{MBE TEOPEMEL

Jm [/ (M)+g ()= lim £ (Dt lim g (),

J () Hum e
fim [f (M)'g (M)]= lim /(M) lim g (M); lim [9D_2~M0
”_.Mos(ﬂ)

eCny uﬁ%g(m #0, 8 TAXME TCOpPEMA O HCOPEPRIBHOCTH CYMMEL,

OPOM3BEACHHR ¥ YACTHOTO HENPEPHBALIY. (hyHKIyEi,
TIipmvep 1. BorvBcnuTs lm} {(x2+y3).
§ o

yl
Pemenne. Oynknus £ (x; y)=x2+y? onpeaenena ua peeli nnoc-
xoctu, [loatomy Ana nioboli mocaegoparenbEOCTH ToYek {M,}, cxo-
namefics x Toaxe M, (1; 2), pmeeM

m (x3+y?)=lim x2+lim y2=124+2%2=5,
=+ N-»00 M-aily
Touxm, » xoTopeX (ymxnes se obnanaer croficrsoM Hempephin-

HOCTH, HASHBANOTCH TOYKAME pajpuiBa 3Tol dyHRuRA.
Ipumep 2. Moxazate, uyro QpyExmus

*§-oxpecTBOCTS TOTXH M, — 3TO BCe TOTMEH, JCXAMEE BEYTDHE KPYT3 C IRETPOM
M, pagayca 8.

182



S n=1,

B To9xe (1; 2) parprmHa.

x“+y* Booay, xpome x==1, y=2,
npu x=1, y=2

Pewcuune. Tax xax lmll S (x; ¥)=5 (cM. ppumep 1), a 3pavcHme

. x—2
Pynxuan S (1; 2)=90, 1o, cornacuo oupeacnermio 2, Touxa (1; 2)
SBIIECTCH TOMKOH pasprpa naunol dynxnuu.

BuMuCIATE TPEACILL

59. lim xZy.
12
y=1
1
. X*4+4
6. lim ——,
21 2[,-]
1

63 mﬁn(xy)
Tk xy
y40

. 2—Jxp+a
6s. lm 2yy+e
-0 e

67. lim (1 T i

) ot

. lim ot

a0 _-;-2 __‘.
MJx-l-y-l-l 1

1. lim 2
. x‘;o x’ .
r—

1

. w4
73, 131_13 (1+xy)

y—0

60. lim .
X2
ry—2
2_ 2
62. lim ——2
x-+2 x4 20— xy—2y
y=2
. sm
64. im 267
x—0 x
y=i
“o llm ‘——i'*—-

68.

70.

74, lim

3 et
»
—

-3

1
lim (1 +x2+y%"""
P
i 82

-1 xly
0

xly

a0 x349%
0

75. Hoxasath, wro dyuxnas f(x; y)=£—£——i. He HMCCT NpeRmiia

B Touxe (0; 0).

T6. Hmeer nx npenen B rouxe (0; 0) dynxnns f(x; y)=;£??

77. Tlokasats, yro dymams f(x; y)=

X3y

: 1) EMeer npenen,

byt
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PapHEll HY/IO NPH CTPEMIICHHH TOUKE M (X; y) K Touke U (U, U) no
nioBoli mpamoit, mpoxopsmedi uepes Touxy O (0; 0); 2) B TouKe
O (0; 0) openena se mMeeT.

78. Hatirn lim 20

ﬁ y+x

O (0; 0) o mapabone y=x2,

9. Wcnomays OIpefie/ICHEE mggmnocm, moEasaTe, Yro dym-
xous f (x; ¥)=xy BeOpepRBHA B JIO TOUKE [UIOCKOCTH,

HaiiTa ToOuRH pa3puipa creayiomEx hynsnai:

npH crpeviIeHRE To9xH M (x; ¥) X TOuKe

80, z—%yLs,. 81. z=£~.
x+y y—x
82. =", 83. z=ln 4—x2—y?).
%y
84. z=sin =, 85. z=— 7,
¥ xy
X—y x—y
86. Z=y=_x. 87- z=x3_y’.
z i
B8, z=x=+yz. 89. z=sin L
Xty x+y
90. z=cos ————, o1, z=>,
xi4yr—4 1]
4 1
— 3y,
52. cog? x—cos?y 9. u VE~x-2y? 4
1
9. “=m. 95, u=tg (xz+yz+z").
i
Ty gl
I'nasa 12
YACTHLIE ITPON3IBOAHLIE
¥ JHSOEPEHUHPYEMOCTD ®YHKIIAA
HECKOJBKHX IITEPEMEHHbBIX

§ 1. Hacrume DpodnoaHne

Iycre dyrxnas z=f (M) onpencnena B uexorroﬁﬁ OKPECTHOCTH
TourE M (x; ). llpaganuM nepemesnol x p rouxe M npomasoipHOE
DpMpamense Ax, OCTAB/IEE IBAICHHE NEPEMCHHON y HEHM3MCHHBIM.
Toraa coOTBETCTRYIONCE TpRpaUICHAE hYHKIHR
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apz=) (x+4x, y)=jix, y)

BABWBACTCH yAcmunM npupawenues GyHKIMH OO IEPEMCHHON X B
Touke M (x; y).
ABanOraMEO ONpeACNACTCA WaCTHOC Nphpamenge (QyHKOHH OO
nepeMennoli y:
Ayz=f(x, y+Ay)~f (%, »)-

. Az f. Az
Onpeaeacune. Ecau cyujecmayem npedes L:Elu e (!‘Elin Ay)' mo
0K HassiggemcR uacmnoii npouseoonoil dynxyuu z=f (M) ¢ mouxe
M no nepemennoti x (no nepemennotli y) u obosnauaemcs ooHum 43
CACOVIOGUX CUMBOA08.

,of & Lo &
zxfn j;; a_x' a (z;;f; I 5;; _)-

H3 ompeaesncHux cleayeT, 9To YacTHAS DPOHM3BOABAS g
Mayx NepeMeHHEIX no nepemenHoll x npeacrasnser cobodt obmik-
HOBEHHYIO OPOH3BOAHYIO (YHXIEM opBO#l Depemenhofi x npm ¢unx-
CHpOBaHHEOM 3HavcHME nepemcHnoil y. Tlosromy yacTHLIE DpOR3BOR-
HBle BHMHCASIOT 00 GopMynaM H NpasHaaM BRMHCICHHE DPOASBOA-
HeX (yExOud OAHOH NepeMeHHOMN.

—2xy? +yg-
&

Pemense. Yacraylo npoussongyio 7, HAXOMIM Kak OpOH3BOA-
X

Hyi0 ynxian z=f(x; y) DO apryMeETy X B OPCANOJOXKEHHEM, %TO
y=const. ITosromy

=20 4y = 2= 1y +0=2 (x— ),

HaliTe vacTHME IpOM3BOAMME QYHKIME Zz=x%—

Aranorguuo,
)
-é=(x3—2xy2+y’),’=0—~4xy+3y’=y (3y—4x).

Haiite yacTELe IpoH3IBOAHBE OT dyHKImHI:

1. z=x*+3x%y—y>. 2. z=£.
3 z=2, 4, z=arcig 4
x—y x
5, z=sin (x+y). 6. z=x2y.
7. e=xiyd+x3y. 8. 2=
X~y
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9, z=—. 10. z=x*siny.

x+y
11, z=e”. 12, z-xye””
13. = 14, z=In (x+Iny).
15, z=xy/y+—2= 16, z=xe "
’\/x
oz

17, z=In (\/;+\/;); AOXA%ATH, ITO X :€+y 5”i‘

=/x sin 2 LI
18, —J;: sin J AOKA3aTh, YTO X ax+ ¥y PR

w2 fau\?2 [ou\?

19. u=\/xz+yz+zz; JAOKA3ATh, YTO (5) +(5) +(§) =1.

20. ITokasaTh, 4TO K3 CYIISCTBOBAHAA YACTHLIX ODPOB3BOAHMX NO
BCEM NCPEMEHHRIM HE CICAYeT HCIPCPHBHOCTE QYHKUHH B TOUKE.
BripecTd 3T0 B3 paccMOTPeHEH GYEXUME

..~ J0 Ha ocEx xoopamear,
S &) -{l B OCT&IbHBIX TOYKAX MIOCKOCTH
B Toaxe (0; 0}
21. Iloxa’ath, 4TO0 H3 HempepuiBHOCTA GyBxoun f(x; y)-—

=4/x34y? » Touxe (0; 0) He ciaenyer cymecreoBauue uac'mwﬂ
OpoH3BOAHNX GYEXIMM B 3TOH TOUKE,

§ 2. IIpomamosasie coRuEIX Pysocamil |
EGJ]I - ) » ] —_ 'y
o e 2 =£(x; y) ), x= ‘xégnﬂmz(t) 10 2=f[x (£); y(f)]murru1
dz 0z dx Bzdy

Q
at ax dt dy dat’ 1

j

l

Ecnm z=f(x; y), rae x=x (15 V), y=y (15, v), T0

@

v oxdv dyov

ITpavep 1. HaliTe npoassonayio %t, ecil z=f (x; ¥), x=134

y=3t4—1.
Pemenne. Hcoonpays popmyny (1), BEMeem
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4z 3
W xSI +ay 12¢°,

Hpumep 2. Haiita nponsaonmcgn :;—’z,eum z2=xy?, x=u+tv,
v
Pemenne. Ilo dopmynam (2) monydaem

oz 52, Aoz, 2. 2 . _¥

= 2xp-14+2x%y 3o 2xy% 14+2x%y ( v‘)'

22, Haiita no dpopmyne (1) g—: H3 ypasHeER:

1) z=x2+xy+y?, x=13 y=12) z=/x3+ 2, x=sint, p=cos ¢

poBepurs DpensaprTEILHOM HOACTAROBKOM 3Havenuii x B y B BLIpa-
WeHBe A8 ¢yumn z,

2. 7=, x=e y=1-¢" Baii'm—
24, z=x2y .x=1,y=t 2. gafiTn g—:.
28, z=xsin f x=1431, y=/T+7% maiiru gf.
26. z=x¢, rae y — OyHxuus x; BaiTH ;—:

27. z=¢"In (x+y), x=242, y=1-2¢%; gaiite %-:

. dz
28. z=x?+xp?, x=¢", y=sint; maiiTu o~

1 dz
29. z=arctgﬁ— y=e**"; nairu .
y dx
30, z=> , Xx=u~2v, y=v+2u, nnima uat
y y= ] v
iz &
3. z=x%p2, x=u+v, y="; HaiiTa — u —.
y +v,y y o
) a & [:)
32:=f(x'y)l!upasm—zn-fuepea-fn—z,ecnn:
ay du v

1) u=mx-+ny, v=px-+qy, 2) u=xy, v=£.
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33. z=f(x; ), x=pcos @, y=psin 9. Bupasuts — K — 4epea —
op do ax

ar
4 3; # NOXa’aTh, ITO

G)Cay -G +G)

§ 3. Jdnpdpepeanuan Pyucmen.
Iipomisonnan no Navpasnecamo, 'pagwent

1. Ondpdepemnman ¢ymmun. Ilycrs dysxuns r=/ (M) audpepen-
LEpyeMa B TOUKE M, T. €. e¢ OOMHOE HPHPAMICHUE B YTOH TOUKE
MOXHEO OPeACTABRMTL B BHAS

Az=f/ (%, y) Ax+f; (x; ) Ay+a (Ax, Ay} Ax+ 8 (Ax, Ay) Ay, (1)
rae « (Ax, Ay) m B (Ax, Ay) — Gecxodeduo manwe Qpyukome npm

-0, Ay—

0 1. Jupdepenyuasom dz oudepenyupyemoii ¢ mov-
xe M gynxyuu 1= (M) nasvisaemcn Auneiiar omHOCUMEABHO npupa-
wenuil Ax u Ay wacms nosnozo npupauenus smodt Pynxyuu ¢ movxe

M,m e
dz=f) (x; y) Ax+f; (x; y) Ay.

HuaddepennuaiaMi He3ABACHMEX NEPEMECHHKX, X M y HA0OBEM
npupamenss ITEX nepeMegabix: dx=Ax, dy=Ay. Toraa muddepen-
oHA' GYHXNEH MOXHO 3AUMCATH B PHAC

dz=f (%, y) dx+f (x; y) dy.

H3 (1) cneayer, aro
Azzdz,
T. €. OpE AOCTATOYHO MANLIX Ax H Ay noymoe npupaineHnRe HyRruMy
npalaHKeHIc PABHO t8 MM

k dbdepeanaany.
Hpumep 1. Haiitu nuddepesunan pynkuun z=xy°
Pemeunne. Haxonus YacTHRE DPOH3BOAHRIE:
I G Y=lxyNd=y2 £ (% »)=(xp?)y =2xy,
a 3aTem arddepenuman:
dz=p2dx+2xpdy.

2. Tpoussomuan wo sampasseswo. Ilycte z=f (M) — dyrxmms,
onpenenenanss B wexkotopol oxpectsocTd Touky M (x; y); [={cosa;
cos f} — epupMuubd pexTOp; L — HANpABIEHHAN DPAMAN, IPOXOAR~
mas 4epes Touky M, M, (x+Ax; y+Ay) — Touxa Ha npamoit L (puc,
51y Al  semmumma orpesxa MM, Az=f(x+4x., y+Ay)-f(x,
¥) ~ npupamesue Gyuxuus f (M) a Touwe M (x; y).
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Unpeseaeune 4. lipedes omno-
wenA g npu Al—0 (M,— M), ecau on

Cywecmayem, HIILIANEMCR NPOUISO0-
no@t dyneyuu 2=f (M) ¢ mowxe M (x;
Y) no nanpaeaewuo sexmopa [ u obosna-

dz Az 3z
yaemex —, m. ¢, lim —=—,
ar A0 A A

Ecns ¢ymxnus £ (M) mapdepennn-
pyema B Touke M (x; ¥), TO B TOuKe Puc. 31
M (x; y) cymecTBYeT HPOBIBOJHAS 1O '
arofioMy mampasnennio /, Mcxonsmemy ®a M: BEMBCISETcE OHA N0
cneaywmei bopmyne:

b 2 cosa+i€ cos f, (2
Iy

£]Ie CO8 & H COS § — HANPABIAIONINE KOCHEYCH BEKTOPA .

Ilpamep 2. Brramcnwys npoussopryle $ymxumu z=xi+pix »
Touke M (l; 2} no manpapnepdio BekTopa MM, rae M, — Touxa
¢ xooppuHaTamu (3; 0).

Pemenne, HaiijeM eqauunstii Bexrop J, EMerommii [agBoe Ha-
IpaBlICHAE!

- MM], 2-47 1 1 -
MM[ 2 -2 2!—-2}, MM] = f-_ = =—_? =1
{3 ~2}=2i-2} IMMi|=2/2; A AR

OTKYHA COS = lA/f, cosfi=—1] /J- 2. Brmucnsm qacmuc POH3BOJ-
Bee GyRxmau B Touke M (I; 2): £ (x; »)= 2x+y 5 (5 y)=2xy,
otxyaa f,’ (1; 2)=6, £, (1; 2)=4. II o bopmyne (2) monyamn

P’ 4
Pl v

3. I'panmeny. Onpenenceme 3. Ipaduewmom pynxyun z=f (M)
8 mouxe M (x; y) HA3bI8AEMCR 8eKMOP, KOODOUHAMB KOMOPO20 PASKYI

o oz

COOMEBEMEMBYIOUIUM HACHTHBIM RPOIBGOC)HHM a— H— 7  S3RMMIM 8 MOuKe
N OX y

M (x; y).

Obosnasenue: grad zz{a—z E}. 3)
' dy

M(lélpuule)p 3. Hafita rpamuent Gybxmue z=x2+2y2-5 B Touke

az oz
Pemenne. Haxoaum YacTHRE OPOH3BOAHEIS: o =2x; P =4y 4 Bx
X I 4

3Hauenns B Touxe M (2; — 1) £/ (2 ~1)=2'2=4; £/ (2; —1)=-4,
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110 gopMyne (3) gonydEm
gradz={4; —4}.

AsanorgvE0 ompemensiorcd Agdubepernuan QyHKIME H DpoE3-
BOAHAS D0 HAGPABICHEIO ANS DYEKIAN TpeX NEPEMCBHBIX L=
=f(x, y, z), puBoARTCS opMymH

Su Bu du du  du o du
du=;t dx+5; dy+a dz u -5=E Cosa'l"é; mﬂ‘*'a_z cos ¥,

BBOAHTCA DNOHATHEC rPaHCHTR

Haitte audrbepesnpuanss caenyonmx byxmmi
34, z=xy. 35, z=4/x2—y2
36. z=sin xy>. 37, z=tg-.
y
38. z=In (x+5y2). a9, z=y‘
40, z=arctg :-;= 41. z=xycosxy.
X
42, z=—2—, 43, z=lntg =7,
xt+y? x—y
44, z=arccos 2 45, z=¢= ¢
2x+y

46, Hailitn npod3IsoOEyi0 G0 HAOPABICHNIO Gmn;pncu oeppo-
ro KoOpOHHATEOrO yraa B Touke M (1; 1) byuxiuu z=x"p— 5xp< 4 8,

47. Ha#Te npomipoRMyIo N0 EampasieEmio Gymxuue z=In (¢*+
+¢”). PaccMOTpeTh HanpanicHEe, MapanineLaoe. GHCCCKTPHECE IIEPBO-
ro XOOpJAMBATHOTO YIJA.

aliTH TPOEIBOAHYIO NO HADPABNEHMIO (yHKIME Z=X2+y?

B Toxxe M (1; 1). PaccMoTpets ciy4an, korka BADPABJIEHHE COCTAB-
nget ¢ ockie Ox yrom: 1) *f5; 2) ®/g; 3) /1.

49. Haiiru npomssoaByio ¢yexnum u=x?—2xz4y? B TOUKE
M (l; 2; —1) oo HanpapjaeEuio pextopa MM, rae M, — Touxa ¢
xoopamHaTamA (2; 4; —3). .

50. Haiite gpomssoguyo pyRxoEu u="%+'l;———zz B Touke M (2;
3; 1). PaccmoTperr ciayyad, XOrja HanpanneHue coBmajmaer: 1) ¢
HAOPABACHEEM pauyca-BeXTopa STofi ToukH, 2) c HAmpaBNCHHEM

BeKTOpa 2=41—3].
Haiity grad z:
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5], z=4—x"—y* TOURE M (]l; 2).

x¥ .
5. z=m B Touxe M (0; 3).
§3. z=(x—y)? B Touke M (1; 1).

Iz
54, z=¢"*"" 5 TouKe M (L; 1).
Haiimu grad u = |grad ul:
55 u=x*4y2—z:prome M (1; —1;2).
56, u=4—xt—y24 2% 5 Touke M (3; 2; 1).

57, u=y/x%+y%+2z% B TOURe M (~1; 2; 0).

58. u=xyz B Touxe M (3; —1; 2).

§ 4. Yacranie mpox3RORHRIE
u AN PRICHIAX DOPRIKOD

1. Yacranie opowasonuiie BRicInEX opnxon. IIycts dyakuEs z=
=f (M) uMeer wacTakle pouaBomHKE £’ (x; ¥) u £, (x; )) (onm HA3R-
BAIOTCA ACTHHIMY OPOH3IBORHEIMY Nepdo20 nopAcKa) B Kaxnol Touxe
HeKoTOpofi oxpecTHoCTH ToukE M. Ecnu £ (x; y) 8 f; (x; ) ymeroT
P TOuKe M WacTHRE HPOMIBOAHLIE IO DEPEMEHHLIM X M ), TO OHH
HAJEBAIOTCA MACTHHIMHE OPOUIBORMBIMH 8MIOP020 NOPAOKA OT (GyHk-
usd f (M) B roit Touke B 0603HAYAFOTCH CHEAYICILIHME CHMBOJIAMHE:

$=ffu (6 =12 (5 ) a%sz;" 05 =13 (5 9

Pz o B _ i
a—y;=f s =R 9 o ay—f » & N=18 (% y).

_ UacTHBle EpOM3BOJHEIE BTOPOro nopamka Bama f,, (x ),

[ o (X; ¥) BASHBAKOTCA CMEMQHHNMY SACTHRIME HPOHIBOREEIMH.

YacTHRie NPOM3BOAHLIE TPETHETO OOPAAKE OOPECACHAOTCA XaK
YaCTHHI® OPOH3BOAHAE OT YACTHHX HPOMIBOAHEIX BTOPOro DOPAIOKA
ET. A

l'lpmg 1. HaiiTe 9aCTHBIE NPOR3BOAELC BTOPOro nopaaxa ¢bys-
Kl z=x*+4x2y* +Txp+1.

Pemenue. CHanana HAXOXHM YACTHHE NPOHE3IBOAHLIE HEPBOTO
OOpARKA:

-af=4x’+8xy3+7y; % 12x%y2 4 7x.
dx ay
3aTem HaxONMM HACTHSIE IPOH3BOAHEIE BTOPOro MOPAIKA:

2 2 aﬂ
T axr gy, 2o oaxyr T, j—:=24x3y.
¥y

ax? dxdy dydx
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& ANPPepeHituanhl BRINNX DOPEIKOR POQEPCHIBAI] (7 HA3L-
paeTcs AEhEPERNBANOM Nepeo2o uopnﬂm Iludxbepeuunan ot aud-

¢epermmana dz Ba3EmaETC KM M EmMOpozo noprixa Gya-
xmEn z=j (M) B BRMHCIZETCH IO e .
d?z=f, @x)P*+2f, dx dy+f,, (dy). ey

a
CHMBOJIENMECKH 3TO PABEHCTBO MOXKHO 3aLHCATE Tax: d‘z=(5; dx+

& 2
+5 dy) J(x; y). Amanoruyue,

d’z=(% ar+? dy)’f(x; P=f o @2+, @07 dy+

+3f e dx (dy)2 +1 5 @dp)?
BT A
Ypemep 2. Haiitu d2 7 aus Gysxoum z=arctg i
Pemerne. HemocpeacTeespeiM  AudipepeHnEpopaHneM  HAX0-
JuM:
Xyt
pyee R Txtey o= P+ ~f o

L w -
S o= ““(x,—ﬂ,);s Sy=
Orcroza no popmyne (1) noxydacnm
42 g 2 @42 (52— y) dx dy+ 20y (dyl’ !
% +y%)? '

HailiTu yacTERIC OPOUIBOIELIE BTOPOro NOPSIKa:

fi=

x’+y
Zxy
&2+

2
89, z= . 60. z=3gin x cosy.
1-2yp

6l. z=x+y+->. 62. z=x

x=y

63. z=arctg T’ 64. z=In (x+¢”).

65. z=x" 66. z=¢" (cosy+xsin y).

Pz Pz ;
—_— : ]
IlpoBepaTs, uro Prs ayax s yHxme ]

xz

670 Zom—, 68- Z=I.n (x'-'zy)-

2
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69. z=l—£. 70. zw=x? sin /).
-y
M. z=y" 72. z=arctg”.
Xx
. Pz Mz
73. z=e¢ cosy. IToxasars, 910 Q-%ayz—o.
xy Pz &z ##:r 2
» E =T, e 2 —_—L =T
4. z — Iloxasars, 910 ax,+ axay+ P
HafiTy 9acTHLIE TPOHIBOANKLIE TPETHETO NOPIAKA!
75. z=x*+5y+3x—p. 76. z=sin (3x—2y}.
7. =2, 78. z=x%%,
y

79. z=xe +ye'. HaiiTH BCe DPOHIPOAELIC TPETHErO LOPAAKA.
80. u=xz+¢" +y. Iloxasats, uro
P u N u a*u 2 u

b Bx’3y=ax3y8x; 2 Bx‘ﬂyaz=ﬂx&zayax.
Haita 4% z:

8l. z=c"7" 82, z=sin (x2+p?).
83. z=y]nx_ 8. z=xIn f.

85. z=/x*+ 2 86. z=x+xy.

87. z=¢"*" 88. z=xsin?y.
Haia d3z:

89. z=ylnx. 90, z=x+y+xp.

91, z=y&’™" 92. z=sinxcosy.

93. Haiita d*z ana GyExmam z=3x2y 4 2xp2—Sx+y*.

§ 5. Kacateinas WioCKkoCT: N HOPMA/.
K DOBREPXNOCTE

VpapsenBe xacaTenLHEOR IIOCKOCTR K NOBEPXHOCTH F (x; y; 2)=0
B TOuXe My (X0} ¥o; Zo) HMECT BHI,
F (x—x+F, (y—yd+F' (z2—2}=0. 0
Vpasaeuue BOPMATH X NOBEPXAOCTE F (X, y, 2)=0 8 Touxe M, (x;
Yor Zo) EMEET RKI
X=X _y—®_I~%
FFF K
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ECNH DOBCPXHOCTS 3a0aHA YPABECHAEM 2=/ (X, }), TO ero MOXKHO
nepenmcarh » BaEae f(x; y)—z=0, rorpa mmeem F (x, y, 2)=f(x;
Y)—z, orciong nounysaem F/=f,, F,'=f/ u F/=—1, Vpasuenue (1)
B 3TOM CIy4a¢ NPHHUMEET BHJ|

fi G—x)+fy O~w)~(z-z)=0, )
a ypapHeH#e HOpmana Gyner HMETL BHQ
XX Y=w _I-% 3
A5 -1

Tpemep. HapmcaTh ypapECHEA KacaTenbHoH IIOCKOCTH B HOp-

Mm(l ‘l nzt;ncpxnocm napaononaa BpameHus z=x2+p2 p rouKke
]

Pemenue. Tax xaK TOREPXHOCTE 3AAAHA YpaBHenneM z=f (x; y),
TO ANA YPABHCHHA KacaTenbHOH moneiyemca dopmynoli (2): f.' =
5=2n 1 1)=2, £/ (1; 1)=2, Toraa nonysaem

2(x-1)+2(@—1)—(z—2)=0 wm 2x+2y—2z+2=0.

Ypasuense HopMayn no gopmyse (3) namenm b BEAC

HanRCATH YpABHCHNA KACSTE/IbHOH MIOCKOCTH U HOPMANH K Che-
AYIOIEM HOBEPXHOCTAM:

94, z=1/9—x*—y? B TOUKe M, (1; 2; 2).
2 v |

95, z=% +y; B Touke M, (2; 3; 2).

96. z=xy » TOouXE M) (3; 4; 12).

97, z=x2—y2 n Touxe M, (5; 4; 9).

98. z=sin = B TOUKEe M, (x; 1; 0.
y

99, x24y2+22=26 b Touke M, (3; 4; 1).

100, x2+y2—~z2=1 B ToURe M, (1; 2; 2).

101, x2~y%—z3=1 n TouKe M, (3; 2; 2).

102, (z2—x?) xyz—y>=5B Touxe M, (1; 1; 2).
103. €' —z+4xy=3 B Touxe M, (2; 1; 0).

104. K nosepxaocta 3x*+2y?+z2=21 npoBecTd KacaTenbHKe
INOCKOCTH, DapanieibHEe n.nocxom 6x—4y—z=(),

105. K nopepxmocTR xy+z2+xz=1 npopecru KacaTeNbHyIo,
ONOCKOCTH, DAPAIeNbEYIO IIOCKOCTH X 422 —p=0,

1

'1.
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106. K cepe x?4y“+z°=4X OpoBECTH XACATCILHYIO ILIOC-
KOCTbH, NCPHCHARAKYIPHYI0 IUIOCKOCTAM X—y—2=2 H x—y—§z=2.

107 JoKa3aTh, 4TO KACATEILHEIE LWIOCKOCTH XK NOBEPXHOCTH
xyz=a3 (a>>0) o6pa3yioT ¢ MNOCKOCTAME KOOPAMEAT TETPA3Ap HO-
CTOSHHOIO O0BEMA,

108. Hoxa3aTh, 9IO KACATENBEBIC ILIOCKOCTH K IOBEPXHOCTH

ﬁ+\/§+‘/§=\/¢_¢ (a>0) oTceXarT Ha OCSX KOOPHHEAT OTDPEIXH,
CYMM2 KOTOPHIX IIOCTOSHHA,

§ 6. IxcrpeMyMbl GyRIINH BYX DepeMCHELIX

HeofSxonsmpe yonosag axcrpemyma bysaxmus f(x; ») B Touxe
M, (x); ¥s) POIMOXHOIO 3XCTPEMYMA 3AKIIOYAIOTCK B BRIIOIHCHMH
B 3TO# TO9XE pABEHCTD j}, (xo; Yo) =1, (xo. ¥o)=0. Ilpua 3TOM PyBKTHS
f(x; y) BneeT B NAHHOH TOUKE MAKCHMYM, &CIH

A=£." (x: y0) Sy (k0 yo)—1fsy” (% Y2 >0 & £," (x0; ) <0,

M MHHEMYM, ecnE A>0 B /,,">0 (OpH YCHOBEH HEDpPepHIBHOCTH
9acTHEX nporssoauLx). Ecnm A <0, TO 8 TOKe M, HET 3KCTPEMYMA.
Ecnu A=0, To dbyuxmma f (x; ¥) B Touxe Mo MoXei MMETh IKCTPEMYM,
HO MOXET H HE HMCTH €To.
Hpamep. Haiitu :m:rpemym yEROuE 2=Xx2 4+ xy+y?—2x—3y.
Pemenne. Mmeem f;'=2x+y—2, f/=x+2y—3. Hailgem TOuXH
BO3MOAKHOrO 3KCTpeMyMa. g 3Toro peiunm CHCTEMY YpapHERHH
2x+y—2=0,
x+2y—3=0,
permerma xotopoli x="'/;, y="%};. Cnenoparenzuo, M, (*fs; *fs) —

TOMKA BO3MOXEHOTO IKCTPEMYMA.
Tencpb BalizeM BTOpHIC uacTHRIC NpoMsBOJEHE H A: f."=2,

fo'= 72, A=2'2-1=3. Tax xax A=3>0 1 f.,"=2>0, T0
B -roqxe (113. 4/,) naAHAN DYHKITHE MMEST MHEMMYM.

Haiita sxcrpeMymbl GyHKmpmii:

109. z=x24y3 4+ xp—4x—S5y. 110. z=y% —x*+xp—2x—6y.

11 z=xy (1—-x—7). 112, z=yx—y*—x+6y.

113. z=¢"* (x+y%). 114. z=x2—y*-3xy.

118, z=3x+6y—x*—xy+y2 116, z=x*+8p3—6xy+1.

117, z=2xy—4x—2y. 118. z=2x*—xp?+5x2432

119, z=sginx+siny+sin (x+y) 120. z=sinx+cos§+cos (x—
opr 0€x<nf2, 0<y<nf2 npa 0<x<nf2, 0Ey£n
121. Oupenenars pasMepsl OPAMOYTONLHOIO OTKPEITOr0 Gacceki-

Ha, HMEIOINETC HAHMCHBIDYI0 NOBEPXHOCTH, OPH YCIORHH, ¥TO €ro
ofinem pansen V. ’
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lid. UnpenenrATe PAIMEDH THTHEAPA HAHOOIBIIECrO 0DBEMA IPH
YCIIOBHH, ¥TO €ro IOJIHAN IOBEPXHOCTD Pasha S=6x aAM2,

123. B xpyr BumcaTe TPCYTONbHEK, CYMM3 KBRADATOB CTOPCH
KOoTopoTo BaaCosEman,

124, Onmpegennars pasMepH koHyca HamGoybmere ofneMa npH
ycioBEH, 9TO €ro 6oxopag DOBEPXHOCTE PaBHa S.

125. MIs Bcex NpAMOYTONBHMX TPCYTONBHHKOR € JAHHON rumo-
Teny3ofi / EaliTA TPCYrobEEK HaHOOAEDINETO HEPAMETPA.

126. Ysucno p pa3noxuTh Ha » MEONKHTENCH TAK, ITODH CyMMa HX
OeL1a BEapMeRbIICH,

127. 13 Boex 31MNCOB, ¥ KOTOPHX CYyMMA 0Ceil HOCTOSHAA B paB-
B4 M, HaliTa HanGomImil Mo nyromana.

128. Oxono AAHEHOTO KBAAPATA ONHMCAT: XBAApaT Haubonnmed

ILTOTIANH.

T'napa 13
HHTEIrPHPOBAHIE

§ 1. Nnoiimoil uurerpan

1. Cnyuaii n émomuou ofinacre, JpoiiHol HHTErpal no opa-
Moyronsuoil obnacte D={(x; y) | a<xKb; cKy<d} perucnseTcs
oo dhopaynaM

.3 4
H Sy dx dy-I dx I £y dy, '

.Uf(x. ) dx dJ"=I dy If(x. y) dx. )

B dopmyne (1), maupamep, PHTEFPHPOBABAE CHAY4NA nponawi
AMTCA DO X OpH DOCTOSHHOM P, 4 3ATeM HIONYdeHHRIl Pe3yihLTAr,
HHTErpHPYETCA [0 ¥, T. €. NOCHEAORATENLEO BEMECAKIOTCS ABA OLpe
NeNeHERIX HHTCTPA . 4

Tpamep 1. Buuscaute npoitnol murerpan {j xy dx dy, rae ;

o
D={(x; y) 1€x<2, 1<y<2}.

Pemenne. B cootpercrens ¢ opmynoi (1) ;

2 2
{fxy dx dy={ dy § xy dx.
D

] 1
BoracnsesM BHYTPCHHRE HHTEIpAJI, CEHTAN ¥ NOCTOAHHRIM:

2 3 [am2 1
fxp dx=y z ==y 1




BRYECINCM BHCINEHE HRTCTPAM, AN YEro noIyyeHAYIO (PYHXIHIO
merpnpymnoyanpemaxmlnoZ

j(?-y-- y) dy—- y?

=2

4
CrnenopaTenno,

F 2 [

H xp dx dy=] dy j xy dx=-.

2. Cayvaii xpunonuueiinoii obnacre, Jipoiino#i uaTerpan no xpa-
sonuEediHol o6nactn G={(x; )| a<x<bh; y, )<y <y, (x)} paramc-
axeTc no popmyne

IIf(x y) dx dy= Idx If(x y) dy. @
8 »ix
Ecnu ypapseHES KPHBBIX, OrpaHBMHBAIOWIEX oOnacth G, MOXHO

BAOHACATL B BHAE X; (¥), X1 (»), opaveM x; (N<€x: () i e<y<d, TO
apoiiHod MHTEIPAN BHIYECISETCHE IO tpopuyne

Hf(x,y)dxdy Idy If(x.y)dx
¢ EiRi ]

Ilpumep 2. Bormcnare msoiimoli mmterpan [[ (x+y) dxdy, rae

G
G={(x; )| 0<x<1; x<y<2—x?}.
emenue. Ob6macrey G OTPRHHYEHA C/iCR2 M COPABS IPAMEIMH
x=0 8 x=1; y=x u y=2—x2 — ypaskeaus JmHME, Or Ba;
JOIMX 3Ty o6NaCcTL CHM3Y B CBEDXY, T. €. y; (X)=x H y; (x)=2—x?
{pac. 52}. B cOOTBETCTRMH ¢ d:opny.noﬁ( )

2—x%

H (x+y)d-xdy-=Idx I (x+y) dy.

BayBEcnacM SRYTPEHARNA RHTErpan, ¥4
CYHTAN X DOCTOANHLIM:

I—Ix (x+y)dy= (xy+ ) s il

[x(2 Jc“)+(2 xz)z] / ’\ x

R 7
—(xx+x )-——-—x —- x242x4-2.
2 é 2

y-!-x’

Bursscnfzesm BHCNIBHE HETCTDAIL Puc. 52
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I(x——-x’—zxz+2x+2) dx-( —"——-x +x +2x)l‘-m.
2 2 10 4 &0
14

Crnenopatensao,

1=x?

[ (x+y) dx dyti dx ‘[ x+y) dy=%

mBg:mcnm Jpoiiye HETErpasl o YXA3aHHEIM DPAMOYroNbHY-
1. j']'xy dx dy; 3<x<S5, 0<y<l.
2. I‘}:cy2 dxdy; 2<x<4,05y<1.
3. IDI xtydxdy; 3£x<6,0<y<2
D
4, 'E! 'de dy; 1<x<e <6,
5. [f(x—»dxdy; 1<x<4,1<y<3.
6. ;[ (x+y)dxdy; I<x<5, 0<€y<2.
D
7. ;‘!(x+y’)dxdy; 2€x<3, 1<y<2
8. Ig(x’ﬂ') dx dy; 1<x<2,0<y<l. !

9. ]j (*+yHdxdy; 0£x<), 0<y<1 ¥
10. _Us" B 0gx<l, 0yl

11. H Byx2-2x¥ dxdy; 0gx<l, I<y<2.
D

12. [f sin (r+y) dx dy; Ox<, 0<y <.
D

13, H xc? dxdy; 0<x<£]1, —1<y<0.

14. ] M". 1€x<2, 3<y<4.
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DRYHACTATh ABOHHNE HHTEM PANRI N0 0OJACTEM (r, OTrPAHHYCHHEEIM
YXRIHHEDMME THHEAMM;

18, j}' (x-y) dx dy; x=0, y=0, x+y=2,
16. {[ xy dxdy; y=0, y=x, x=1.

-
17. ‘L[xy dedy;, y=x yla=yx,
18. gx dx dy; pwex3, x+y=2, x=(,
19. [| xdx dy; xy=6, x+y—7=0.

G
20. {‘!y’x dxdy; x3+yi=md4, x+y—2x=0.
21. j'é[ (x+y)dxdy; 0€y<n, 0<x<siny.
22. j! sin (x+))dx dy; x=yp, x+y=§, y=0.

23. [[ ydxdy; G — xpyr paguyca R ¢ LEHTPOM B BAYANE KOOP-
manar. °

2. f ¢ dxdy; G-— tpeyrossamk ¢ mepmmEasm O (0; 0),
B; 1), 4 1),

25. [f xdx dy; G — obnacts, orpammyensas ocsi0 OX E apkoi
mJIom:u x=a (t—sin¢), y=a (1 —cos ) (0 1<2x),

26. fj xy dx dy; G — ofnacTs, OrpaENYCHHAN OCAMM XOOpPAM-

G
HAT M WACTHIO ACTPOBAK Xw=acos’s, y=asind¢ (Ogtﬁ'—;).

§ 2. 3ameus mepemctMuIx 3 ApolinoM mrTerpaye

3amena nepemesnbX B XBoliHOM METErpane DpPOHIBOAHTCH DO
dopryne

IIf(x, » dxdy-—IIf[x @ ¥), y (4 I}

meG'—oncrs,nmopymnpmﬁpmnmoéwn-GnPl
oTofpaxenmm x=x(u, v), y=y(u, v} flx@ v), y@u, v)}—
199
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NOAMHTCTPANERAN PYBKIIHR, hpeocOpa-
30BaEHAs X HOBRIM ICPEMEHALIM ¥ K V,

Ve§ D(x | __ dy o i o
D v)

IETeNh, HiIH sxobmam, dymxmpll x=
Vel =x(u,¥), y=y (i, VIO U H V:

dx ox

U Dixy_|ow o o
D,V oy ay]”
Puc. 53 5; 5

Tipumep 1. Buumcnaute AsodHoM umrerpan f (y—x) dx dy, rae

G — obnacTe, orpaEHYeHHAN DpPSMBIMM y=x?!-], y=x—-3, y=
1 7 1
R SAart i

Pemeune. HenocpeacTpeEHOe BRIYMCACHAE NAHHOLO MHTErpaia
651110 61 3aTPYAHATELHLM, OAHAKC NPOCTAL 3AMEHA NePeMEHHLX

1
U=y—%, vey+ox @)
IO3BOJSET 3HAYHTENELHO yOpocTHTe pemenue, pavue y=x+41, y=
=x--3 B CHCTEME KOOPAEHAT Oxy NCPEXONET B OpsMBle t =], u=—3
1 7 1
HA ILIOCKOCTH Ouv; npAMEE XKe y= -3 x+§, y=-3 %+ 5 mepeitayT

p opamule v=7/3, v=5, CnegopaTensHo, 3ananuag o6aacTs G paumM-
HO ONHO3HAYHO Dpeobpa3yercs B IpAMOYTOILHEK G*, KOTOPHIA Bs4-
ercq Gozee opocToi 06nacTEio EHTErpHposanus (puc. 53). Ocranock
BLYHCIETH Sx00uan. 194 3TOro BRPA3HM X H y 4epe3 ¥ H V H3
paseHcTB (2):

3 3 1 3
=—-u+-v, y=-ut-v.
4 4 4 4

CaeaoBaTennEO,
D) =34 34 _ 9 3 3
D, v) 1/4 3/4 16 16 4

ITo dopmyne (1) oxoEIaTENBHO TONYIAEM
1 3 3 3 3
j;[ (y—x) dx dy-g [(2 uty v)—(—; uts v)] . dudv=
3 : L3
=[f-ududv=[ dv | - udu=-8
o4 IR R



lipumep 2. BuvEcnuTh NROMHOK HHTErpaa |} (x “+y*) dx dy, rae

G — xpyr, OrpaBAYCHHALIY OKPYEHOCTLIO X3+ yﬁa =2x, nepeiins x mo-
NAPHEIM XOOPAHHATAM.

Pemenne. IIpumennm dopmyay (1), npensapaTenso BLIPa3BB

ypapHeHHEN Ipasmyn obnacTe G B ODOALHTErpaibAYIc HYEKIHIO B IO-
JAPBRX XOOpAHMATAX.
Kp;r G w3obpaxen Ba puc. 54, a. On orpanEYeH OKPYXBOCTHIO
x24yte=2x wim (x—1)2+y%=1. QopMyIH, CBAILPAIOMEE (X; J)
H monspEele xoopauBATH (p; ¢) ¢ momocoM B Touke O (0; 0),
MMEIOT BHL

x=pcosg, y=psing, 3

Toncraenas eepamenus (3) B ypapHeHEC OKPYKHOCTH, HONYYHM
pi=2pcos¢, otkyna p=0 W p=2cos ¢ (ypaBBEHEE OKPYXHOCTR
B DOJISPHAIX KOOPAYMHATAX). DTH ABE KPHBEIE HA DIOCKOCTH (p; @) OpH
~nf2& < nf2 orpasgumBalor obnactes G*, aBIAIOMYIOCH n]zooﬁ-
pazom obnactu G (puc. 54, 6). IoasiuTerpansias pysxkmas x*+y?
B DOMAPHBIX KOOPABHATAX paBHA o2, Sxobman

axﬁ
D(x, y) |9 3¢} jcos@ —psing 2.1 aind
e =l . =g (O Sin =p.
Dip,¢) |% | |sing pcosgp p (cos” g sin"g)=p
ap dp

TaxaMm obpazom, mo dopmyne (1) momyyaem

=2 2ome
§ P +yHdxdy=[f p* dpdg= [ do | p*dp=
G c* —afl o

2
=2 4 ni2 2
J f‘—:m' dp=4 | cos*p dep=4 I(l+°:s2¢) dp=
=—nf? -nf2
a2
¥4 ¥
=2cosy
2

a) 9
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_ 1+cosdp _ E . ! . 2 .3
= f(l+200-s2¢+ > )clw—(2 ¢+sm2¢+8 mn4¢) o 2:.

-

3amcuagne. JaMcHA DCpPEMEHHNX B OBOHEBOM KETErPaje IPOH3-
BOZATCR € NCIILIO nicand obnacTw mATerpEpoRanus. Ecnu B nan--
HOM OpEMeEpe TH X DONAPHLM XoOpABEATAM B Touke A (1; 0)
(ucaTpe xpyra), T. ¢, mo dopMynaM x—l=pcosp, y=psing, TO-
npoobpasom xpyra ¢ oxaxerca UpAMOYronbHEK (Harbonce opocras

nmacTh muTerpuponarns) G*={(p; @)l 0<pgl; 0<p<L2n; (puc,
Sg, 6). Bupamenue a1 noawmrTerpanrHoli ¢ B OPHEMET BUJ
xi4yt=14+2pcos @+ pZ B srom ciywae no gopmyne (1), ecrecr-
BEHHO, DONYYMM TOT Xe PE3YALTAT:

§] (x2+3%) dx dy={f (1+2pcos p+p%) pdp dop=
G &
= £ 3 2 3
=] do [ (p+2p? cos ¢+p%) dp=I(;+5 coscp) do=>=.
] [ ]
]

BuMUCIETE CACAYIOMEC METEIPANIH, Hepeiiid X DONAPHLIM KOOp-
AMHATAM:

27. §] (x*+»? dxdy, G — nomosuma xpyra pegmyca R ¢ meHT-
poM B navane XOOpAMEAT, Nexamas B obmacty yz= 0,

28. || ¢ dx dy; G — vesepTh Xpyra x2+y2=1, pacuono-
meunax% I xpaapanTe.

29. f e dx dy; G — xpyr panayca R c ueHTpOM B Hauaye
xoopnn;a'r.

30, Jf /1—xZ—y* dx dy; G — xpyr x2+y*=x.

[F]

;e 1 —x’—y’

3l
L+x?4y?

dx dy; G — werpepts kpyra x2+4y%=1, pac-

LR
g
nosioxennas B 1 KRAIPAHTE.
([t (x2+3%)
Jd x,+y1

3,

dx dy; G — xoIblo MEKAY OKPYRHOCTAME pa-

BHEYCOB g 2 ! ¢ meHTpOM B Hawalle XOOPAHHAT. )

33, Joxa3ath, ¥TO 3aMeHA DEPEMEBHKLIX X+ y=U, y==uV NCPEBO-
JAT TPEYIOJMbHEK, CTOPOEH KOTOPOTO NEXAT Ha npaMux x=0, y=0,
y=1—x, p xeagpar {(i; v)] 0€u<], 0<vgl}),

plis)



. IAHTH 3AMCHY NEPEMEHBEIX x=X (i, V), y=y (&, v), NPH
xorcopoii obnacte G, orpaHHdenHas XKpEBRIMM Xy=1, xy=4, x—
—2y-2=0, x--2y+1 =0 (x>0, y>0), NepeiAneT B OpAMOYIONLHEK
E?' , CTOPOHLI KOTOPOT'O NApalelEHE OCIM KOOPARHAT Ha IIOCKOCTH
u, v

3. Haitra 3AMEHY DepeMeHHRX x=x (¥, V), y=y (4, v), opu
xtrmpoii ofnacte G, OrpaHMYEHHAS KPHBRIME xy=I, xym2, x-

+1=0, x—y~1=0 (x>0, y>0), nepeitner » NPIMOYrOILHHK
¢ (;l‘OpOH.H KOTOPOTO II3PAILICIbHE! OCAM KOOPAHEAT Ha MNOCKOCTH
u, v

BRMEC/THTL HHTEIPATIN ¢ DOMOMBIO 23MEHM DEPEMOHHEIX:

36. {f xy dx dy; G — ofnacrp, OrpaHMYenEAS JHEEAME Xy =1,
x+y=572.

7. if e**” dx dy; G — obnacTh, XOTOpas OUpERE/NETCH Hepa-
amcna:m x20, =20, x+y=1.

38. [{ x*+y?)dx dy, G — obnacTb, OrpaHHYCHBAA OKPYXHO-
cTEMH xs"+y3+2x—l=0 M x24p?42x=0.

39, [{dxdy; G— obnacrs, xoTOpas OrpsuEveHa napaGonamu
y* -——-Zx,‘_;y’=3x ¥ runepGonamy xy=1, xy=2,

40. fj x%y dx dy; G — obnacTb, XOTOpas orpamuvcEa runepdo-

F
naMa xy=p, A:)?=q (0<p<g), npavaamMu y=ax, y=bx (0<a<b)
s pacnonioxesa » 1 xpagpanre.

dx dy
41. ; G — obnacTe, oTpaHNIH-
J]. VO at—b2)—4 (@ —bY) x*

HIS JUHICOM —z+-—=l (a>b).
at  p

§ 3. Hexoropuit reOoMeTPRTECKES § SRINUCCKEE TPRIORERET
mm

1. Burmcnemse ofnema. Jipoiirofi meverpan (f £(x; y) dx dy, rae

]
J(x; )20, Bupaxaer obpeM KpEBOJBBEHHONO NATHANPA, OTPABN-
YCHAOTO CREPXY NOBEPXHOCTEIO z==f (X; ¥) >0, CHA3Y — ILIOCKOCTEIO
z=0, ¢ 60KOBHX CTOPOH -~ DEIHEAPHYCCKOH NOBEPXHOCTHIO, Y XOTO-
poii oﬁpaaymmnc napanniemuH oca Oz, a Hanpasasionsell coysmar
xoBTYp o0nacts G.
BLMECIHTE 00BeMH Te)l, OTPABHYCHHKIX TOBSPXHOCTIMA:
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4L, X=\, y=0, Z2=U, XT)yTI=],

43, xu0, yn0, z=0, x+y=1, z=x2+2.

44 z=x+y+a, y2=ax, x=a, z=0, y=0 (aps y>0).
45, 22 =:§y ) X=a, x=0,y=-a. y=0.

46, z=x¥4y? y=x32, y=1, z=0.

47, az=x2~y2, z=0, x=a.

48, z2=xy, x+y=a.

49, z=xy, x+y=q, z={),

Iepelias x DONAPELIM KOOPABHATAM, BLMHECIHTH OOLeMbE Tex,
Or paHHYCHBEIX nonepxnoc'rnm

50 z—\/ 2 x’+zy =al, z=0,
. Z=X + x’+ =a?, z=0.
52.: X, X +y -:a z==0
53.z—x+y y %= x+y 2x=x +y2, z=0,
54. x24y24zi=2z, x*4y2=2z
55 1'?r,mucmrﬂ. obem mapa, orpagmyernoro cepoit x2+y3+
+zi=
£6. Halitu obneM DHpaMEAR], OrpaHMYEHHON KOODANMATHRIMM

X y z
INOCXOCTAME H IINTOCKOCThIO —+3+'= I
a ¢

57. Halite ofneM yceuemsofl DPHRIMEL, OrpaunyenHod xoopaw-
BATHHIMH HIOCKOCTAMH B IIOCKOCTAMHE x—2 =3, x+y+z-4

88. Hajitu ofvem wacTd mammEApa x2+4y =R CHHA3Y OTpaHH-
HEHHOTC MIOCKOCTRIO z=0, 4 CBEePXy CPE3aHHOrO IIOCKOCTBIO 2= =).

2. Bormcaense nnouianu. Jeofinoll maTerpan _[j' dx dy supaxaer

nnomangy: obsacre G.

Bmcnm mnomans obnacreit, orpaEMYeEHLX ITHHHAME!

59. yt=x+1, x+y=1.

60. xy-=4 xsl,y-—z.

61, xy= 4 y=x, x—4

62. y—x dy=x32, y=4,

6. y --4+x x+3y=-0

64. y=I nx, x~—y-—l y=—1.

65. y=x —2x,y X,

66. axXm=y —Zay,y+x—-0

67. ysinx, y=C0sX, ¥= =0.

68. y —-a’-ax,y=a+x

69. xy=—,xy=2a’ y=x2, y=2x

70. y -ax 3 2.2 16ax, 9 —x’ lﬁay’—x ‘

7. xi=ap. x =-by,y =CX, ¥ Ydx (0<a<b 0<c<d). 4
4
Tlepeiing x nompmu KOOpOHHATAM, HAliTH IAOMAXE dmryp';l-
OrPAHEYCHERHX JHHASMHA,
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T3 x°ryi—2ax=0 x"+y*—2bx =0 {0 <a<d).

4. x*+yi=qa?, x3+y"‘—2ax=g, y=0.

78, (x—aP+y3=a? x3+(y—a)’=a’

76, x*+y*—2ax=0, x*+y?—ax=0.

3. Burucienwe nnoniana nosepxnocts. ECIM IOBEPXROCTS JAHALT-
CA ypaBHemHeM z=f(x; ¥), TO ¢¢ NINOWIANL BLIPAXACTCA ABORHLIM

mnrerpanom (/1 +/2(s »)+/7%(x; y) dx dy, re G — npoexuus

G

HOBEPXHOCTH HA IIOCKOCTh OX).

. BwuMcnuTh nromaay 1ol gacT mnockocTd Gx+ 3y 4 2z=12,
xor_tl):u 33KJHOYSHA B OEPBOM OKTRHTE.

. BurmcnuTs wiomaak Goxosoli DOREPXHOCTH RPYTOBOTO KOHY-
ca g’gmyoou ocHoBamuA R u ppicoTol H,

. BulMcinTh nnOmWAAL TOH vacTH IIOCKOCTH X+ y+z=24a,
oTcexacMoll nnockocTaMu X =0, y=0, x=4, y=a.

80, BumucnuTe RAOWAA TOH YACTH DIOCKOCTH X+ y+2=24,
supeaaemoli niwERApoM x2 +y2=a?,

81. Buwmicours nuomags To# uacTe nmapaGonomna z=x24y2
BhpezaeMoll uMAMHAPOM X2 + % =4.

82. BuvHCABTL OnomeL Toll wacTH mapaGonmouma 2z=x2+y2
BRIpEIaeMOl IHRAPOM X% 4y |,

83. BriamcnETs Wiomaas TO# YacTA Konyca z2=x% 4 y2, pupesa-
gmii manauapoM x*+y?=g? u pacnonoxeHHON HAL TIOCKOCTBHIO

xy.

84, HalfTa naomans wacta chepht x* + y2 + 22 = R?, supesamuol
watuaapoM x2 4y = Rx.

85. Hailite mnomajl DOBEpXHOCTH MIAPa pagayca R.

4. Brrancnemse KOOPANHAT DEHTPA MICC N MOMEHT HNE omue-
poanoii pascTwaen. KoopaBHaTH BEHTPA Mace onuopo,qnog WIACTHHE-
KM (IpH INTOTHOCTHE p = 1} BEIPAXAIOTCA OpoliNKIMM HHTCTPARAME:

§§ x dx dy [fydxdy
G 11
X, = y Y= .
Ij dxdy ffaxay
G 5

HMurerpama M, =[] y dx dy, M,=[f x dx dy namnaiorcs cma-

G ¢
MUNECKUMI MOMENMAMy DNACTEAKE OTHOCHTENEHO oceit Ox u Oy.
Hurerpans

L=(f y*dx dy, 1,=]{ x*dx dy, L=[[ (x*+y?) dx dy
G [ [

BHIPAXAOT MOMEHTH! HECPIIRN IACTHHKE G OTHOgHTENbEO ocel Ox,
Oy H HaYaIa XOOPAHNAT.

HaliTh X0OpIHHATE DEHTPA MacC OQHOPOAHCH MIACTKEEM, OTPR-
HNYCHHOK AHHRSME!

86. Ipyms napaGonamn y2=x w x2=y,
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+ Y=V B ORHOH nonyno:mon CHHYCOHAM y==5In X.
. y=x3*, x=4, y_
y’aax. y=
x2+y? —a’ u y=0.
l'lo.nyeermra napaﬁo.rm y*=ax, x=a, y=0 (upu p>0).

S ?.3;355

. Hommmnca +—--1 OTCEYEHHOI0 0ChI0 Ox.

93. ITonyroibia mxny OKPYRXHOCTAME paguycop R B r, R>r.

94, OErypsl, OrpaEEIcHHON CHEYCOMNOX y=sinx, ocpio Ox
H upamoll x=n/4.

95. durypH, orpasauensoli xapmuonaoii p=a (14 cos ¢).

BEMECARTE MOMCHT MHSPIER ONHOPONHOM NNACTHHKE, OrpaHH-
YCHHOH THHASME:

96. y=§, X=@, y=@a OTHOCATEILHO OCK OX.

2
97. y=a+fa—. y=2x, x=0 oTHOCHTENLHO OcH Oy.

98. x+y=2, x=2, y=2 oTHOCHTEILBC OCH Ox.
99, y=4—x2 B 0cbi0 OX OTHOCHTENEHO och Oy.
100 l'lo.uyltpyra OTHOCHTEILHO €O JHAMCTPA.

prra OTHOCHTENBHO €ro NEHTPa.
PAMOYTONLHAKA OTHOCHTELHO OCHOBAMNS 4 B BLICOTH h.

§ 4. Kpasomueinie sprerpiimi. Popmyna I'pana

1. Kpsno/mpefinmize saverpanl. Bermcnense xpusonanclinoro mi-
Terpana mepeoro pona jf(x,y)d!cnommxnummoonpem

JICHEOTO HETCTpana:

/G a:=ff[-p 0.9 OIVFOPFW OP . @)

3mecs x x=9 (9, y=¥ () (a<1<f) — oapamerpuuecxuc ypasneHES
xpHBoi

B -lac'raocrn, ecnn xpEBas AB 3anaBa ypapHeRmeM y=y (X), a€
£x&bh, 10

E]
[ FGsdl=]fIx y )]/1+y2 dx. @
AF -

KpuponuuefiEne ARTCIPANLL BTOPOTO poaa
fPydx. f Qs dy. | P(xy)dx+0 (x; y) dy
AR AR AB

TAEXe BENBCINIOTCA CRBEACHACM HX K OOpPCAC/ICHELIN FHTETPATAM MO
topacynan:
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JRECE dx=] Pl (9, ¥ O) ¢ () d&
[ @y dy=fQlo (0¥ O1¥ O
AR «

| 2 y)dx+Q (x; yydy=

AR

€)
=j {Plo@.¥v@Ole' O+2le (. ¥ N ¥ (O} de.

Ecnu xpunas 4R 3apana ypanaenmeM Buia y=y (x), a£x<h, To
B KAYECTBE NAPAMETPA HHOTAA YAOOHO DPRHATDL X {(f=X)

Ipamep 1. Bursmcurs murerpan | y* dl, rae AB — wacrs oxpy-
a
HHOCTH X=4a €081, y=asin i, 0<r<n/2,
Pemenue. Tax xax yl=a’sin’t, dl=/[¢' O+ OF=
=/a%sin? 1+ a?cos? t df=a dt, To o dopmyne (1) momyvaem

= s w2 . _ ;
Jyrdl=T atsin?radi=Z | (1-cos2i) dr=2 | (-T2 [P LI
a> 0 25 2 2 4

ITpumep 2. BLIMUCIATL HHTErpal I x2 di, rpe AB — xpHBag, 3a-

JaHHAad ypasHeHMeM p=Inx, léxge
Pemenne. [Ina surecnenus aurerpana npamerum Gopmyay (2).

2
Tak xax /1+y"% (x)= 1+— Jl:x TO

]' <3 dl= J‘ le+x

dx=_ ] @+33"d (1 4+xY=

b

(1 +x%)"

| o =

= [+e"-2/2)

Ilpamep 3. Buawcnurs mnrerpan | x2 dx+xy dy, rne AB—

AR
4eTn OKPYKHOCTE Xx=:c08 {, y=sin{, 0 <1< ®/2, A cooTReTCTRYET
{=0, B coorBeTCTBYSET [=T/2.

Pemenre. MMeeM x*=cos?f, dx=—sintds, xy=cosfsint,
dy=cost d¢. ITo dopmyne (3) nonyqaem

| x*dx+xy t;ly=1'2 (—cos? ¢ sin t4-cos® ¢ sin f) d¢=0.
AB 0
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Ipamep 4. Berasicnars wmrerpan | x? dx++/xy dy, rne 4B —

Ad
WCTBCPTL OKpyREOCTM x*4p*=R?, npoferaeman mporss uacosoi
H NEAAIAN B NEPBOH YCTPEPTH. :
Pemenne. YpapRemne oxpysHocta x 2+ y? = R? sapmmeM, Bripa-~-
Xag ABHO ¥ uYepes x:y=+/R2-—x? (nepen xopHenM BIXT 3EAX IILOC,
TaK Kax B nepuol werbepTa y>0). Haiinem dy:

dy=y" dx=(/RE=x3) dx= -t .
JR=x2

Iocne noacranoskE y ¥ dy moA 3HAKX HHTETPANA TOAWETENPATS-
Han dynkums GyaeT 3aBHCETH TOJMEO OT X, & OPSAGNH HATErpEPOBA-:
HEA 1O X, afl, 970 EHTErPEPOBAHAE BCACTCA OPOTHB JACOBOK

crpenxn, Syayr + R 1 0. Taxnm obpasom,

[x=dx+Jydy jx=dx+JJW( R’_x’)dx=

=i (x?—x\/x) d.x=(-§-—-2—x;:)

BHMBCIRTE KPHBOARHEHHEC ERTCIPATEL
103, { y dlno napaGone y*=2x ot Touxu (0; 0) Ao TouKH (2; 2).
AR

=~ —%+§ R’”=% R? (6/R—5R).

Fd

104. | x d/ no napaGone y=x? ot Towm (2; 4) no Tokx (I; 1).
AB

105. | x d/ o orpesxy mpamoii or Touxe (0; 0) Ao rouxw (1; 2).
AR

106.

AII Vxi+y?

o rouxs (4; 0).

107. j' +/x¥+y* d no xpeBoif x=a (cos¢+1?sinz), y=a (sin ¢~

N0 oTPE3Ky NpPAMOH y=§ x—2 ot Touks (0; ~2)

—fcos t), 0$t<2n

108. IJ} d/ mo xpuBoM x=a (?—sinf), y=a (l1—cos 1), 0t
<z “

109. ¢ (2x+y) di, rae L — xontyp Tpeyroasuuxa ABO ¢ pep-
mmmas 4 (1; 0), B (0; 2), O (0; 0).

110. j (x+y) dx, rac: 1) AB — npaAMad, COSRUHLIOMAN TOIXS

©:0r (2, 2);
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2; Al — mapabona y=x*/2, coenprnioman Touxu (; 0} = g,' 2;;

3) AB — nomamras, npoxogsmas yepea Touxa (0; 0), (2; 0), (2; 2).

111, [ [(x+y) dx—x dy], rae: 1) AB — mpamas, coenuamomas
AR

rouxn (0; 0) B (4; 2); 2) AB — nomanas, nPOXOAAIIAY Yepe? TOUKH
©; 0, 2; 0, (4; 2).
112. Pemmre 3answy 111 anx marerpama § y dx+x dy. Ilowemy

346Ch BCIMYHEA HHTETPA/d HE 3ABHCHT OT nyr‘; HETerpHpoBanas?
113. § xdy, rae L —¥OBTYp TpeyronsHHKa, OGpPa’OBAHHOrO

npmmmﬁ y=x, x=2, y=0 (METCIPHPOBAHHE BCCTH B DONOXKHTENL-
HOM H BHH).
114, § (x2—p) dx, rae L — xoHTYp npsSMoyro/JsuEKa, obpaso-

naanoroanmmm x=0, y=0, x=1, y=2 (uaTErpEpOBaHHe BECTH
B DOJIOANTENBHOM EANPABIICHEH),

115. | xy dx no myre cHEycomas y=¢in x 0T x=x j0 x=0.
AR

116. [ x dy~y dx no xpusoii y=x? or Touxr (0; 0) mo TOWKH
8. “

nz \/}dx+\/; dy mo kpmeoii y=x? or Touxm (0; 0) mo
TOIRHK (lﬁ).

118. | x2 dx+y? dy oo kpuBo# y=4/x oT To7KNH (0; 0) A0 TOUKH
@y “

119. | (x*+y?) dx+xy dy no xpusoi y=¢" or Tows (0; 1) o
TOYEH (1?;).

120. 4‘[» (x*—y?) dx+xy dy no xpusoii y=4 or 1oukx (0; 1) a0

touku (1; @).
BLqucIETL KpHBOTAHEHHEE HEIErpPa, B3RTHE BRONL YKAIAH-
HLIX KPHBLIX B HAOPABICHAH BO3PACTAHMA IAPAMETPA:
121. { xy dx+y? dy oo xpmsoii x=¢2, y=1 (1 <1<2).
AR
122. [ x%y dx+y%x dy no xpusoil x=¢, y=1> (0<t<1).
as
123. | (x+y)dx+{(x~y)dy mo oxpyxHocTs x==Rcosf, y=
Y

=Rsin? (0<i<nf2).



124, § y*dx+xydy Do oaqmncy x=ac0sf, y=DSin}
AB

0<1<n/2).
125, | ydx—xdy no acrpope x=acos’t, y=asin*{
A¥

O<r1<x/2).
126. | y* dx+x? dy no mepsol apxe nEKIOMAN x=a (f—tin ),

AN
y=a (l—cost) (a>0).

2. ®opwyna I'paua
H(?Q-f‘f)dx dp=§ P dx+Q dy
L
o

dx dy

YCTAHABIHBACT CBAY’L MEXny ApOHHLIM H KpEBONHHCHHLIM HHTEr-
panamu. [{poiinoil urTerpan Geperca no obnacta G, a xpuponunaei-
HHit RETErpan — BACHL 3AMKHYTOIO KOHTYpPa L, orpanayEBAIOINEro
obnacrs G,

C nomoinsio dopMyne I'pEEA BEIYHCIHNTH KPUBO/MHEEHELIS HHTEr-

pank
127. § (x—-) dx+(x+y) dy, rne L — oxpysuocts x*+y*=R3,
L

}.z

5=1.

3
128. § (x+) dx—(x~3) dy, rae L — smime = +
L

129. § y? dx+(x+y)* dy no xorTypy Tpeyromsnaxa ABC ¢ Bep-
mnnMLA (m; 0), B (a; a), C(0; a).

130. § (x+3)* dx—(x*+y2) dy no xonTypy Tpeyroaseuxa ABC
¢ nepnm;m A(;1),B3;,2)8C&9).

131, ¢ (y—x%) dx+(x+y?) dy, roe xouTyp L orpammuuBaeT Xpy-
rosoil oef:rop panmyca R ¢ yraoM ¢ (0< o <n/2).

132, §e " (cos2x ydx+sin2x ydy), rme L -— OKDYKEOCTS
x4+ y2=LR2.

133. Hauucars u nposepars Gopmyny pusa ans g(x+ y)ydx—

—2xdy Do KOHTYpY TpeyronpHEKA ©O crTopoHaME x=0, y=0,
x+y=4d. 4
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134. Hanscare ¥ OpoBepETh Gopmyny I'puma ans §...._‘_’.J.'

x
léo( 2r:l:uar)ry]:»).r Tpeyrom-aara ABC ¢ sepummramu A (1; 1), B (2, Dna
135. I'Iponepnn dopmyny 'pena Ha dynxomax P (x; y)=x2yp?,

Q (x; ¥)=xp? B xpyre pagmyca 2 ¢ BEHTPOM B HAUANE HHAT.
136. Ipameauma ny lbopuyna I'puna ana ¢yt P (x; y)=

nQ(,y)- 2,ec.lrmoﬁ.uax:-m6’mm.w:rnaqa.uomoop-
+y

x3+ 2
IBBEAT cnocﬁ maylguneﬁ Toukoii? TIpopepuTE PEMHCICHHEM COOT-
BETCTRYIOINAX ZBORHOTO K tpnnomeﬁnoro HHTErpanop, NPEHAB 38
L oxpyxuocts x2+y*=g?

§ 5. Hexorophlc DpMIOKENNS KPHBOMMCHMLIX MHTEIPATOR
BTOPOTO POAA

1. Bumucneune miomanu. KpHpoNHHEHRLI WHTerpan —fxdy-—

- Ji; dlf BEIpaXAET WIomagp o6nacTh, orpasuyenBol My'ron XpH-
BO)

BuMucnate mnomaas obnacreli, OrpaBMYeHHEIX CIEHYHOIHMH
KPHBLIMM;

137. DnmmuncoMm x=acost, gax sint, 0g1<2x.

138. TapaGonoii (x+y)? =2ax (a>0) r ocsp Ox.

139. FunepSonoit y= l]x. chlo OxBno &nmmm x=18x=2,

140. Oxpyxuoctiio x4 y*=4 u napabonoi x*>=2—y (obaacts
CORCPAHET HANANO KOODAHHAT).

141. Acrpospoii x=acos” ¢, y-aam’t 0L 2n.

k4 I
142. Tlerneil xpmpoii x—lH’, y“l+t’ (spexapros nECT®).

2. Pnﬁcraaml(pnwnnmﬁnuiimtmndﬁf P(x; y)dx+

+0 (x; y) dy pupaxaer pafoTy DpE mEpeMemICHUHE wrrepnamoﬁ
romnnonb naockoll xpuweoil BC nog neficraen canu £, npoexmms
{»on HA XOOPDAHHATHRE OCH (XoOpAEHATH) passsl P (x; y)

143. Brnmcants pabory canst F (x; y) mps nepeseneiua mMate-
pEAARROH TOYEH [0 SNAMNCY B NONOXETCALEOM HANPABNCHEM, 6CIH
cHAR B KAXN0E TOUXe (x; ) JNIBIICA BATIPARICHA X DEETPY MNANCA
H 0O BeNWYREE PaPHA PACCTORERIO OT TouxkH (X; ¥) nO meHYpa
ALIHICA.

144. Tlone ofpasopaso canoii F={P; O}, rae P=x—y, Q=x.
IlocTports cany F B xaxnoit pepinpEEe XBaapaTa €O CTOPOBAME
x=+ a8 y= 1 a ¥ BLMECIATH paboTy IpH DepeMEIicHNE MATEPUATIL-
Holil TOIXH RO KOHTYPY KBaJpaTa.

145, ITone obpasovano cunoii F={P; O}, rae P=x+y, Q=2x.
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floctports cEny F B Hawane xaxno#t WeTREPTH OKPYXMOCTH !
X=acosf, y=a8in! @ BENHCINTbL paGoTy NpA OCpeMellcHER m*re-%
pHAILEON TOYKH O OKPYAHOCTH.

PemaTh 3Ty 387829y OpA YCloBHE Pz=x <y, (=x, Ilozepy mj
pabora- 07 1

146. Ilone ofpasorano cmnoii F={y; a}.
IpR NEPEMEMCHHE MATCPUANBHOM TOWKH IO KOHTYDY, 0Gpasosal-y
HOMY ROJYOCSMM KOODAHEAT M NepBoil YEeTBEPTBIO IUIMICA X ==y
=a cos!, y=bsint. 4
F 1{47 ) TouxH B (—a; 0) u C (0; ). BurmcimTs paory cunsg;
={P, O}, rie P=y u Q=y —X OpH DEpeMeINCHHE MATCpHAIbHEON
% no npmoﬁ C; 2) mo noMakod BOC; 3) mo ayre .BC3

napaﬁo:m y—a—w

148. B xmoﬁ TOUKE IIOCXOCTR peficTayer cina F={xy; x+ y}
BrroacniTs paboTy CHIM IPH NEPEMCILICHHE MATCPHANBEOH TOTKH B3
H2YAA KOOP/HHAT B TOUKY (1; 1): 1) no npsmoi y=x; 2) mo napabo-
e y=x*,

149, Bmmoﬁmmoxpmomx acost, y=asini upuioxe-
Ba cuna Fe= {x+y, x}. Oupesemats pabory cankt F npm nepememe-
HEM MATEDHANLEON TOUKH mo okpyxEOCTH. Ilowemy 3nech paﬁora
paBga Hymo? 3

150. Tlone oGpaszopanc cn.noﬁ NPOCKIMH KOTOPOH HA KOOpAR-
HATHMC OCR paBEn P=x+y? B Q 2xy—8. Ilokasats, IT0 paoTa
DIpH RepeMEMEHHM MATEPHATHEON TOYKM B 3TOM NOJAE HE 32PHCAT OT
OYTH NepeMEINCHHES.

§ 6. Tpoiwie NHYEIPATM

1; Burmcaesne Tpofiaux saverpanos. Tpolino¥ smrerpan no of-
nacTi V= {(x; y: 2)] a<x<b, y, (X)Ky<ys (%), 2 (% ) <2€2, (%))}
BEMHCINETCE DO dopMyne

ré=) {x
IHf(x..v, z) dx dy d2=Idx T ay | f(x pndz (1)

o ¥y {5 M ¥

cBoAgnuelf BLIYMCIICHHE TPOBHOIO EMTErPAaNa K NOCACAOBATCIBHOMY

BEMACJIESEIC TPEX OUPCOE/ICHHLX HHTCTPAJIOB,
B wacTHOCTH, €CNE OBNACTD ~— YTONLHBIE 1A

DPAMOYT paNeNeIHIe)
V={(x;y,2)| a€x<b, e<y<d k<z<l}, To bopmyna (1) npunama-
eT BEJ1

] d 1
i £ (x; 3 2y dx dy dz=[ dx [ dy [ £ (6 y; 2) dz. 2
L 4 k

a4 £

JaMeEa DepeMEHHBIX B TPOHHOM BRETerpajle DPORIBOJHTCA IO
dopmyne
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HiS(x;»;2)dxdydzm
¥
= [ff £ [x (45 v; W), p (5 v; W), 2 (& v; W)} du dv dw,
| g

rae V* — obracrs, B ROTOPYIO Opajopanacs oGnacts V npu
MR X=X (4; V; wi). y=y @ v, w), 2=z (4, ; W), fIx (15, v;
w), ¥ (5 v; w), z (15 v, w)] — noaumTerpansEan dyHKmEs,
PAOBAHNAR X HOBWM NEPEMCHBRM &, V B W, J — gxo0uan ¢yHxin
xmx {i; v; w), y=y (¥; v; W), 2=2 (4, v; W) IO DEPEMERHLIM ¥, ¥ H W;
dx ox ox

fu v ow
4 oy Oy
J=lou o pwl#0-
dz 0z &
> oaw

B wacTHOCTH, OpH Mepexojie 0T NPIMOYFOIbELLX KQOPAMBAT X, V,
7 K DMHEAPEYCCKMM KOOPAHBATAM p, @, Z (pHC. 55), CBI3aHHbM C X,
¥, z hopmMynars
X=pCos @, y=psing, z=z
O<p<+00,0<pg2n, ~0<Z<+00),

axobuay opeobpalopasns J=p, nosromy
I8 £ O y: 2) dx dy dz={[f / (pcos @; psing; z) p dp de d2.
vV | ad

IIpu nepexoae oT DPSMOYIOIBERX KOOPANHEAT X, ¥, Z k chepHuec-
KEM KOOPAEHATAM p, @, § (pHC. 56), CBAIAHELIM C X, ¥, 2 hopMyaaMH

x=psin@cos p, y=psinBsing, z=pcosd
(0€p<+ 0, 0€pg2n, 0K0<R),

sxobuan npeobpalosanus J=p?sin 8, mosromy

Puc. 35
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MJSGyz)dedy dz=
=[] fpsinOcosg; psin fsin ¢; pcosf) p?sind dpde 6.

Tipamep. Brmucmrs murerpan fff (x+y+2) dx dydz, roe ¥V —

mEpaMufa, OfpaHEYCHHAS TLIOCKOCTBIO x+y+z=1 B xoopauHat-
HRMY IIOcKOCTAMHE Xx=0, y=0, z==0 (puc. 57).

Pemenne. OGnacts ¥ npoenspyercs Ha mwiockocTs OXxy B Tpe-
yronpuEk (7, OrpaBHYeHHBEH npavbnga x=0, y=0, y=}-—x, Ilo
dopmyne (1) mmeem

I—x—

fff (x+y+2)dxdy dz=_l[ dx lr dy § T (x+y+z) do=
14 L 0 o

{=x

1 2
=fdx J [xz+y2+’—:t"'” dy=
P 2 k=0

o
1

1 N z__J’_’ =l-x
*2‘[[? yx©—xy 31:-0 dx=

1
1 2 1 3Ix? X aet
==6J.(2 3x+x)dx-6[2x 2+4 e
Q

il w
H.Il—

-

BrrmcrwTs TpoiiHkie BEETETpATH N0 06acTIM ¥, OrpaRAYeHHRIM
YXa3dHHRMEA OOBCPXHOCTIMN;

15L ({f x4+y—2) dx dy dz; x=—1, x=+1, y=0, y=1, z=0,
z=2. v
152, [ (e+y+2) dx dy dz; x=0, x=1, y=0, y=1, =0, z=1.
¥V
153. [|f xy dx dy dz; x=1, x=2, y=—2, y=—1, 2=0, z=1/2.
vV
154. [{{ psin 0 dp do a8; p=0, p=2/2, p=0, p=2, 8=0, 0=x[2,
¥

dxdyds | o o
155..” m,x—l,x_z,y 1, y=2,z=1, z=2.
4
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136. ] (¥ +2y+3z4-4) dx dy dz; x=U, x=13, y=l, y=2, z=0,
z=1. g
157. [f @x+3y42:+1) dx dy dz; x=0, x=1, y=0, y=2, z2=0,
z=3, v
138, III z dx dy dz; x=0, y=0, z=0, x+y+2z=1.
vV

159, {ff x dx dy dz; x=0, y=0, z=0, y=1, x+z=1.
¥

160. {ff yz dx dy dz; x24+y2+22=1, 220
¥V

161, [ff xy dx dy dz; x2+y?=1, z=0, z=1 (x>0, y>0).

v
162. ”:[ drdydz . x=0, y=0, z=0, x+y+2z=1,
¥

(A +x+y+2¥
163. {ff xyz dx dy dz; x=0, y=0, z=0, x*+y?4z?=1
(x>0, y;O, z20).
164. {ff/x2+y* dx dy dz; x2 +y%=z2, 2=0, z=1.
v
165. {jf (x*+y*+2% dx dy dz; x=0, x=a, y=0, y=b, z=0,
¥

z=¢.
C pmoMomE}C 3aMEHH HEPEMCBHLIX BRIYEC/IHTh TPoOiiHLie HETEr-

AL
166. {Jf (x2+y*+2z%) dx dy dz; x*+y*+2* < R? — map.
167. j';[ (x*>+y?) dx dy dz; z=x%+p2, z=1.

168. ];j' VP ry et dxdy dzn; x2 4y +22< R
169. ]';j z/x +p? dx dy dz; x2+y2=2x, y=0, z=0, z=3.
¥

170. {{f z dx dy dz; ¥ — vacts mapa x*+y*+z?< R?, maxons-
WANCH B IEPBOM OKTAHTE.
170 [ff (x*—y? dx dy dz; x24+y3=2z, z=2.
4
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172, J)] &*+y+2%)° dxdy dz; x*+z2°=1, y=0, y=1. s
v

173. [[§ z¢/x*+y* dx dy dz; y2=3x—x?, 2=0, 2=2.
¥V

2. HexoTopsie IpRIoxKeaNs TPOMMLIX RETETPRIOS, s

‘Tpoinoit murerpan j'j'_[ dx dy dz pupaxaer o6peM Tena V. N

BuancianTs ofreME 're.u, OTPAHBYCHREIX YKA3AHHLIMH nonepmoc-!
TAMH:
174, 2x+3y+4z=12, x=0, y=0, z=0.

X y =z

175, =47 +-=1, x=0, y=0, z=0.

176. ax=y +z x=a.

177, 2z=x2 +y z=32,

178, z= xz+y ¥ +pi4zi=2,
179. z=/x%4y?, z—x2+y

180, x’+y —z—l 2=0

181. z= 0x+y=-4zx+y =2x,

KoopmaaaTs: neBTpa Mace oZjgopoasoro tena (p (x, y, zy=const)
OOpPEACIAIOTCA IO CHeAYIONmBM dhopMynam:

[[fraxdyar  ([jydxdydz §j§ zdx dy ds
x=t— y=t ; z=t .
[ff dx dy az [f§ dx dy az §ff dx dy dz
¥ v v

HaiitTa xoopaEHaTLL NEHTPA MACC OFHOPOMHLIX TEIL
182. IMomymapa pagayca R,

183, x+y+z=a; x=0, y=0, z=0.

184, z=l—x3—y3 z=0.

185, 22=4— x —y z=(),

186. z=4—-x2— z=1 x=0, y=0(x=0, y20).
187. x+y-—1 x; + —‘z x=0 y=0,z=0.
1ss.x +y +zi= x+y=Zz

189. Y, +z =X, x+y+z- . 1
190, x? +z —2y.x+z—y

191, x=3—-y1—2z2 (x>0), x=0.

Hurerpann
J=[ff ¢*+2z%) dx dy dz, J,=ff{ (x* +2%) dx dy dz,
¥ ¥V

Je={f (x2+y¥) dx dy dz @y
4

BHIPAXAIT MOMEBTH HECPREE O/AHOPORHOTO TeNa V OTHOCHTC/TLH®,
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OCCE XOOpAHHAT. MOMEHT HHCPIHH OTHOCHTCILHO H3Y4ANA KOOD-
JHEHAT

Jo={If G2 +y*+2z3) dx dy dz.

Ilpemep. HaiiTy MOMCHT HEEPOHE OABOPOAHOrO Xyba co CTOpO-
#oil g OTHOCHTENEHO OBHOTC H3 ero ,

Pemenue. IloMecTHM Ha4ao OPSMOYrolbHOE CHCTEMEI KOOD-
JEHAT B oAHOM H3 BepnHEH KyDa, 2 OCH HAIPABHM BAONL €r0 Tpex
B33HMHO NMEpOeHAHKYNApHEX pebep. Haligem MoMCHT HHEPIME OT-
HOCHTEIbHO 0CH 02, BOCIONLICBABMINCH TpeThel 13 dopatyn (2):

L= ff (3 +y? dx dy dz=] dx { dy | (x*+p?) dz=

a Pl # 2] yma
afdx|(x*+y*)dy=a J.[xzy+y—] dx=
6 o 3570
o

3 k) ] a
= 202 Vdx= i 2,
aj.(ax +3) X a[a3+3x:|. 30-
o

HaitTu MOMEHTEI BHCpIHMY OAHOPONHBIX TEl:

192. [Mlapa paguyca R OTHOCHTENLHO ETO KACATENbHOH,

193, Mlapa paauyca R OTHOCHTIENLHO €10 ABAMETPA.

194. Ipnuaapa paguyca R, BHCOTH H OTHOCHTENLHO €ro OCH.
195. Toro %e DBENHBAPA OTHOCHTEALHO [HAMCTPA OCHOBAHUL.
196. Kpyroporo npsMoro KOHYCS OTHOCHTENLHO ero oca.

HaliTa MOMCHTHL HHCPIRH OTHOCHTeNEHO ocA Oz OXHOPONHEIX
TeJN, OTPAHBYERHLIX HOBSPXHOCTIMM:

197. x=0, y=0, y=a, z=0, x-+z=a.

198. x+y+z=a~/§, x24y%=a? z=0.

199, z2=2ax, z=0, x*+y*=ax.

200, x+y+z=2, x2+y*=2, z=0.

201. Hailta momenTH MHEPIEH OTHOCHTEJBHO OCeH H Hawaja
XOODTHHAT NEpaMUALL, OrpaHMYEHHOH winockocTaME x=0, y=0,

z=0,2 424 =1,
a b ¢
§ 7. IlopepxmocTMEIE RETCr PN,
Dopmyma Ocrporpanckoro m Croxes

1. IlosepxsocTHIe muTerpahl, BraucnenEe noBepxuOCTHOIO HH-~
Terpana mepBoro poda ff £(x; y; 2) dS CBOANTCA X BRITHC/ICHHIO

ABOEHOro MHTErpana:
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2 NS0y 2)ds=
s

) =[JSl6 y; 2 (5 p)] x
1 <] i
A - x 1422 (6 N+2,7 (x; ») dx dy. (§
] Hpumep 1. Buruncners nmerpq,d
f {f «/1+4x%+4y* 45, roe S — vacrs napd
Puc. 58 z '

Gonoraa Bpamenns z=1—x2—y2, .
HOTo IIOCKOCTREO Z=0 (pHC, 58). {
Pemenue, [ToepxuocTs S, 3anansas ypasnenyeM z=1—x2—y
OpOCOHPYETCE HA NNOCKOCTh (XY B 061ACTh G, OrPAHHICHHYIO OKD
EBOCTBIO X%+ y? =1 (ypaBHeHuE OKPYXBOCTE NOAYYACTCS H3 ]
HHA nagaﬁonom npi z=0). Caeaoparencuo, obnacrsio & ABNA
xpyr x2+y2< 1. Haxomum z,' (x; y)=~2x, z, (x; y)=2y. Tlo dop:
myne (1) Donywaem ﬁ

[ V1+4x24+4y* dS=[]/1+4x2 +4y* /1+4x2+4)? dx dy= |
5 6 1

=[] (1 +4x2 +4y?) dx dy. "11

ITepexonn B pmoayuennom poiinoM MuTerpajne X IONAPHKIM KOO
ImEaTaM x=p Cos @, y = psin ¢, HAXOJHM

In 1
f A +4x>+4y*) dx dy={ do [ (1+4p%) p dp=
& [+ ]

]

]
i ix g
=12 0 do=> | do=? o] =
Jrhoifotipn

HOBGPXHOCTHHC HHTCTpalel BTOPOro poaa
fR(x;y; 2)dxdy, [f P(x y; 2 dy dz, [f @ (x5 »; 2) dz dx,
s g s

§§ P (x; 3 2) dy dz+Q (x; y; 2) dz dx+ R (x; y; 2) dx dy

5

TAKEe BENMMCISIOTCE CBeaeHMeM HX X MOﬁHHM HHTETpAIAM. )
dbopaynam ’

§J R (% y; 2) dx dy={f R [x; y; f (x; y)1 dx dy,
§ )

I P(x; y;2) dy dz=[J P[f (; 2); 3: 2] dy dz,
s &
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H Qx; y,2)dz dx=H Q |x; f {x; z); z] dz dx, )

r¢ DOBEPXHOCTD 5 3a7aBa COOTBETCTREHRO YPARHEBHNAME Z = (X; ¥),
x=f(y; 2) B y=f(x; 2), a G, G; B GG — OpOCKOER DOBEPXEOCTH
S coo'rnermeno Ba nnockocra Oxy, Oyz, Oxz,

Jng srrmcnenss meTerpana obmiero puaa (1) ACNONLIYIOT TC XK€
tbopuynu (3) — (5), ecnu mORCPXHOCTE S OAHOIHAYHO HPOSLHPYEICH
Ha BCE TPH KOOPAHHATHEIE ILIOCKOCTH.

Tipsmep 2. BuuMcinTs HHTErpan H 02 +z)dxdy, rae §—
PEpXHAS CTOPOHA NOBEPXHOCTH z =4/ | ~x2, OTCEUEHHAN IWIOCKOCTS-
i y=0, y=1 (puc. 59).

Pemenne. [Ipoexnueil ¢ naEHOR HOREPXHOCTH HA IUOCKOCTH
Oxy SBIfeTCS UPSMOYIONLHEK, ONPEACHACMEIt HEepPABEHCTRAMM
~-lgx<1, 0gy<]. Tlo dopmyne (3) naxoamm

fOo*+2%) dxdy={[iy*+ (/1 —x*?)dxdy= _][dxi'0¢1+l—x3) dy=
5 G -1 0

R [

BerMMCIETS DOPEPXBOCTHLIC HHTETPAIEL ISPEOTO POAA:

202. §f x (y+2) dS; S — 9acTh LEIMHAPHYECKOH NOBEPXHOCTH
x=\/1—_;’, OTCETCAHAN IWIOCKOCTAMY z=0), z=1,

203. §f (3x2+5y%+3z2—2)dS; S-— wacTs nDOBEPXHOCTH y=
=\/x—fﬁ, OTCEUEHHAR WNOCKOCTIME y=0, y=1,

204. ff (x*+y?+32z%) dS; § — wacrs noBEpXHOCTH z=/x +53,
O'rceqenn;a nnockocTaMHE zw=(), z=1.

205, _g (x2+y%42z—-1{2) dS; S — wacre

NDOBePXBOCTH 2z=2—-x%—y%, orCeueHmas
IWIOCKOCTRIO OXy.

206. ] /1+4x2+4z2dS; S —vacm
$

DOBEPXHOCTH y=2—-x?—z2

AnocxocThio ¥=0,

OTOCMCHHAA

Puc. 39
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207. [J y (z+x) dS; S — 9acTh nonepxBocTH y=4/c*—z%, orce«
YeHHAN n;octocrm x=0, x=a,

208. [j o/1+4y%+4z% dS; 5 — wacts nopepxsocTA xu4-—y3—§
—z3, o-rc:unnaa NNOCKOCTRIO X=0, ]

209. {[ z (x+y) dS; S — wacTs noBepxHOCTH z—\/9—-3—ri, OTOS
SeHRAN n.fioc:ocrm y=0, y=2,

210. H (x24y%42)dS; S-— pepxeas nonosuna chepul x4
+y*+2z2 =.R2 '

BLEGECIATE HOBEPXHOCTHLIE HHTETPAIM ETOPOTO POAA:

211. [j (x*+y+2?) dx dz; S — eEyTpennss cTOpOMA NOBEPXHO-
cTa .x’=;y, OTCCUCHHAS HIIOCKOCTAMH y=2, 2=0, z=1.

212. [f (x242z2+y?) dx dz; S — BEEWELA CTOPOHA NOBEPXHOCTH
y= x"-:zz, OTCEdeHHAE IIOCKOCTSME y=0, y=1,

213. [f (x*+y%+z%) dy dz; S — BEHYTpeHHSS CTOPOHA JACTH HQ-
nycd:epusx= Jm, BHIPE3aHHAA KOHYCOM x=m.

214. Jf (5x2+5p*+2%) dxdy; S —pHeWmE CTOpOMA WACTH
sepxuel snonyo@epu Zmof4ex?—y2, BHpEIAHEAN KOHYCOM Z=
— /i

215. J[ (x*+y*+32%) dx dy; S — BHCIEAA CTOPOHA HOBEPXHO-
CTH z= sx‘ +y2, oTceweHnas NHOCKOCTAME 7=0, z=2,

216. [f (x*~2y%+6z) dx dy; S — Aumuan (BEenIEESN) cropona:

5

LOBEPXEOCTH y2 =06z, OTCEUCHHAN IIOCKOCTAME Z2:=6, x=0, x=3,

217. ﬂ‘(f;+¥+22) dx dy; §-— Bepxasd (BHEUIERAS) CTOpPOHY

3
x*
ROBCPXBOCTR Z 1 '-; --';-, OTCeYEHBAN HIOCKOCTLIO z=20, ) o

20 H



£18, |) (2x+3y+44z)dx dy; S — pepxHAN CTOPOHA IIOCKOCTH
&

F]

x oy
x+y+2z—6=0, BrpelaEEax THIBEAPOM 5= 1.
219, {f (x*+2*) dy dz; S — BHCIIESA CTOPOHA LOBEPXHOCTE
g

x=4/9—y?, orcenermas nocxocTaMHE z=0, z=2,
220, [§ xdydz+ydzdx+zdxdy; S — BepxEAS CTOpPOHA S%ACTH
-

WIoexocTd X + z— 1 =0, oTcevennas nockocTaMy y=0, y=4 o nexa-
mas B OEPBOM OKTAHTE,

221, [f xdydz+ydzdx+zdxdy; S — euempas croposa chepul
5
*+yi4z2=R2

2. dopmyna Ocrporpaacioro

,[J‘I(ax 3y ) dxdydz=” Pdydz+Qdzdx+ Rdxdy

ycrananmae*r CBA3b MCKAY HOBEPXBOCTHRIM H TPOREKIM RHTer-

ﬁ.nm Tpoiinoii muTerpan 6eperca no npocrpancreensoii oGnactu
4 NMOBEPXHOCTHHIH HMHTErPAS — HO 3aMEKHYTOH DOBEPXHOCTH S,

orpannmalomeii a1y ob/acTs.
Ipemep. BumciHTe HETErpan j'j' x3dydz+y3dzdx+z3dxdy,

rze S — BEeIESs cTopoua chepsl x 2+ y2 +22=R2,
Pemenne. pumenax dpopmyay OcTporpafckoro, EMeeM

[[x*dydz+y*dzdx+z3dxdy=3][ (x*+y*+2%) dxdydsz,
s v
OTKYZAR, BBCAY CHCPHUECKEE KOODIUBATH, HOJYIACM
n ® R
3] F +y7+2%) dudpdz=3 | dp [ sin6 d8 [ p* dp=7 aR".
¥ 0 0 0
C nomouwio Gopmynst Ocrporpazcxoro BLMHCAHTD BOBCPXHOCT~
HEI¢ METETPA/ILL
222, j'[xdydz-i—ydzdx-i—zdxdy, S — BHCHIHSA CTOPOHA IHpA-
MBERI, orpanmlennan IWIOCKOCTAME X + y+z=1, x==0, y=0, z=0,
223, ff x*dydz+y*dzdx+z*dxdy; S — puemALA CTOPOES Ipa-

5
mannt xy6a 0<x<1, 0<y<], 052<1,
221



224, || xdydz+yazdx+zdxdy; ) ~ BHEMHASY CTOPOHA mOBEPX-
5

2 r 2

HOCTH umcomf-+£~+i--l.

al B ¢t “

225. (f x*dydz+y*dzdx+z2dxdy; S — noaEad BOBEPXHOCTE
-1

3

y _
a2

x: z:
KOHYCA, ;+ -b—z=0, 0<gzgh.

226. |f xdydz+ydxdz+zdxdy;, S-— DoRCpAEOCTL DHAMHNpE
.w:"‘+;,'3=-‘::z (—1<z<1).
3. $opmyna Croxca
§ Pdx+Qdy+Rdz=

L
aQ ér 8R @Q dFf &R
[l (-2 ]
5

rze cosa, ¢os B, o8 Y — HATPABNAIOMIME KOCHHYCHE HOPMAIIH K HDOBEP-
XHOCTH 5, & KOHTYp L, orpahuaapaiominil S, OpoxoayTes B DONOXA-
TeIHHOM BApapeHuH,

Popamyna CToxca YCTAHAB/IMBAET CBA3L MEAXARY HOBEPXHOCTHRIM
H KPHBOTHBCHHRM HHTEIPANAME.

@opmyny Croxca ¢ moMopio Gopmy L, cganpaomedi nopepx-
HOCTHLIC HHTEIDANL DEPBOrO H BTOPOTO PONA, MOXHO NCPENHCATH
B BHAOC

§ Pdx+Qdy+ Rdz=
L
(2.2 R 20 2p_°R
_[s (ax ay)dxdy+(ay az)dydz+(az ax)dzdx. ©)

Hpasep. Brrucmurs murerpan ¢ x2y3dx+dy+zdz, rae L —
L

OXDYXMOCTh, 337aHHAY ypaBucEMsME x2+y%=1, z=0, a nosepx-

ROCTBIO S CIYSHT BepXHAS CTOPOHA moxychepw x2+y2+zi=1

(z>0) u xouTyp L BPOXOARTCK B NONOKATEILHOM HADPABICHHR.
Pemenne., B namnom npamepe P=x2y?, O=1, R=2z, nosromy

@ 9 _ .2 0R_20_. % R

— — - —_———— ”"———=0.

éx dy dy oz 8z dx
Ilo dopmyne Croxca (6) monywaem
27



§ x>y¥dx+dy+zdz=-3{f x*y?dxdy= —-E.
L 5

C nomompio opmymsl CToxca BHMHECHHTD kpHBOIMNeiHLIe M-

TErpanky;

227. § ydx+zdy+xdz; L — oxpyxsocth x2+y24zimal, x+
L

+y+z=0, § — vacTp mWiockoCcTE X4 y-+z=0, orpaluveHHas HaH-
HOH OKPYXHOCTBIO.
228. § (y+z2) dx+(z+x) dy+(x+y) dz; L — oxpysaccrs x3+
L

+y242%=q2 x+y+z=0, S — 9acTL NAOCKOCTH X+ + z=0, orpa-
HANCHHAS JaHEOol OXPYRHOCTHIO.
229, Ioxa3ats ¢ moMoOIIsIo (opmyns CToxca, 4To XprBONIMHE]-

Eeii wurerpan § yzdx+xzdy+xydz no moGomy 3aMKHYTOMY KOH-
L

Typy paseH Hymo. IIpOBepHTH 3TO BLIMHCICHHEM HHTCIpana mo
xo;?{p)i Tﬁcyronhunxa OAB ¢ pepumBparu O (0; 0; 0), A (1; 1; 0)
H ;LI

230, Hanucarr ® npoeepurs topmyny Croxca nng mHTerpana
§ (z—y) dx+(x—2z) dp+(y—x) dz, B34TOrO HO KOHTYPY TPEYrOb-

:imta ABC ¢ pepmianamy 4 (a; 0; 0), B (0; a; 0) u C (0; 0; a).

Tnapa 14
JUGPEPEHITHANIBHALIE YPABHEHNS

§ 1. Juddepernpamunie ypanpesns gepporo DOpaaKa
1. OcuonKiie TOHSTHS.
Ounpencneune 1. ¥pasnenue suoa
F(x, 5, y)=0, (1)

20€ X — NESQBUCUMAR NEDEMEHHAA, Y — HCKOMAR PYHKYUR, ¥' — ee
npou;aoﬂnaﬂ, NasvisaemcR OQuepenyuasbiim YPasnenien nepaozo
nopRoKa.

Ecnu ypapuesue (1) MOXHO Pa3pPCIIKTE OTHOCETEABRC ¥, TO OHO

IPHHEHMACT BHJ
y'=f(xy) 2

H HA3KIBACTCH YPABHCHEEM NCPBOTO NOPANKA, Pa3pEIICHERIM OTHOCH-
TENbHO NPOM3IBONHON,

n
IIpamMepn nntbq:epema.nwm ypanucHul: p’=x¢’, y'=y—'—r,

X
Yy =x+yHT. B
Oupenencune 2. Peauenuesm dudifiepenytiasbnezo ypasuenus nepso-
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20 BOPROKA HAIGIBAEMCR (PYHKYUR

=2 y=¢ (%), xe(a, b)*, xamtgpan npu

. CmanoeKe 8 ypasnemue obpawaem e:
fa moxcdecmso

¢ Tpadux pemenns m(bepeﬂlmﬂnbi

N
X HOTO YPAaBHCHMN HA3KIBALTCH m
// paasnoii xpusoil, ]
/ Ycnopas :

y=yo NPE X=X, (Si

Puc. 60 B cwry KoTopux dymxmus y=¢ (x]
OPHHAMACT 3aNAHHOE SHAUEHRC ¥ B 344
BAHBEOR TOUKE Xp, HASLIBAIOT HANAASHBIMU PCACSURMU PEUHENUR. :

Oupenenenie 3. ObGtyum pewenuest ypasuenun (2) 8 nexomo,
obsacmu G naocxocrmu Oxy nasweaemca pywcyun y=¢ (x, C), 3a8
CRWGR Om X U npoussosetol nocmogiwnofi C, ecau owa ReARENC.
peuienuem ypasrenun (2) npu mobom 3mavernuu nocmostinoi C u ecﬁ
npu mobux nauasunx yeaoeunx (3) maxux, umeo (X5, yo)€G,
meyem eduncmesertoe 3navenue nocmosmnoii C=Cy maxoe, umo gi}m-i
yua y=@ (x, Co) y0o8AemEoPREM JAMHHLIM HANAILHLIM YCAOBUAM P (xq,
CO=pye

Ounpezencune 4, Jacmuwim pewenuesm ypasuerus (2) ¢ obsacmu 3
Hasweaemen Pynxyur y=g {x, Cy), komopas nosyuaemcs ws obuge2
pewienun y=¢ (x, C) npu onpedeseron suauenuu nomormroti C=Cy,

I'eomerpuyecku obmee peiuenne y= g (x, C) npepcrasnger cobok
ceMeficTBO MHTErpalibHKX KPHBLIX B2 DNOCKOCTH OXy, 3aBAcaLlee OY
opHo#i mPOM3BONbHOH HOCTOsHHCH C, 4 YACTHOC pemieHMe y=¢@ (X,
Co) — /IRy RETEIPABHYIO XPHBYIO 3TOT0 ceMelcrea, npoxommy!d
Yepe3 3AJAHHYIO TOUKY (Xo; Jo)-

ITpamep 1. PaccmoTpEM ypaBreHme y'= —2 lJ

Herpyaso mposeputh, 4To obmum pemennm BAHHOTO ypaBHes
HES B o0mactH y>0 B y<({ spnserca ¢ysximMa y=Cfx, rae C —
Ipou3sobHAl DocToAEHaN, [Ipy pasnumkix 3pavenrax C gony
paz3IEIHHC PeICHHS.

Halinesm 9acTHOC pelueHHE, YNOBJETBOPAIOINEE, HaupHMep,
YANBRHEIM YCIOBHSM Xo=1, yp=1. HmeeM |=C/l. Otciona C=
H HCKOMOE YaCTHOe pemense y=1/x. ;

I'comerpruccky obmice peineHBe AABECTO ypaBHEHRA OpescTan
eT coboii cemelicrso ramepbon y=C/x, KaXIAS 3 KOTOPWX B30
PaXaeT YACTHOE pelneEHe RAHHOrO ypaBHeHHS. 3aJaBas HAMANLHL]
yenoprs xg=1, yo=1, BugcnseM 13 pcero ceMeicrsa Ty rumepbio.
xoTopad npoxomaT yepes Touxy (1; 1) muocxoctm Oxy (puc. 60).

TiposepuTd, ABNAOTCH MM YXAIANHEIC $yHLOEE peluenBaME

*Harteppan MOxer Sm1b XAk XOBSTHEIM, Taxk B OecxoBeTHRIM B OXBY ATE
CTOPOREL.
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1. y=_Lx, ¥ x—=y=U,

2. y=sinx, y' —y=0,
3. y=x3+C, ¥y =3x2
4. y=4/x*+C, ' =x.
5, y=Cx3, Iy—xy’' =0,
c ¥ .
6. y=_ y' —tgx y=0.
7. y=x+C¢, x—y+1)y'=1
8. y=e ™, xy'=ytglny.

9. y=sinx—1+Ce ™™, y'—ycosx=§sin2x.

ITpamep 2. Cocraeuts .umpq)epcmanhnoe ypaBHeHHe cemeicTBa
oxpyxnocreli (x— CF +y2=1.
Pcmenxe Jluqnhepennupyn, pomysaeM 2 (x—C)+2yy'=0, or-

cropa ¥y = ———. HexnrouaeM Teneph NPOE3BONLAYHY HOCTONHEYIO

»
C. Jlns 3TOro W3 OOCHEAHETO ypaBHeHMS HaxomuM x—C= —yy' B,
UOLCTAB/NS B JAHHOC YPaBHCHME, LOJTYyIHM

»iyieyt=L
3m M ecth maddepeRnMaATEHOE YpABECHNE JAHHOTO CeMEHCTEA OKpY-~
Coc‘ranm Jaddepemimanbunie ypamcm cemeiicTpa JIMHMIE:

10. y=Cx. 11, y=x*+Cx.

12. Cy=x2+y2 13, y=Ce™

14. y= Cx+C32, 15. y2=2Cx.

16. y=4/1-x%+C. 17. y=sinCx.

18 2 19. n *=1+Cy.
ct 4 y

2. Vpasuesng ¢ paiIeNiImMECE NEPeMEnARIM.
Onpenencane 5. Ypaghenue suda
y'=hH &)1 0), @

20e £, (x) u f; (¥) — menpepusnste dynxyun, nazsiaaemcs dugdieperasu-
AALNBIM YPAGHENUEM C paa&emou;mn NEPeMERHH ML,

Hipumep 3. Pemurs ypabueEne 3’ =y/x,

Pemenne. Hamnoe ypassenne suna (4), rae f; (x) Lxwu fy ()=

dy dx

=y. Pasaenss nepeMedskle, HOIYYaeM -;a . (y o . Haterpapys,
HMECM
8-186 25



I‘L’-I“—"m ICil, €1#0% wma In yf=In [<]+In Gl

{HO‘I‘GH]IIIPYI, BaxopeM [¥=|Cy| |x], IT0 3%BEHBANCHETHO DABSCHBKY
yu 4+ Cx. [lonaras + C,» C, oxoEwaTeREC HONyuasM y=Cx.
B caenyiomux ypasseynsx: ) Rafit ofmae pecnns ypasnenuit s
2) Hﬁgﬂ 94CTHLIC PEINCHHY O HAYANLHEIM YCIOBEEM Yo=4 Ipmj
%— man

20. xy'—y=0. 21, xy’'+y=0.

22, yy'+x=0. 23. y'=y.

Haiita ofmne pericEss ypangermii;

24. x%y'+y=0. 25. x+xy+y’ (p+xy)=0.

26. (1+y¥H) dx=(1+x%dy.

27. y=xy'=14x%y",

28, (xy*+x) dx+{y—x*y) dy=0.
29. (1+2y) x dx+ ({1 +x%) dy=0.
30, xy (1+xY) y'=1+y2

L & (1 +x2) dy~-2x (1 +¢) dx=0.
HaiiTa uacTHRle pelCcHAR YPABNCHUI, YAOBACTBOPAIONINE yXasaH}

HBIM HATANEHRIM YCJTOBHAM:
32 2y'Sx=y,
33, y'=Qy+1) ctgx,
34, xly'+y2=0,
35 (1+¢") yp'=¢",
36. y'=2./y Inx,

¥y
37. =
' nx

3B ytgx—y=l,
39. y'sinx=ylny,

40. (1 +»%) dx~xydy=0,

41 2\/ydx=dy,

42, (2x+1) dy+y*dx=0,

). Jlmpeilunie ypasuemuy,

Onpenescume 6. Ypasuewnue suoa
¥’ +p (%) y=f(x),

wE CBOMAAAHIE UPSEIBOALEYES 1 0 e e
nomomso,m €ay In O, | MoxeT gpERMMATY, M0b0e sauviE

C, aqemlal s wro
OF ~3 B0 +
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Yo=1 npu xp=4.
Yo=1/2 npr x;=n/4,
You=1 Opit xp=—1.
Yo= 1 OpH X,=0.
Yo=1 Opx xy=¢.
yo=1 npu xo=e.

Yo=1 nps xy==/2.
Yyo=1 uph x;=2f2.
Yo=1 npR x;=2.
Yo=1 OpH xp=0,
Yo=1 npa xy=4.




20e p(Xx) u f{x) — nenpepuisrnie QVNKYUR, HASBIBAEIMCR AUNCUHBIM

D ENYUAABH M YPASHERKEM NEPEOZO NOPROIKA.
Ha:;nanne YpaBpHCHAS oﬁ*ucnnemn TEM, YTO HERIBECTHAR (yHAN-

IEA ¥ H ¢¢ OPOR3IPOARAL ¥’ BXOAST B YPABHCHEC NHHEHHO, T. €. B
meppoii cTeneH.

Ecnu f (x)=0, To yparBenne (5) Baaupaercs ascinum oimopon-
HEIM ypasaeHacM. Fcim f(x)#0, To ypapsenue (5) Hasnmaercad JE-
BeliHLM HEOIHOPOIHEIM YPaBHEEHEM.

Tlpuvep 4. Haiitn ofimee pemexne yparucHus y +3y—c .

Pemennme, Jlauaoc ypaBHCHAS SRJIACTCE JIBHSHHLIM.

P (x)=3; f(x)=¢ . Pemacm cHAYAIIA COOTBETCTRYIOMICE OAHOPOAHOE
ypaprcHEe y’+3y=0. Pasnenas nepemeHRbic (‘E—'=—3dx H HHTEr-
PHpYA, HAXOXMM

In = —3x+1n |C| wm y=+C,e " *=Ce

Obnice pemeHNe FAHEOTO HEQAHOPOMAHOIO YPaPHcHEN OyiAcM Ec-
XaTh B ToM xe BHAe y=C (x) e, TOIBKO IPOHIRONLHYIO NOCTORH-
HYIO OyfAeM cHMTATE yxe dyExnueii or x. 3aecs nDpHmeHeH ue:g:ad
sapuayuu nocmoswnoi. Huddepermmpys, umeem y'=C’ (x)e —
—3C(x)e” IloscTaBnss B [AHHOC YpapHeHME BHPDAXCHEN 14
¥ B p', goaydaeM

C’ (3) e ¥=¢", C' ()=¢" unu dC=¢" dx,

-3

1
orkyna C (x)=§ ¢+ Cy, rae C; — npoHssonbHAA nocrosEHas. Cne-
XOpaTenbuo, OOBIee pemleHBe DAHHOrO YpaPHCHHA BMeEST BHI y=
=C (x) e ¥= % e”+ Cz) ¢ wn ymi ¥4+ C,e""

Haiigem Temeps ofiinee penieHHe ZAHEOTO YPABHCHHA MemodoM
nodemanoexu. Tlonoxmm y=uv. Torna GyieM BMEThL y'=u'viuv',

IloacTapnsa 3TH BHpakeHHs B AAHHOE YPaBHCHHE, DOXYYHM
W'+ duv=e" wm u'vtu (V'+3v)=e" (6)
Teneps norpebyem, uTo0H BHIpamenHe B cxolkxax ofparTunock B
’ dv 1

Hy1b, T. € wrobet v'+3v=0, orkyaa ;=—dx; 5]nv= -x;
3 fv=e N v=e""

l'loncranmu HalirerHoe 3Havcume v B (6), Haiigem u'c"k=ez';
du=e d.ru ;e *+C. Ho y=uv, nostomy

—x 1 1 -
yme ™ (3 e”+C) B = e+ ce”™,



I1AHTH ODLIHEC PEINCHNS YPABECHNR:

43. y'—y=¢". 4. y'=x+y.

45, y'+x3y=x2 46. xy'+y=3.
3

47. xy’ +y=¢". 48, y'—;‘v-x.

- .. 1-2x
49, y'+2xy=2xe"" 50. y +— y=1l.
51. y'+y=cosx, 52. y'cos x—ysin x=sin2x.
xl

83, xy'+y=Inx+1. 54, y’+2—’w°_,
X X

55. y'—ytgx=ctgx. 56. y'+ ycos x=sin2x.
2 ¢ (x-2

57, xp' +2y=x2, 58. y'—;y=e (': )

4, Vpasteune Beparysim.

Oupeaenenne 7. Vpasuenue suda
Y'+P () y=0 7Y,

2d¢ P (x) u Q (x) — uenpepmenvie giynKyuy, Nasseaemen YpasHenuem
24U,
pasyeruc Bepuyum pemaerca, Tax %e kak # nusefinoe, nozacTa-
HOBKOHl y=uv MM BapHanHeH npomnom;noii noctoassol. Ilpuso-
ABTCA X JHHSHHOMY DoxcYanopkoll z= y

5, PenmuTs ypasmenne ¥’ —2xy=3x3y
Pemenune. 310 ypapaeRsc Bepayinn (ncnu wacrs ¥ Hero Takas
xe, xax ¥ y nanelinoro, a s npanoiiqamcronrnu!:axennef(x)y,
TIe B —— DOCTOAHHOE YECIO, B JAHHOM HpHMeEpe 3x
Paznemam ofe 9acTH IAMEOIO ypaBmECHuS Ha yX:

¥y iy =2xy " 1=2x2, )
Tlonoxum z=y~1, rorga —y ~2y’=2z'. YMuoxax ofe 9acTa ypas-
Henws (7) Ha —1 H PHIIONHAS YXa3aHBYIO NOJCTAHOBKY, HOJYTHM
IHHCHBEOE YpaBHCHHE
'+ 2xz=—-2x°,
Pemas »>To ypapacHHEE, BAXOOAM
z=Ce ™" +1-x2.

Chepopatermuo, obIIEM pellicHECM JAHHOTO YPABECHHA Oyaer
Ce™ +1-x2



I CINTHh YPABHCHHEY DEPHYIUIM!

59. y'x+y=—xp* 60. y'—xp=—yle ™"
61, y'+y=xy3, 62 y'=x%3—xp.
63. x*y'=y24-xy. 64. xy'+y=y Inx.
65, y'+xy=xy3, 66. xy'+2y=x"y2

5. Vpasaeane » nomnx suddepearmanax.

Ounpenecacune 8. Vpasnenue suda
P (x; ) dx+0Q (x; y) dy=0, ®

20€ Aeean wacnms npedcmaganem cofioti noanwil Oudhbeperapman vexomo-

poit pyrxyuu F (x; y) ¢ nexomopoii o6.aacmu G, Kasvieaemcs ypasreny-
M 4 NOAHNX

Ecnu ypasrenie (8) gpnsercs ypapeENeM B DOJHRX magpepen-
HBANAX, TO €r0 MOXKHO JANHCATH CACHyIonyEM obpasom: dF (x; y)=0,
rae F(x; y) — Taxas dymsmms, uro dF (x; 3)=P (x; y) dx+Q (x;
¥) dy. a8 cleayer, aTo obmec pemienne ypapHenma (8) mmeer
g F (x; ) =C. Pemense coaMTCS K OTHCKARMIO QyHRTRH F (X; ).

Hpumep 6. Haditu obmee pemenne ypavuerns

(x+y+1) dx+(x—y2+3) dy=0.

Pemenme. 3acce P(x; y=x+y+1, Q(x; »)=x—y2+3.
Tax xax

a(x+y+l_)=l=a(x-y’+3)
oy ox

10 Brpaxerne (x +y+1) dx+(x—y*+ 3) dy senzerce nonus gug-

depesmpanrom Hexotopoll dysxmum F(x; y). ITpu srom i H g __

dy ox
menpeprpakie dynxmnt, Toraa
oF (x; y)
ax

¥

=x+y+1.

Higrerpapys neayio H npaByIO Y8CTH 0O X, DOAYIAM
Fx9)=f P (x; ) dx+C ()= (x+y+1) dx+C ()=

== +xy+24C O ®)
Yrobu madita C (y), mcmonpayeM (9) ¥ ToT PakT, 910

oF (x; ¥)
oy

==x--y3+3.



2 J‘—’+ +x+C ) J=x—y*+3; C' (py=—p2+3; 8 y2+3;
ay 2 xy y ’ y ? dy J’ L)

3
dC=(=y2+3)dy; C ()=f (—y3+3)dy+C,= —-’?+3y+c..
Topcrasnsa Haizennoe C () B (9), moryuaem
X 3
F (s )="+xp+x-2+3y+C.

Hannoe ypasnensie npaaumaeT pEA AF (x; y)=0, a ero obmee peuie-
HHE ONpeNeIaeTcs ypaanemu

Fx; y)=C; unn -+xy+x———+3y+C. C,.

Tlonaras 6 (C;—C,)=GC; (C; ~— npomiBonbEAS HOCTOEBHAN), WOJY-
WacM OKOHWATCILHOC YDABHEHME, OUPEACISIOLice ofmee pemenne
HCXOZHOFO YpaBHEHHS 3x"+6xy+6x 2y +18y=C,.

IIposeparh, 9T0 NEBHE YACTH CRGIYIOIHNX YPABHCHEH — NOJHEE
madpepeHmMANIE, B PCIINTD YPABBCHHL!

67. (3x2+6xy2) dx+(6x2p+4y®) dy=0.

68. 3x2¢ dx+(x% —1) dy=0.

69, e dx+(1 —xe™’) dy=0.

70. 2xcos? ydx+(2y—xZsin2y) dy=0.

71, (3x2+2y) dx4+(2x—3) dy=0.

72. (Gxiy—4xy?) dx+{x?—~4x%y+12y%) dy=0.

73. (xcos2y+1) dx~x2sin2pdy=90.

74, 3x2y~2x3+3%) dx—(2y3~3xy2—x%) dy=0.

75. ( -_..—+2xy——) dx+(/1+x*+x?~Inx) dy=0.

1
y+sin xcos? xy x . _
76. poy dx+(m1xy+mny) dy=0.
2% (1—¢)
T Q+aP

§ 2. Juddepenunaniiic YPASUCERE NTOPOTO ROPAIIA
1. Ocmonmuie noRETHE.
Oupenenesme 1. Ypasnerue euda
F(x, » }", y')=0,
20¢ X — NE3GEUCUMAR NEPEMERHAR, ¥ — UCKOMAR PYRKYUA, Y u y" —
230

y
¢
dx+— dy=0.



€€ NPOLUIEOOHBIE, HAIBIEAEMCR ONPEp ERYUAALHBIM )|
Ppozo nopAadra,

O6mMBEO B3y4AIOT YPABHEHHA, KOTOPHE MOTYT ORTH 3ANHCAHEI
B BEAE, PAIPCOIERHOM OTECCHTENBHEO BTOPOi npoMssoxmoil:

y'=f(x 5. oy

PemenmeM ypasecHEs (1) Baswmaerca bymmmu y=¢ (x), x€(a,
), XxoTOpagd NpH NOACTRHOBKE B YPADHCHAE OOpamaeT ero B TOXACCT-
m.‘l; PCIOCHAR HA3KBACTCA UMMeZpasonoil Kpusoli,

CIIOBHS

y=Yo, y'=ys DpH X=Xy 2

HS3LIBAIOT NAYAALNLIMU YCAOBURMU,
Oyaxims y= @ (x, C,, C;) HAIKBALTCR 0bWuM peieuesm Ypabue-
Bus (1) » Bexoropoll ofnacTH G, €cIl OHA SBNUETCS PelleBHEM
ypasacanx (1) npe wobpx 3Havesdsx C; B C; u ¢can npn mobeix
HAYANLHEX YCIOBHAX (2) CYIIECTRYIOT CAURCTBEHHbIC JHAWCHEY DO-
croguEnix C=C%, C;=C} taxue, wro dysxsma y=¢ (x, CJ, C)
YAORIETBOPACT AAHNBIM naqmnum OBHAM.
bymxnus y=¢ (x, C}, C3), nonysaromasgcs w3 obmero
pewenns y=¢ (x, C|, C;J ypaBuegus (1) DpH COpeAENCEELIX 3HAMCHY-
AX BocTosRENX C,=C!, C,=CY, HarBacTCR wacmmuuim pemameu

Ilpamep 1. Haiita ofmee B 4acTHOe pelleHHN ypaBpendy p " =2
LPE HAYANLHEIX YCIOBEAX V=1, y'=1 mpm x;=1.

Pemenne, OBmee permicERe FAHHOTO YPAapHEHHMA HalifieM OBy-
KpaTBhIM DOC/CHOBATCILHEIM HKHTSTPHPOBAHHEM, Ilocne,nona'rc.mo
UBTErpupys, HAXO/M CHAYANA LEPBYIO NPOHIBOARYIO y '=2x+C),
a 3arem E oBmee pemenue: y=x2+Cx+ G, rae C; u ; — npous-
BOABLHKIC MOCTOAHERIC,

IMopcrarias 3HANCHNN BAMAJEHBX ycinopuit B BHpaXeRus Rig
obmero pememsus y=x2+4Cix+ C; u ero npomssoguoit y’=2x+C,,
anz ompezencErd C; M C; DOMYIacM CHRCTEMY ypabBueBHH

1=14+C,+C,,

l==2+(f.'|,
oTRyaa HaxomuM Cy= —1 & C;=1. CnegopaTenbHO, BCXOMBIM JacT-
BhIM PCIICHECM ALHHOT 0 g apiaseres QyERumR y=x2—x4-1,

rpaﬂn xoTopoii — mapabona, mpoXxoAsman zepes Touky (1; 1).
pPOREPATH, OYAYT NN yxajaBmiie GyExnEn OGIMEME pemeHHsME

ypaaBcHHY;

78. y=C,sinx+ Cyco8x, y"+y=0.

1. y=Cie "+ Ce™, ¥ —y'=2y=0.
80. y=Ce” +Cpe”, y"—5p’+6y=0.
81. y=Cx+Cxx?, y'_:z-";'+z 5’;=o_

231



82. y=Cix" 4+, 2xy "=y’

83, y=Cix+Clnx, x2(1-lnx) y"+xy'—y=0,

2. Jisucinie opmopesmise Nupdepeanmunuie ypasacuns
ROPEZNKE ¢ DOCTOREMLMM KommsenTI VL

Oupezencome 2. Ypaenerie suda

' +py'+qy=0,

20¢ y — ucxoman , @ P 1  — GEHECIMENIDIE YHCAT, HAD
emen amelivois FPASHENUEM EMOPO20 NOPAIKE €
AR

KosPpPuyuermans®,
Hpmsep 2. Halita o6mee pemenne ypasuesms y * 4y’ —2y=0. 1
Pemenne. Cocrm XSPAKTCPHCTEYECKOE YPABHEHEC, 3aMe-
masy"nak? y’mak aym | ITonysaem
ki4k—2=0.

HMOET BHA
k22K 4 1=0,

Kopam yparaeans k= k,=1 pemecracanvic o papapic. DTHM KOPHAM
COOTBETCTRYIOT WACTHKC MEHCKBO RESABHCUMEIC PCIEEMS J)=c,
y,-xe y.}}an l[x#-oonst. O6mee pemiense ypapHeHHd BMCET BHJ
y=Cye*+ Cyxe’ =" (C 4+ Cyx).

Tipasep 4. Hafiru obmee peinense ypasuesus y”—4y’ +13y=0,

Pemenme. Coorcrcinyiomee XapaKTCPHCTHICCKOC YPABHCHHES
HMCET BHA

k2—4k+13=0.

Kopen ypasuenns k; =2+ 13, k=2 — i3 gosiInexcEnie. Qmalopnlu,
comercnymr ucrane HHeHiHO HE3ANHCHMEIC peICHH% )| =
=¢ cosBx,y,—e sin 3x: y,fy;=ctg 3x#const. O6mee pemenne ypa-
BHERMS BMCeT BER y=¢ (C,co83x+ C,sin 3x).

Pemm. YPABECHES:

84. y"—5y'4+4y=0. 85 y"—Gy'+9y=0.
86. y"+8y’'+25y=0. 87. y*=3y +2y=0.
88. y'—4y'+4y=0, 89, y*'—2y'+2y=0.

__‘T .
nm-ywﬁnnmoums;nm. o

2%



N, ¥y =4y’ +3y=V, 8. ¥y —4y=\.

92, y"+4y’=0, 93. y"+3y'+2y=0,
94, y*+2ay'+a’y=0. 95. y"42y'+ 5y=0.
96, y"~y=0. 97. y"+y=0.

3. Jimnciinnic meoauoponarie NEddepemmannaLic yPARECHES BTO-
Pore DOPE/KA € DOCTOSHAEIME .
Onpenescane 3. Vpasuenue
y ' +py' +ay=f(x), &)

20e p ¥ § — sewyecmsennvie wucaa, f(x) — uenpepusHan GyHcyuR,
HAIMBGEMER AUBCUHBIM HEOOROPOOHbIM YDaCHER EM SMOPOZ0 NOPAOKA
¢ noCMommsmu Rosigfuguenmanu,

Ofimnee pemerne ypapaeHEs (3) npeacraniser coboil cymmy gacr-
HOTO PEIICHMA EEOJHOPOAHOrO YPABHCHMA B 00Inero penieHes coor-
BCTCTBYIOINETO OQHOPORHAOrO ypapuenns. Haxoxzaesme ofmero pe-
INCHAN OAHOPOJAHOTO YpaBHeHHN HiywyeHo B m. 2. Jng naxoxmenns
9ACTHOIO PEINCEHS BOCHOIBIYEMCS MEMODOM HeonpedeAeHHEX Koop-

Puyuermos, He COACPXAINEM MPONECCE HETETPHPOBAMHA,
PaccMOTpEM pa3IMYEBC BEIH DPapLiX JacTell ypapaesndg (3).
1) Ipaeag wacTs HMeeT BuUxg

S (x)=P, x),

rae P, (x) — muorownen crenens #. Toraa YacTEOE PEMICHAC ¥ MO~
Bo Eexath B BEAe =0, (x) X, rae O, (x) — MmEOrownen Tol me
cTencHH, 1To M P, (X), a # — yHcno xopHeli xapaxTepECTHYECKOIO
YPABHCHES, PABHGIX HYJIO.

Ilplluep 5. Hailra ofmee pemenne ypapuemus y"—2y'+y=
=x+1.

Pemenne. OCmee PEMISHHE COOTBRETCTBYIOMICTO OANOPONHOIO
ypapEcHEs EMeeT BHA Y=¢ (C,+Cyx) (om. npmeg 3). Tax Kax BM
OITMH B3 KOpHEH XAPAKTEPHCTHIECKOrO ypapHeHus k2—2k+1=0 ye
panen Bymo (k; =k;=1), 10 YaCTHOE PCIICHHC MIMEM B BHAC

p=(Ax+B) x°=Ax+B,

rac A B B — Beuasectnnie xoaddungental, Auddepeanupys Apamnb
y=Ax+ B B noacraenas ¥, ' m ¥ B nagnoe ypannepue, Halinesm
—24+Ax+B=x+1.
IIpupapaupas x03qxpUIMEHTH OPHE OAMHAKOBLIX CTeneHAX X B obeux
wacTax pameEctBal A=1, —24+B=], — Haxoaum A=1, B=3,
Hrax, 9acTEHOE pemieHMe AAHHOTO YPAPHEHMA HMeeT BMI J=x+3,
& ero ofimee pemenne
y=€ (Ci+ Cx)+x+3.
2) IIpamas 4acTe EMeeT PHA,
S @)=¢“ P, (0,
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Iae r, (x) — MHEHONOWNCH CICICHE n. 1050R SACTHOS PEINCHES ) CACHY-
€T 2CKXATH B BRAC :

j" = QK (x) xl'eﬂ’ ;
rae Q, {(x) — mmorounen Toif xe crenems, aro 1 P, (x), 2 r — wHclIO
xopnelt xa; gecKore ypaBHeHns, pasEnx o, Eciu =0, To;

J(x)=P, (x), T. e. EmoeT MecTO cayuail 1). .
TIpmmep 6. Haiitu obmiee pentense ypanneum_g"——4y‘+3y-=xe'.‘
Pemenne. Xa HCTHICCKOC ypasHenne k* —4k-+3=0 nme-

er XopRE x=1, kx=13. MHT, ODImee pemcHEe COOTBETCTRYIOWIETO-

OXHODOAHOrO YPABHCHUA MMEST BHJ ¥= Cic*+Cie” Tax xax cpens

XOpEeil XapaKTepHCTAYECKOrO YPAPHEHNS BMECTCH TONbKO OJMH KO-

peir ky=a=1, To r=1, B namHoM caywae P, (x)=x — MuOrowicH

nepsoii crenenn. IlosroMy wacThoe pCINCHRE JAHEOTO YPABHCHMN

HuleM B BRIE ;

F=(Ax+B) xe"=(4Ax%+Bx) e". !

JuddepesmpEpys B DOZCTARIAN B YpABHCHME, moaydaeM —4A4x+

+24-2B=x, oteyna maxomum A= —1/4, B=—~1/4, Tloacravisy,

A v B » BHIpaxenue nns y, Hony4seM “ACTHOE PeeHHe JAHHOTO

yparReHns $=—1/4 (x*+x) ¢'; obniee pemcnue UMEET BUA

y=p+¥=C 6" +Ce"~1/4 (x?+x) &".
3) Ilpasas 9acTh MMEET BHY
f (x)=acos Bx+bsin Bx, .

rne ¢, b ® § — uasecTrile yncna. Torma YscTHOe peleHue § HAZQ,
HCXATh B BHNE

§=(A cos fx+ Bsin fix) X',

roe A 8 B — nemspecrrsie xoaddunmentnl, a r — sucao xopuell
XAPAKTEPHCTHYECKOTO YPaBHEHRA, PaBEBIX iff.

Ilpemep 7. HadiTe obmee pemense ypassends y ¥+ y=sin x. y

Penierne. XapaxTepucTRYecKOe ypasHeHHE k24 ]1=0 mnmeer
XOpHE k=i, ky= —i. ITosTroMy o0mee pemieEse COOTBETCTBYIOINErQ
onuopommoro ypassernus Y= C,cosx+ C,sinx. B upasoi uacrk pas,
BEHCTBA — YBKIHA Sinx, T. € =0, b=]1, f=1. Tax xax iﬁui—-g
KOPCHb X2PAKTEPECTHYECKOTO YpABHEHES, TO r=1 M 4aCTHOC perme~
HEE HAJO MCKATH B BEJE

y=(Acosx+Bsinx) x. !
pydi H DOACTABINA B  YpABECHHE, DOAYY

Hudipe, aeM)
2 (—Asinx+Beosx)=sinx, orxyaa A= -1/2, B=0. Taxam olpa~
J0M, 9acTHOC pemenne y= —(1/2) xcos x; ofmee pemenne ypapEesAs

Ipancep 8. Halira ofiiee pemende ypasHennd y "+ y=sin2x. f,
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Pemenze. %mmoe ypaBHCHHAE OTIMYALTCH OF HPEARYINETO TO-
mbEo TeM, wro f=2, Tax xax if=i2 He ZRINETCA KODHEM XAPaK-
TEPHCTEYECKOI'O Ypapucn¥d, 10 r=0 H wyacTHOe peuleHEE CICHyeT
HCKATH B BEJ®

y=Acos2x+ Bsin 2x.
OnadbepermBpys H DNOACTABNSA B YPaBHCHEHE, TONYJACM
—3Acos 2x 3 Bsin 2x=sin 2x, orxyua A=0, B=—1/3, 1. e. vacrt-
Boe pemegne j= —(1/3) sin 2x; obmee penienne ypaBHEHHS

y=5+¥=C,008 3+ C;sin 5~ sin 2

4) IlIpapau 4acTb HMECT A
S (x)=¢" [P, (x)cos Bx + Py, (x) sin px],

rae P, (x) — Muorounex creness n, a P, (X) — MHOTOWICH CTENEEH
m, Torga wacreoe pemenue CleAYeT HCKATH B PAjE

y=x"e" [Q\ (x) cos fx+ O, (x) sin Bx],
rae @, (x) B8 @, (X) — MHOTOWICHH CTeneHy s, s=max {n, m}, a r —
YHCNIO KOPHEH XapakTePHCTHYECKOTO YPaBEeHus, PABELIX o+ iff.

Npavep 9. Haiitk 06mee pemenue ypapnesMs y” — y=3e”cos X.

Pemenne. Xapaxmgucnmecxoe ypapuenue k2—1=0 mmeer
xopud k=1, k;= —1; ofmee peizenae oauopoaroro ypasaenus ¥ =
=C,e +C,¢ . B npaBoii 1acTH YPARHEHAS — NPONIBEACHKE MHOI'O-
YyjeHa BYJCBOM CTeleHY, moXalaTeakHoll H TpErosoMerpuieckol dy-
pxall, Tak wro P, (x)=3, P,=0, s=0. UYucno a4if=2+il me
ABIMETCE KOPHEM XADAKTCPMCTHYCCKOIO YPAaBHECHRS, NOITOMY rw=0
H 9aCTHO® PeLIcHMe HINEM B BRAC

J‘a=e1” (Acos x+ Bsin x).

5 M TOACTARNAS B YpaBHeHue, ponyuaeM (244
+4By‘§ oo] 8+ (2B —4.A) sin x =3 cos x, oTxyaa 4=3/10, B=3/5. Taxam
obpa3oM, 9aCTHOE pemIeHHE j’=e’" (3/10cos x+ 3/5 sin x); obmee pe-
IEHHEe YpaBHeHRd

3 3 —x
y=y+ Y=c* (ﬁ oosx+; sinx)—l— Cie'+Ce

5) IIpapas wACTSH ypABHCHES NPEACTABIACT CYMMY ARYX (hyBxymit
y'+py'+ay=hH () t+f2 (%)
Torpma YacTHOE PEINCHAS MOKHO HCKATH B BHAC
F=y+3,
rae J; — MAaCTHOC peiueHHe ypapHCHEN ¥ +py'+qy=f, (x), 8 ; —
YACTHOC PEIMICHAC YpaBHeERs y"+py’+qy=/; (x).
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dipeviep 10. HalTE obmee PEMICANEe YDABHCHHS y~ —i) +)y=
=sinx+e .

Pemenne. XapaKTepucraueckoe ypasaerte k2 —2k+i=0
er xopEE k;=k;=1, nosroMy ofmee pemeHEe COOTBETCTR
omEoposEoro ypasuemns Y=_Cie" +Cyxe'=¢" (C+ Cax).

Tnmnpmqamypmemcocrommcymnmyxtryni
i sinx e , TO 9aCTHOS PEmecHNe HINEM B BEJC

F=51+5n |
TA¢ §) — YACTHOE PeIICHHE YPABHCHMSA -2y +y=sinx, a j — 'w
CTHOS pelICHHC ypaBHeHus y"—2y'+y=¢ .

Ceavana maiigem wacTHOe pemense jﬁl. Tax xax wncno if=i ng
SRIACTCA KOPHEM XAPAKTCPRCTHIECKOro ypasacunx (r=0), To 1act)
HOE pemicHHe y. GyneM ECKATH B mefluAmnx+Bcosx Hoacras:
mng ¥, ' u 3" B ypaseenge y*—2y'+y= suzljcnocp;;nnfan

sinx H COSXx, mONyYaeM --24= =
A=0, B= I/l;p:, CHAeNOBATEIRHO, J) = (112) COs X. mnq

TenePI. Haiinem sacTHOe pemenme j;, Bynem ero Bckarts B muu!
F:=Ae ", Tax xaxk 9ECNO ¢=—1 He ABNICTCA KOPHEM XAPAKTEPHCTH-
9ECKOro ypannenwl Tlopcrapnas J,, ¥, u " B ypanucuney -
~2y’+y=e , naiinem 4=1/4. Cneaopatemuo, ,=(1/4) e i

Taxmm ofpazoM, J4CTHOE pemeHHe ARHHOFO YPABHCHMS HMEE)
B

-~ - l l -x
y=h+p 500“?4'4‘3 s
a o6mee pemenne Toro ypapECEMN — BHA .
l l —_X x
y=3+ Y=5 cosx -+ +Cie"+ Caxe”, ;

PemaTE ypapBenuA: _
98. y"42y'+y=¢’. 99, y*—3p'+2y=e’, )
100. y"+y'—2y=>6x2 101, y"+3y’'=9x. A
102, y"—2y=xe™" 103. y*—4y=8x3, i
104, y"—5y'+6y=13sin3x. 105 y"+y’'+2,5y=25cos2x.
106. y"+4y=3sin2x. 107. y” +4y=sin2x.
108. ¥" +y=x cos x. 109, "2y’ +Iy=e""cosx.
110, y”"—3y—10y=sinx+ 111 y"—3y’' +2p=€" (x2+x).
+3cosx.
112. y"—2y'+2y= 113, y*~dy=¢" [(—4x+4) x
=¢" (2co8 x—4xsinx). xcosx—(2x+6) sinx}.
114, y"+y=x+2¢" 115, y" =2y’ +y=3¢"+x+1. ]
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116, y"—6y’'+8y=¢ 4+~

117, p"+2p'=3p=2xe +(x+
+1)e".

§ 3. Dipwepsx pedhpepeaupamnuirx ypanaesit
PRMRIX

Pemwrs ypangenns. Ecnu asym BavamBRe yoroBus, BailTa yacr-

Ahi¢ PEINCHHN!
118. 2dy—xdx=0,
x0=2s J'o=0-
120. (2x+5) dy+ydx=0,
xp==0, yo=1.
122. yy'=3,
?Cu=6s M= 10.

124. y' /1 4x%—y=0,
Xo=0, yy==4.

126. y' @+x3)+yt=0,
Xo=2, yo=8/n.
128, /xdy—ydx=dx,
x0=0!y0'= .

130. y'—2xy—y=0,
xo=0, jo=+/3.

132, \/9 x dy—yd.x 0,

=3/2, yo=1.
1M. /x*—4x+8y'—

= J16=y3=0.

136. (y—4)dx+(x+3)dy=0.

138. 1/2+ycosec’x-—
—y'cos? x=0, x,=x/4,

yo=2.

2
140. y’ =t 2,

2 x

142, y'—Sxby=c"

144. /1= (xy’ +y)=1.

119. ydy—xdx=0,
Xo=3, yg=5.

121, yx-y’=0,
Xp=0, y=10.

123. y'—(2x+2) /1 -y2=0,
x=0, Jr'o=l-

128, y'x++/4—y*=
Iazl, Yos=W.

127. y' (4~-x?)—4y=0,
xp=0, yo=35.

129, /1~x2? y' 4 x4/9—~y* =0,
o= s)’n—o-

131. 3xdx—2xdy=dx+dy.

133, dy—2pdx=dx,
X=In2, o= 5,2'

135. x/25—y% e " y'=0,
Xp=10, )’o=0-

137. y’sec5x—5y=0,
Xo=7, yo=1/5.

139. xdy+ydx=gin xdx,
Xo==%/2, yo=2/x.

141, y’sin x—y=sin x-sin g

143. xy'—y==x\/;r.
» &
14S. y +—" :

X
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40, Xy +y=inx+41,
148. y'x+y+xy2=0.
150, y'+xy=xy*.
152, y:+2xy=2x‘.!y3
154, y*=sin2x.

156. xy®+y =0,

158. y"+9y=0,

160. y"—y'=0,

162. y"+25y'=0,

164, y"—25y=0,

166. y"—6y'4+9y=0.
168. y"+100y=0,

170, y"+3y=0.

172, y"+4y' +4y=0.
174. y"+4y'=c".

176. y" 43y’ +2y=13¢"
178. y"+ 3y’ +2y="5¢"
180. y" 4 y=cosx.

182. y 4y’ —2p=2¢"" ¥

184, y* =2y’ —3y=x3,
186. y"+4y'=x+c_"
188. y*+9y=4sin3x+x.
190. y"+3y'=1

192, y"+y'=xe"

L4/, y —ylgx=Clg x.
149. y’—xp+y% " =0.
151 xp'+y=y*lax.
153. y"=Inx.

185. xy*"—2y’'=0.
157. xp*—y'=0. ,
159. y”—9y=0.

161, y " +25y=0.

163. p”"—By=0,

165. y"—2y’'+y=0.

167. y"+4y’+10y=0.

169. 2y“ -3y’ =~2y=0.

71, y*4y’'— 12y=0.

173, y*—4y'—Ty=0.

175. y"—dy'=4c"

177. y"+y'+y=3cos2x.
179. y"+y=sin5Sx.

181. y”+9y=cos Ix.

183. y"—y'=4+x.

185, y”+ y=cosx+sin Sx.
187, y"—4p=e"4 37"

189, y*-3y’'=x3+2,

191. y"+y=xcosx.

193. y"+y'=xsinx.

194, Hapucarh ypaRmenBe xpupoli, mpoxomumeit uepes Tou
M (1 2) eClIn yr.uonoii xo3dbRIEEHT KacaTesnbHOR B JH060H ToOUR
H afcIEece TOTXE KACAHMS.

alnucaTh YpaBECHAE KPBBOH, mpoxondmied wepes TOUM
M (I ﬁ), ecnd yraopofi xoahdumeesT Eacatensmol k xpnmi
B moboli Touxe pasen oTROmMEHEI0 A0COBCCH TOMKA KacauHs X oq

IEHATE
196. Hamacars YpaBEeHEN XpHBoli, mpoxoaumell Yepes ToW

M (1; 3), ecmu yraopoii x:

T KacareasHol x Belt n

Touke kpEBoM BIpoe Gompme yriosoro koxpdunmenta

BEXTOpPA TOYEKH KaCaAHHEA.

197. HanucaTh ypapBeHHE KpWROM, mpoxoasmed wepes To
M (2; 2), ecim moaxacaTebEax B JHoOON TOUKE 8¢ PABHE yABOE:
cce ToukE kacamus, (IlomxacarensHOM HA’WBAETCH W
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ﬁmn KACATENEHOH, IAKIHOMCHEOID MCB Y TOTKON XacaHuy B TOY-
nepecevcHNS KACATENEHOH ¢ 0Chi0 Ox,)

198. Onpeaennrs o 3epxana, npencrasnagiomere coboit no-
BEPXHOCTh BPAINCHAL X O LIETO TEM CBOHCTBOM, ITO BOE JTyTH,
BLIXOASIHE M3 KCTOYHAKZ CBETA, OOMEIIEANOIe B ToyXe ) HA OCH
BpaINeHAA, OTPAXAIOTCA 3epKanoM DApaNieasho aTol oca.

199. CxapocTe pacnajia pasld OPOOOPHHMOHAILHA HATWYHOMY
XONHYECTRY paaus. 3pecTHO, 1T0 NONOBARA NEePPOBAYATILHOTO 341a-
ca paaEs pacnajaercs mo ucrevcmuu 1600 ner. Hailitu, xaxoit mpo-
ICHT PAANN OXAMETCH PACOABIMHMCHE Do mcrevendn 100 net.

200. 3ax0HOM «CCTECTBCHHOIO POCTA» HAIMBACTCA TAXOH 3aKoH
PocTa, OpA KOTOPOM CKOPOCTH POCTA BCOIECTB2 OPONOPUEOHANBHA
HATTHMHOMY KOIEYECTBY BemecTBa. Tpebyerca Halitm dopmyny ans
onpenencHES H3IMCHEHHA KOJMICCTRA PEIECCTBA ¥ P 38BHCHMOCTH OT
BPeMEHH f, CIHTad, YTO B HAMAILHLIE MOMEHT #4=0 KONHYECTBO
pemecTsa Gwno pasuo yq.

201. MarepraibEag TOUKA MACCH m cBoB0AHO pagaeT mop Aeli-
CTBHEM CENE! 3emMHOro mputaxenns. Halitu saxon JpEKeHHS TOYKH
6e3 y¥eTa CONPOTHRAEHHM BO3AYXA, €CNH B MOMEHT BpeMEHH f==()
TOUKA HMEIA CKOPOCTh V.

202, HaiiTu ypaBHeHHE ABEKSHHE MATEPHAJLHON TOMKHE MACCLL
m, OpomeREoii BEPTUXKATLHO BBEPX C HAYANLHOH CKOPOCThIO V), 063
Y9eTa CONPOTHRICHHS BO3YXA.

203. Ilpu npsMonuHelHOM ABIKEHHH MATEPHANLHAR TOYKA MAC-
CHl 71 YRANAETCA OT HEKOTOpOK TouxM O (Eavamo xoopausat), Iipu
3TOM CKOpOCThL ARKKeHME B oGoit MOMEHT BpeMeHH SIHCICHHO
paBHa LONORHHE DpolizensHoro nyTd. OnpeaciMTh OYTh, CKOPOCTH
H yc;(;}}euue KAk (YHKOME BpPEeMEHH {, €CIIH HAYaNhHAA CKOPOCTH
V°= C.

204, Teno, marperoe xo 100°C, oxnagmnocs 3a 20 mua go 60°C
B XOMHATE ¢ TemmepaTypoit 20°C. HailiTt 3axo8 oxnamieHds Tefa.
UYepen CKONEXO MEBHEYT OHO OCTHEHET me 30°C, ecnu ckopocrs oxie-
XeHES NPOTOPUMONAJILHA PASHOCTH 'rcmefa‘rypm TENA B AAHBHLA
MOMEHT H TeMIOCPATYPH BO3AYXa B KOMHATE

205. 3a xawoe Bpema Teno, Harperoe ao 100°C, oxnammres mo
24°C p xommaTe ¢ Temmepatypoii 20°C, ecin no 40°C oHo oxnaxna-
ercs 38 10 Muga?

206. Lpmuuapuveckaif cocyd BuCOTOM H # DROWAABI OCHOBA-
HHX § HMECT PHH3Y OTBCPCTEE, RIOMAM: XOTOporo pasga ¢. Hadita
Bpema T, 32 XOTOpOe XMAXOCTh, 3ANONHAIONAN COCYA, BHITCUET H3
COCYAla, eC/IH H3BECTHO, ITO CKOPOCTE Y BRITEKAHHS EHIAKOCTH BRIPA-
xaercs hopmynod v=./2gh, rac g-— yCKOpCEHHE CH/IN TXXCCTH,
h — pricoTa cTOAIBA RMAKOCTH HAJA OTBCPCTHEM.

207, 3a xaxoe Bpema ROAA, 3ANOJHMOMIAN Bodychepaicckyio 3a~
my xEaMeTpa 2 M, BEITEYCT K3 BCE Uepe3 KPYIioe OTBEPCTHE PRgHyCa
0,1 M, BRIpe3aBHOe B NEHTPE AHA

239



2 4. UCACTeMAL NEPQCPEEEAIMNIME YPaRnacaun

1. Ofmme pounTuA.
Ounpenesemme. Cosoxynnocms ypasuenull suda

Fy (% 313 Y2y s Yor Y13 Y23 s Y =0,
Fy (X, P1, Y20 oos Yar Y15 P2 ooy Y ) =0,

Fl (x- Yi ¥ s Ym y'l’ .V'z, ey y;)=ov

20€ X — HEITBUCUMAR BEPEMENHAR, D1y V1, ey Yu — WEKOMBIE PymRtmm,
P i1s V20 -nes ¥ u — UX BPOUISOONBIE, HATBISALINCA CricTne moli dudpeperyn-
nepeozo nopadxa.
Cacrema paddepeammarmpanx ypasnenali, paipemeHatx oTHOCH-
muzﬁnmnawa aug';;s 4 g cny-
EPENYUARDHLIX YPasHersil B AMECT creny-
jomuli obmuit Eux;

€1
%=ﬁ %, Py Y21 s Yobs
< %:::fi (x- Vs Y25 oonn y.), (l)
dy
L;"’" » (x’ Nis YVis voes y‘)’
Cosoxynnocts n Hymxumi
=¢ (x)i »2=¢ (x)! ey Y= Py (x)t (2)

onpeatnenHL ® EETEpRane (4, b), EAIBACTCA pewenues BOPMANE-
Holi crcremit (1), eciH 3TH $YBEXODHE DpH NOACTAHOBKC B YPABHCHHN
cncresi (1) obpamaloT EX B TORCCTER.

Teopema Komn. Ecau ysocsgau fy (%, 91, Y2, s Yah J2 (%, Y12 V35 s
y!)’ "'!L (x, Yis Y15 s ?n) U UX NACMHEE WM RO Yi, P2y os Va
onpedeserssl 4 HEnpepuisnyl 8 nexomopoii obsacmu G npocmpaiicmen ne-
PemermBx (X, Y1, Y2, ey Vo), MO, KAXOSA 661 HU GWeaa SHYMPERHRR MoKl
(%6 Y10} Y20, -3 Yw) OBs0CIH G, 8 Hexomopoti oxpecmuocimy mouxu X
cywecmayem edurcmaertive pewsesue cucmesti (1), ydossemsopmotyed
YeAOoURM )

Y1=Y10, F2=Y20 +.y Yu= Yot IPY X=X, )

Venosnia (3) HasHBAIOTCE HAYAAWNNMY YCAOSUAMIU PEULERUA, A 8-
493 OTHCKAHAN PellieHHd N0 3aRAHHLIM EAYANLANM YCHOBHSM —
3a0aveli Kow

Conoxymt;c'rb n Gynxmai ‘
= (x' Cl, CI! ) Cl)!
J’z='¢’z (xa Cl: CZ' siey Cl)s (4)
Ya=®n (x- Ch C:s srey cn)»
33BECSINEX OT X H OT 7 HPOH3POILERIX HOCTOMRHEX (), Gy, ..,
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Oyaem HasWBATE o0tjum pewenuem cucremu (1) » uexo-ropoﬁ obnac-
T G, ecn@ npH MoSHX 3HAYCHMREX NOCTORHAMX C|, G, ..., C, TR
Q}yuxmm OPEACTABNAIOT PEUICHHE CHCTEMEL M SCIH moﬁoc pemeune
3rol cucTeMEl MOXeT OnTh 3aPMCaHO B BHAe {4) NPE HEKOTOPHX
IHavEENEX nocTosvELX C), C;, ..., C,.

CoeoxyngocTs 2 tbynxmm
=@ (x: C'I’! Cgv raey Cg),
yz=¢2 (x’ C?’ Cg! ik Cg)! (S)

Y=, (x, C}, C4, ..., CY,

nmonydaiomuxca u3 obmero pemesns (4) CHCTEMSL 1 npn on})
HEIX 3JHaYeHHsx mocrosmamx C =C%, C,=C} C,=C,, ﬁynem
HAIBIBATE YACMHBIA peenuesm cacTeMEr (1),

Ecnk B 065acTH G BHIIONHEHEI YCIOBHA TeopeMH Komn, To ans
HIXOMACHUA TACTHOrO pemeHu (5) ZOCTATOMHO PA3PELIATL YPaRHeHAs

105 (xo, Ci, Gy oes Cn)=yl09
P2 (xlla CI; C!s ey Cn)=y2|b

@a (X0 C1, Cyy ..., C)=ym

otHocutelbHO C), €, .., C, H HOACTABHTh, Hali[eHHBIE 3HAYCHHA
DOCTOSHHEIX B COOTHOILEHHS ).

OnuaM 723 OCHOBHBIX METOJOB HAXOXKICHHMS DPEIICHAS HOPMAh-
HBIX CHCTEM SBIISCTCH MEMo0 UCKMOHeHUR Heussecmtbix. C NOMOMIBIO
3TOro METOJ4 JaEHAs CHCTEMA CBOJHUTCH K OXHOMY YPABHCHHIO M-TO
HOpAAKA OTEOCHTENLHO OHOM HER3BECTHOH PyHKIHY,

Ilpumep 1. HaiiTa obniee pemenue cucreMil ypasaenuit

dz
—=wTy+z, —=-2y-5z
dx 7 dx 4

H BBLOCNHTE H3 HETO YACTHOE pemicHHe, YAOBJICTBOPMIONICE EATA.Ib-
HBIM yCROBHSM y=0, z==1 ppu x=0.
Pemenne. Hponmb@epemmpomn nepeoe M3 ypasnenudi cucre-
42 dy 4z
MEL OO X, HAXONHM a—‘l; =7 ay +d_-x IToacTapagas B 3T0 PABEHCTBO

dz
BHIpAXCEHES n_i_x H3 BTOPOro YpaBHEHHA CACTEMbI H 3aMeHsd PyHKIHIO

z e¢ BRIpAKEHHCM H3 HEPROTO (B 3TOM CMEICH METOAA!), IPHXOIUM
K NHHCHAOMY OJEOPOAHOMY YPABHEHHIO BTOPOr0O HOPALKA OTHOCHTe-
JILHO OAROMH HeMIBeCTHOH HyHKIHM:

_ dy d*y dy _
=1 2y—5 (dx-l-?y), HIH dx‘+12 dx+37y—-—0.
Penmmp 570 ypaBHEHHE, HAXOMUM €ro obmiee pelneHue

y=e"*(C, cos x+ C;sin x).

Haddepenimpys nocnegsee papeECTRO, HMeEEM
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:—ia —6c~% (C, cos x+Csinx)+¢ ™ (= C, sin x + C,c08 x).

Ee i v

IloacTapngs BHpaXcHEA AN4 ) H :—i B ICPBOC YpabHCHME cucremi
H OpHBORA HONCOELE INCHLL, HONYIEM ]
=—6e"" (le:,cosan:+Czsin:t:)-[»-c"x {(—Cisinx+C;cosx)+ :
+7¢™ (Cicos x+ Crsin H) =¢~ [(C1+ C1) cos x+(C,— C)) sin ], |
Obmee peleHEe AAHHON CHCTEMBI HMECT BHJ, E
y=e_"(Cloosx-_l-C,sinx), z=e"'[(C3+C.)oosx+(C1—C.)sinJ£§

Pemum Teneps noctapnenuyio 3azavy Komn. [Ioacrasnaa s cuc-i
TeMy (6) BMeECTO y, z B X BX Havanbasle 38avesEa 0, 1 1 0, nOJIyyaeM
CHCTEMY YpABHCHHI ANA onpefeleHAs DoCTOMMHNX C) B (! :

0=C, 1+C;'0, 1=(C+C) 1+(C,—C) 0.

Oraopa C, =0, C;=1, Cregopatebio, BCKOMEM HACTHMM pPeIICEY=
eM IBIAI0TCK

-fr . - -
y=e sinx, z=e¢ (coSx-sinx).

Pemmuts cucTeMul ypapueunii:
dx rd dx
S =4x-7, =—y-2, L=,
208. < ! 209, { & 210. < o
—y=x+2y —=3y+42, T=xt2y
a ' dx
”~
:;:=x——2y. :—-E=z. :—izy-—Zz,
211, & 212, d 213. d ,
PP Lax 7" a0 E

Ec/mt npankie YaCTH HOPMATLHOH CHCTEMBI (1) SIRIOTCH THBeHELIME
QYyHRIEAMM OTEOCHTCILHO HEH3BECTHBIX GyBKUEE yi, V2, ..., Vu TO
TAKAS CECTEMA HASLIBAETCH AuNeiioil B HMEST BHA

%=P” (x) » + Pis (x) ¥zt .+ Py (x) yu'l‘ﬂ (X),

.

%’*-p,l () 31+ Po2 (%) Y2t oo+ Poa (%) Yut- 2 (),

%‘=Pul (X) 1+ Pz (%) 2+ ..+ Py (%) yuto Sy ().

Ecnx byexnm £; (9, f; (%), - fa () TomaecTReRNO pABHE EYmO,
TO MuHeHHAS CHCTCM3 HAILIBAETCH 00NOpodHOil, B HPOTHBHOM CITyd
qae — HeodNOPooroil. )
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& CHCTEME INBENELIX OHOPOITHLIX IRQPPCHCENRLILELIX
¢ poCToaRELIVE KodpdmumesTaMn. JIng DpOCTOTEL 3aMuCH CrpaHHYMMCH

CHCTeMOH TpeX ypapHeHRE ¢ TPeMR HeH3IBeCTHHME SYHKIHAME X, ¥ ¥ 2

dx

d_‘f =a||x+a]3y+a|3z,

dy

E‘;=021x+ﬂn}'+0232, )]
dz

e Gy X +dny+anz,

rie ay (, j=1, 2, 3) — peimecTRCHUEIC 9HCHA, ¢ — HEIAPHCHMAN nepe-
MCHHAX.

K stoil cECTeMe MOXHO IPHMEHHTH ODW(ME METON MCKIFOYCHHN
HEM3BECTELIX, HO MOXHO PeliaTh ¢ ¥ ApyruMm, Gonee marisnmuiv
METOAOM, GPEAMEHAMBEIM TONBKO K CHCTEMAM IHHCHHLIX ypapECHMHN
¢ ROCTOSHHEIMHE KO3pdUmHenTaAMM.

ByAeM HCxaTh 4acTHOE pellleBAe CHCTEME] B CAEAYIOLIEM BHIE:

Kt Xt Kt
x=ae , y=Fpe, z=ye , (8)
rae «, B, y u k — HexoTophie wacaa (upmiem o+ 2+ y2 #0), xoTo-
phi¢ HANC OnpeneIHThH TAK, 4robHW dynxkimae (8) Onum permgeHHeM
cacremsl (7).

Hoacrasnaa qumn% (3) H HX TpOH3POAHKIE B YPABHSHHA CHCTC-

MH (7) B coXpaulag Ha € , DOTYYHM
ka=aya+apf+auy,
kB=ana+ anp+any,
ky=aya+anf+any.

Ilepenoca Bce wWieHW B ONHY Y4acTh PABCHCYRA B IPYNOEpPYS
xoaxpanBeHTH NpH &, A, ¥, TONYIHEM CHCTEMY ypaBBEHHH

(@ —k) a+azf+ay=0,
an@+(an—k} B+any=0, ®
a,,u+a;;ﬂ+(ag;-k) }‘=0.

Cucrema (9) — 310 ogHOPOAHRA CHCTEMA TpeX ypaBHcHHH mep-
BO#i CTENEHH C TPEMS HEM3BECTHLIMHE «, § H y. Kak uisecTHO, 4T
3Ta CHCTEMA HMEJIA BEHYJIeBOE pellieHEe, HeoOXOARMO H AOCTATOMHO,

9TOOLL e¢ onpene/ETens GHUT paBed Hyilo, T. ¢ yroGu uncno k Guio
KOPEEM YpABHEHHS

ay—k ap, @13
an an—k an
ay ay  an—k

VYpapsenne (10) BASKIBACTCH XaPaKMEPUCMKUECKUM YDPUSHENUEM

ang creremsl (7). OHo gpnsercs ypaBHCHHEM Tperbell CTCOEHE OTHO-
CHTCAbEO kK B MMEeT TPHE XopEK: k), k; B ky. Kaxpomy xophio co-
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OTBCTCTBYCT HEHYJICBOE PCIIcHRC CHCTOMEL () (1), 'y, Y17 O P2, V2 0"1
8, y3), 2 cnegoBaTeIBHO, n ACTROE pemeunc mnoi cucredsr (7)

n=ac .yr—-ﬁ.e , =y
X3

i M, y:=ﬁzc '. Zz-hc"",

x;-age J’s=ﬁse , za=}’°

Ecxu xopun k;, k; % k; XapaxTepACTHYECKOTO YPaBBEEMA pmms
HW B BCMIECTBEHBAL TO, K4K MOXHO IOKa3ZaTh, o0llee pemenm
cacreMu (7) 3anHmIeTCE B BRAC .

x=C x4+ Cixs+Cix, x=Cay" + Core™ + Cype’™, !
y=Cy+Cya+ Crpy, B ¢ pu Clﬂleh"f' Czﬁzeh“" C!ﬁlehrs (1
z=Ci2)+ Cyzy+Cz;. z= Cp € + Ciyse™ + Capee™ !

rae €y, C;, Cy — NpORIBONBHLIE DOCTONHHRIE.

Ecnm cperm xopHell XapakTeépHCTHISCKOTO YpaBHEHHS HME
KOMIJIEXCHEIE, TO KOMUNEKCHEIE PEIICHUA MOXHO 3AMEHHTD Belly
DGHEHM.H, OTACIAA BEINCCTBEHERE H MHHMBIE YaCTH naﬁ.neuum (l)
X,

B cnyvae, xorja cpedd kopHel XapaxTepHCTHMECKOTO YPaBH
HMCIOTCA XPATHRIC, XOPHIO k| KPATHOCTH F COOTBETCTBYET YACTH
pemieEne cucreMi (7), BEMeroInee BUA

x=P (), y=P, () ¢, z2=P, (1) £, (t

rae P, (9), P, (¢), Py (f) — MuOrOYTeHR cTenenn Be sume r—1, o
ueM cpeaM KoapdHUEEHTOB BCEX 3THX MHOIOYJEHOB 7 Kodddumue;
TOB ABJMOTCS HPOM3IBONGHLIMH, & OCTAIbHLIE BEIPAXANOTC 4¢
Bax. ITosaras noowepeAEo OAME M3 TUX HPOHBOJIGHBIX KO3
€HTOP PABHLIM ¢HHALE, & OCTAIBHLIC PABELIMHE HYJK0, MBI nocrpomj
r MaCTELIX pemeHnit,

ITpamep 2. Haiiti obuiee pemenne cHCTEMED

& & "_’z
=rtn =t 3x+y.
Pcmeuue Hiem vacTHOE pelneHne CHCTEMEL B BHAE X = e’ W ¥
= ﬁe z= ye INopcrasnss 5T q:ynmuu ¥ HX DPOH3BONHEE B
HCHHN CHCTEMEI H COKPAINAS Ha ¢ , HOJTyaaeM CHCTEMY
_“k‘}'ﬁ'i' y=0,
3z+f— k=0,
Cocrapngem xapakTepucTHaeckoe ypassenue (10), cooTpeTcTBYIO
AsEHON cHcTeMe:;

¢

-k 1 1
3-k 1
3 1~k

=0,




HIH K ° — /K — 6220, Kopug xapakTepRCTHYECKOro YpaBHeHHL Ky = — 1,
ky=—2, ky=3 pas; s M BEINCCTBEHHE,

Haiinem vacTBOC pemenme, COOTBETCTBYIOMee XopHIo k= -1,
Tloacrarngem k= —1 B cBcTenMy (13):

&+ B +7=0, 3o+ B+ 7.=0, 3a,+ B +7:=0
Cornacho (9), uacna a, f) H 71 aBAgr0TCs pemeHueM cicTemsl. Ilepe-
HOCR 7; BOPABO M oTOpAcHBAK TPETHE YpaBHCHES (OHO CHeNyeT M3 mep-
BEIX ABYX), HaxomuM oy B Bi: &, =0, By=—yi, =1, TAe y, — moGoe
aucno. Honaras y, =1, nonydam pemienpe x; =0, y,= —¢ , n=e

ABaTorEvMBEO HalifieM 4aCTHOS PeINeHHE, COOTBETCTBYIOIEE KOp-
mi0 k= —2. TlopcrarnseM k;= —2 » cuctemy (13):

2“2"' ﬁi"' ?!'_‘09 3G2+2ﬂ2+ ?2=05 3¢z+ ﬁ2+2?l=0-
Penp cEeTeMy B2 DepBpHX ABYX ypaBsHenuil, HAXOAHM o; H §;: a;=
= =75 hi=Y1s 1=V Ke y; — Jg!oﬁoe THCTO, Tlonarag y,=1, mony-
YHM pCIIEHEC xzz—e s Ya=e¢ , =g

Haiigem yacTnoe pemennc coormylomee xopuro k;=3. Ilon-
crapuseM ky=3 B cucremy (13):

=3+ fi+ ya=0, 3a,—3f+ 75=0, 3o+ fa—3p:=0.
Cuoopa oTbpacwBas TpeThe YPABHCHHE H Pellad CHCTEMY E3 OEPBRIX

2
ABYX ypapHCHME, HAXONHAM oy H By oty =3 T3 By=¥s, V3=, TAC 3 —

moboe smeno. Honarag ys=3, no.nqu a,-=2 ﬂ,—3 Kopuia ky=3
COOTBETCTBYET peIeHHe xy=2¢", y,—3e z,—3c
OGmee pemeane .uamioii CHCTEMEI, COTJIACHO (ll), MMeeT BHA
==Cpg" +2C;e =—Cie ' +Ce” +3C,e s
z=Ce " +Ce M +3Ce™
Nipumep 3. HaiiTe obmiee pemenne cucTeMs!
dx_ dy_ _
o= Tx+y, o= 2x—5y.
Pemernne. FMmeM 9acrHOe pemeHEe B BHAE x=ae™, y= ﬁe’“. Mpn
ITOM HONYYAEM
a (k+7)—~ =0, 20+ § (k+35)=0. (14)
CoCTaBEM XapaxTepHCTHYECKOE YPABHEHHE:
k+7 =1 0
2 k+5
wid k24 12k+37=0. KopHE XapaxTepECTHYECKOro ypapHeHus k=
= —=6+i 8 ky= — 6 KOMILICKCHO CONpAMEHHNIE.
Haiinem wacTHO® peMeHME, COOTBETCTRYIOIOS KOPHIO k= — 6+ 4.
IMonctapnax &, B cucremy (14), nomyuaem
(d+doy-=0, 2a+p (~1+D=0.
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DTopoe yDAaRHCHAC — CICACTBHE NOCPBOro. ¥13 NEpROre ypasHCHEE
paxogBM B, =(1+) «. Monarax &,=1, ameeM By=1+7 B, sna98T
(=8+i)t (=640 ¢
= =14+ e — pellicHEe JaHHON CHCTEMEL.
OFHYHO HAXO/MM YACTHOE PEIIEHEE, COOTBETCTByIomee kop!
Ho kg=—6—1: x,==e("_°', ya=(1-1) Pl
3amames BEMECTBCHHEIE H MEBMBI® YaCTH Halinenwnrx hyBximi::
x=e “cost+ic “sint, yr=e " (cos t—sin )+ ie~% (sinf+cos #), !
xyme “cost—ie “sint, y,=e¢"* (cost—sin)—ie ™ (sint+cos ).
Orhendp BCIIECTBEHHERX M MHHMMeE YACTH, NOJYIAeM JBA 9ACT-
HLIX peIieHdq: ;
%,=¢""cost, Ji=¢"%(cost—sins), Fy=e “sins, F=¢ “(sinr+cosi).
Ofmee peleare AaHHOM cuCTeMbl, coriacuo (11), uméer sz |
x=e " (C con1+Cysin i),
y=e"" [C, (cos t—sin £)+ C; (sin t+c0s 7).
Ilpamep 4. Halite o0mee pemente cHCTEMED
dx

= Y bx—y—br, Tee
i 4%+ 2y+ 5z, d‘-6x y—0z, o= 8x+3y+9z. (15}

Pemenne. XapakTepHCTHHECKOE ypaBHEHME
5

6 —1-k -6 {=0,
k

une k*~4k% 4 5k—2=0 ameet xopEn k=2, k,=k,;—1.

Hgﬁneu CHayand JACTHOE PeIIEERe BAJE X, =a,8 , = ﬂ.e", z=
=76, COOTBETCTBYIIce kopuio k;=2. Umcna a;, §), y1 MOXHO
HalTH M3 CHCTEMEI

-6 +28+ 51 =0, 6x~3f—67,=0, —8u+38+71=0.
TonyysMm o;= — 3, §;=6, y;= —6 wiu (coxpaTas Ha —3) a;=1, B,=
= —2, yy=2, TaKk YTO BCKOMEIM YACTHLIM peHICHMeM SBILIOTCH Pyn-

Fi I 2¢ .
lm;!t?x:=° » =287, z;=2¢
ellepy HARJCM ZPA YACTHLIX PENICHRS, COOTBETCTBYIOLMX KPATHOMY
XOpHIC Ky =K, =1. Cornacao dopmyine (12), emy oTseqaer pemenne
x=(dit+A) ¢, y=(Bit+B) €, z=(Cit+C)) €. (16)
Koadpdunmertir 4;, 45, By, By, C,, C; oupeaenmoTcs noncrauonxoq
(16) 8 cucTemy (15). BumosEas 3Ty DOXCTAHOBKY M COXpAINax Ba e,
HOJydaeM {
A+ A+ Ay=(—4A4,+ 2B, +5C)) t—44;4 28,4+ 5C,, ’
Blf +B| +Bz = (6.:4.1 —Bl - 6C|) t+ 61‘.2—32—601,
Cit+ C|+C;-(—8A| +3Bl+9C1) t—8A4:+3B,49C,;.



1IPHpABHABAA KOXQPHIHSHTH LPH §{ H CBODOOHKIC “WICHL], HMCEM
CHCTEMY

—~54,42B,4+5C,=0, 64,—2B,—-6C,;=0, —8A,+3B,4+8C,=0,
—5A;4-28,+5C;=A;,, 6A4;—2B,—6C;=8,, -8A4;4+3B,4+8C,=0C,,
oTkyma A, =C,, B,=0, A4;=C,+ C;, B;=3C,, opruem C, x C; npons-
ponsael. Perxenwe (16) npraumMaer s

x=(Ct+C,+C) €, y=3Ce, z=(Cit+Cy) e'.

Tonaraz ceavana C,=1, (;=0, a 3arem C,=0, C;=1, HaxomumM Ara
HCKOMBIX JACTHLIX PeINEHHS, COOTBETCTBYIOUNX KDATHOMY KOPHIO
b=k=1 n=(+1) ¢, =3¢, 2,=t", x;=¢", »=0, zy=¢". O5mam
pemengen JanHoll CACTEME! SBASIOTCH QJYHEIIII!

x=Ce¥ +{Cot+ Ci+ C)e', y= —2C” +3Ce’, 2=2C,e" +(Ct +Cy)e’.

dx dx
E;=x+4y, I—h—y’ a"”zx ¥
214. 4 g, 215. < 4, . M
-&;=x+y. a=x+ y- ;—x+ V.
d d
%‘:=y+z, ay=y-z, d—i=2y-3z.
217 <o 218. S & 29 Qu
S . & = dy 4 oy
= 2y+4z & 4y+4z o=

dx dy_ i",_ _
220, a=3x+12y—4z, . x—3y+z, yy x—12y+62.

dx dy dz_
221. dl--2.7: y—z, d'-l2x-4y 12z, e dx+y+5z.

222. %’f= —-y+z, g—‘:=z, §§= —x+z. BuenaTE pemesue, yAoBJeT-
BOPAIOIIGE HAYATbHLIM YCIOBHAM: X=1, y=1/2, z=1/2 opu t=0.
dy dx
a= ‘—y+Z. a'—"x‘-}’;
223. dz 224. ay
—z=a-y—3z, —-=4x-—3y.
dx Y ds
dz
225, -d——-lﬁx Iy—09z, —=—18.x+7y+182, aml&x—@—l?z.

dx dy dz
226.;-5x—y-—4z. z=—12x+5y+12z. a—le—By—SDz.

Y __ & bx—2y—
227. d'-—‘.’,x y-=13z, v 6x+2y+6z, d‘—Gx 2y—6z2.

d d
228. —=x-z, a::-=-—6x+2y+62, £=4x—y—~4z.
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UIsEIDbL, FRriUEDIVIH, YRASAHMA

Taasz 1 _

‘

2. Pemenne. Helicyseremao, Mexay n-k exmmmmed a1 (n+1)-# croer a =Y.
a Memgy (n+1)-8 enaEEnel & (n+2)-lt CTORT n+1 mynedf, ger¢c He Moxer
b epaommTecxoll APoba; CEAOMATERRAD, SARROC YHC/IC EPPANHORALEC,

3. , B=0, 1010010001 ’3-0,8989989998 %

4. Haapamep, a-l,mmm..n " -

8. Pemenpe. Paccaorpem ciywall cymssa wmcea o u 8. [Ipeaoonowsm, =
a-+f=y Ty wECHO pansoHLILHCE. Torxs f=7-—a eTh TACKO DAUMOHANLEOE, ki)
PA3ACCTE OBYA PALMOASNLERX SHCET, IT0 OPOTHEBOPCINT YCIORE, CnenonaTeIsnG
meno a+ § appangoransuo, OCTAMLALE CAYIAN ROKAMNIBAIOTCY 4HATIOTHHO.

6. Pemeane, NeiicTaaTemao, opegnosoxeam, Tro -./2- — ZECAO PAIEOBAThECE

Torpa ¢ro MOXHC MPEOCTADETE B PRAC HecokpaTEMOl npobe p{q, e p B ¢ — menbli

BOMONETE/MLEEE uAcH: Oc3 obiex mmoxmrench. Mz pasemcrss V6=P,.-'q Hnseey

PP=2g%, nosToMy p2, & CAROBATENEEO, M P “ETHO, THK KAY B DPOTHRHOM CIyias b
66110 BH TAKAE HEYCTHLIM, HOCKONLE T mOBOT( BERETHOIC TECIS &CTh THCM
Besergoe; (2k+1)° mdk?® +4k+1m2 2K +2k)+1. I =2k, rne k— xaxoe-T¢
uenoe ascno. Mloacrannss 2k sMecTo p, nonyvack 4k% = 2¢% mmg 242 g%, Cnenosare
NbEO, B ¢ — YETHOS TECRO, HO TOrAA APoGh * /g CKAILIBAETCH COKPATHMOHE (HA B8
po6slo, TTO MPOTEBOPCTET BANMY OPEAOONOMCHHIO O HECONPATEMOCTE apoli

I-)munouzlaaso, Tro \/i BE €CTL PAIHORAILEOE THC0; 3AYAT, 0RO BPPRIEORAILEO
12 infx-i, sup X'=1. 16, Moxuo. 17. Pemerne. Jonycrem obpaTaoe, BanprMe]

70 GAEHOC MEOMECTBO X OrpadsqecHO cBepxy. TOrHR B CHUTY TEOPEME OHO HMie!
TOYHYIO BEPXHION rpass. OSoiuauen ee qepes ¢, T. &. sup X=¢. Cornacao ceolicrs:
TomEoN Mepxmel TPRER, /IR sw ] CYmECTBYET TAXOE LEIOC TBCAD xeX, IO Gymel
BhETONENTECE HepanencTso x>»>c—1. Ho Torma x+1>c, o Tax xax x+1&X, 1o am¢
OIHATALT, Tro ¢ Pe AB/IEEeTCH To4Bol bepxmeil rpamsio X. Taxam ofpazoM, nony-leli
TpOTEROPETHE, KOTOPOS QOKIIRIBALT, YTO JAHHOS MEOMCCTBO HE OFPAHATCHO CBEPXY
ABanOruTHO [OXAIRAETC, Tro MEOXECTBO X He orpammveso caply. 18, Vxasa
Hae: To, YTo MAORECTNO X Be OrpagAveR( cCBEpXY, CNSOVOT H3 AOKATARAOre b 340A%
17 yTepxaenes.

19, Pemenge. B caMom hese, b CRITY YTDepRASHEE 2aaa9w 17 pas amcna ,faaai

BeTCE TAKOC LENOC THCNO A >0, TT0 [g<n, DTO WHCXO ¥ BCEOMOP, TAK KiX, YMBOXKA!
BCpaBCECTRO bfa < n HA DONCXETEHA0E MMONO 4, NONXYwacM an > b, aro o Tpebosanioc:

moxalate. 23, x£0. M4 x<0. 28 —l<x<5 26 x23 8 x5~1. 2. x=— [
2&x>-1;2. 2. —1<x<0 3 2<x<3 3 2<x<3. I x<—-1 mmE x3l

13 x=0. 34. x=2{5 E xm2 35 xm}f) 36, x=—nf2+2%n (k=0, +£1, £2, ..)
3 x,am$3 W —J<x<—1 BE 1 <x<d 39 x<—1f3 wnm x>5/3. 40. x>§

41. le}\/:;‘. 42, x<0 wE 0<x<3. 43 x<—4 wnE x>4. M, x<-]1, 45. Her
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PEICHER &4, X¥= =1, %/, K= —/ Q0. XX —FL 80, X8 H X<l ) £CK<).
5L x€—2—2, x314+/3. 82 1/ 17gxg/5—1.

Taama 2

L 1) xym'fy; xomlfs xymijy xq=liy xsmifiy; 2) xym3fy xam4iy; xam=f;
xa=%les; xsm 16 3) xmifp; xymAy Xym2lan xqm=tya, xgmO; ) xXjm2) Xy
=3y xymdfy; xym —Ffg; x5S e §) xy =1 Xpm0; Kym — s Xy 0; Xg= s,

1 1 —1\2 ¥ 2P
1) x,-m 1)1, 2) x,,-;, 3 x,= " ¥Eazamme: 1; 2’ 32, 42,

)] x,.-3'+('—l) Yeasgame: 3-1; 341 3-1; 3*+1 3F-1; 30+
5) x,={—1) mma x,=cosnx.

DL 1L W IE 1L =il 2) 1 4 7; 10; 13; x,=3n—2. 3) 1% 2% 3%; 4) 5I;
xy=nl. 4) 2,6; 18; 54; 162 xpgm ;3" . 5) 1152 4; 8; xp =2’

4. xgg=—1; xgps= 1. Pemzenpe. Jaunas nocneA0BATEIRAOCTS NEPHOIATECKAR ©
nepuECAOM, PARERIM ECTA: X; =(), Xy =1, xym=], xym0, xsm —], xgm —1, xy=0,
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2nx X R —1 n—3
’_Icos(—+n-i). 191, (——)—"_%—)! 192 —2¢sinx. 193, xa {(*In%a+

3
- 2

+6xina+6). 194, 2sinx+dxcosx—xisinx. 195 2¢  (Snx+cosx). 196 -
4

X

197. ¢ [ +6nx+3n(n—1)~4].  198. (80x’—19)@x)’.  199. —4cos2x(dx)?,
200, 4% 2me@etind- 1)@y, 200 SBETATEE v 4&in2::(dx]’
— x5, P . — .
24/ (In? x-4)?

03, _—ls(d.t)‘, (x>1). 204, —-5(dx)’, {x>0). 205, (10cos x— xsin x)(dx)*°.

16G-1)"
2.1 1+ o 3,3 208, utg‘ 1 208 3241 32 -1 210, —tgt
U, e —. - —- . 209, 3 . —1igt;
2 ap 2 2 Lt u ' oap

de 'hﬂn"i
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u 211 - : : 212 P H
. 211 5 . emenne. He ynonmernopaer,
- L] -
3acos* t4-sin¢ ot f—sint e(eou —sin®)®

mmmmammmx-lnuuﬁmeemwmm
.x-2,r ¢. BA KOHDAX OTpeiya, & He Ha ERTeppane (1, 2). Ilos XK B Tolf, Tax
mgoﬁ TPOEIMOABAN B BYnh Be obpamaerca, a passa f'(1)=é, f(2)=12.
213. menue: 1) ymnmmymnml"lz" HO BE YOOMICTROPICT YCAOMIIO
2) yRORWNETRODNET 2% 5 3° EO BE yOOMNETRODNET YoIIOBO 1%3) ymo»-
maopmyunoum 2 3% so uynoamopmmosmz Homymsm
mmimromnmpnm HEX B CYINCCTBYET TOUNH, B ROTOPOH HX
opomssomaax obpamanacs G » xym. 214, Pemene. He yuommnpm TAK K&K B¢
ynomnomymmz" Helicramrenao, HE BE BOCH THCHOROR
Mol CTeNOBLATENEEO, H Ha OTPEIKE {-1, 1], f(— Yu=f 1)-0 HC DPOE3BONHAY

2
f (x)ym— 7P TOTKE xm=( Be CYMECTBYCT, T. €. YOIOBEE CYMECTROPARED KORETROME
3%/ x

npommmiumum(ll)mauuomnu mgma
. BAREOH dymxuEw ma [— 1, 1] senpmuenams. Hnﬂcrmm,f’(x} [-1, 1]
215, Pemenme. Y.uomopne'r, TEE KAK OHR m:mupym
otpeaxe |0, x) B obpamraerca B BYME Ba ero xosuax: f(0) =1 {(n) =0. BATEALEO, B
paste (0, K) CYINCTBYET TOWER X =¢, B '(c;-o Dol Tosxof FRTNETCK
.?::?L:mpoinpmmmld:m x)=cos x ofpaingerca 3 gy, 216. Pe-
megne, [Ipemuonoxnm, TT0 CYIRCTBYIOT ARa EOPRY; X) <Xz TOIAS HA orpease [x;,
X3) byaxups f{x)=x*+3x— 5 ynosnersopieT BOCM YChomENM TEOpemMu Poaas: oma
ncupepunx nnmimemmxmﬂnywuponnmymnoﬁ]:mnan
» Hymb. CneforaTenbEo, B HexoTopoll ToTXe ¢ Xy <c <Xy, fc)=0. Ommaxo
f x)m3x3+ Im3 (x* +1)>0. [Tomywennoe mpoTEBopevne mmnm, 110 Japaesoe
YPADHCEHE EMEET TOMLEO om nemecrnemn CTROBAARE XOTA Ou
OHOTO BeIOCTREHHOrO KOPES CHENyeT ﬁij-x’ +3x—5 — MEoTOURE
peversol crenenm. 217. Pemenuae. d‘wymm -2:- YAONIETBOPACT YCXOBRIM
Teopenmd JIErpaHXE, TAK KAK OB, Ea Ba OTpedke [1, 3]nmee-rxonemym
npomommf{x)-Z 2x » nml;:pmﬁ TOUKE OTPEIxa, T. 8.
mpyesa ma (1, 3). Ilo reopene Jarpasxa, Jtlldl -lnxg—3cymec-rnyer
TOUXE X=mc, YACANETBOPAIONIAS pasescTsy flxy)— 1)-1'1l c) (x;—x,). Tloncrannas
-1y _@ 3—3’)—{2‘1—1‘)_

apanenR x; =1 & xo=3, ponyvaen f(c)m2—2em 31 31

-4
-7' oTEyAd BAXDARM c=2. 218, 1) ¢=T(2; 2) c=2{In3; ) Eenpimennma, TAK KAk

dyexmEs Re mwecer npomssopEod 3 Towe x=0. 219. 3 (1; 1). Pemenne. Pyaxms
y=x* pa orpexe |- l 3] EenpepeIPBA B EMOST KOHSTHYR MPOEIBONAYIO, MOITOMY
K Bell TpEMcHEMA reopem.l'larpana.Cormo TeopeMce, B Ayre AR Baiinerca xots
6w omBa Touxa M, p roropolf xacaremmag napagnenas xopae 48, Hammpes

f@)=1(-1)
dopuyny Jlarpamsa ang 3asaenolt pyExupm Ba orpeaxe [—1, 3): m-

9-1
-m=f'(c)-2c. oraons cw=l. ITopcTasaex c=] B ypasmesms xpHeol, maitgem
COOTBETCTRYIOLTYIO opnumiry:lg-l’-l. Taxmm 06pasom, EcxomMoil ToECH APRACTCS
Touma M(1; 1). 210, M(E; -I) 22), Oyvmrmme y=|x—1| B¢ Ameer npomBOAEON

B ToOwe xw=1, 7. €. He FBIRETCK 23 mepsm , 33 Ho:
TEOPEMA Jlarpam HenpHEMERHMA. emenxe ]-x‘ 2x4
B g{x)mx’ —Tx 4+ 20x—5 YACBNETBOPSIOT YCRO! K&n TEX KAK OHE
BENpepiisEl BA oTpeaxe [1, q,nmomnme -2x —2rg 3x?—14x420
CYIECTBYIOT 30 BOEX TOUERX pana (1, 4), 7. e HI[HpYEME! BA 3TOM
HHTEpSANE, H, EpoMe TOrO, glx)# n[l,4].l'[ompeue , MERILY ABYws

TOIAMHE X =] ¥ Xx3.4 CYMIECIBYET TOHUKA X=c, YAORASTBOPSIOMAN PABEBCTHY
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ﬂxi)—ﬂxl, N) 11-2

e w—=—_ JlopcTapngn dEAMSEEA Xijw] B xy=d4, momyuaew -——m
£GD—g(x) 510 ‘ ? 7-9
2e=2
-m. YpUBACHNE, HAXONNM &;=2 H cym=4, Tax xax Toqxa x=¢
MOBNETBOPATS mepancacTsaM 1 <c«<4, To Bcxomoll ToOWON mmakeTeR o) =2,
2(¢’+ab+b’)
B D o=y Dot D o= 1/ (154)*. 24. Her, max xas g(—3)=

-3(38235.1}‘2.116.12273,’52%22291;’3230.1231 =1.232, 0. 233, 23,
0. 236, +co0, 237, 0. 238. 1. 239, +oo, 240, 1. 241, 0. M42. 1. 243, 0.
244, 2/x. 245. —1/2. 246. —1{2. 247, Q. 248. 1. 249. 1. 250 1. 251, 1. 252, ¢,

253, 1/6. 354, 2/3, 285, 1. 256. 0. 257, gzs. 2259 lﬂMIJJMI. -1/,

262, —1/6.263. —1/2.264. 1. 265. 1) .266. ¢ 267 FPemenue. [Ing peme-
mnmmmoﬁxonnuominmwmumummummswm
x=1. Hueese: P(1)m0, P'(1)m0, P*(1)=0, P"())=18, P (=72, P()=120,

J=0 (n36). TloncTasap Balinemdiie 3padeses B $opmyly Teitopa, MOMYTEM
P(x)-ila—?(.t— l)’+::—?(x—l}‘+-l—:-:—](x—1)’-3(x—l}’ +3(x— 1+ (x—1)?
268. P(x)-- ;—_9!+22(x1-1)+4(x+1)"—6(x+l)’+2(x+l)‘. 269. Pemenee. Tax rax
Py LD 19 0 <™ (r=12 S =101=0, 70 roprayan Mao-

(1 +2)

peHa mneer »ET In (1 +:|:‘,i=-=:c-»;+3 + ot~ l) —+ (x’] 270. Pemeane. Tax

Jm1/cos® xmeos™ 3 x; fM{x)=2c0s™? xsinx; f"(x):ﬁcos"‘xsn’x+2¢os 2x;
f(0)=0 F(@=1; M0)=0; £°(0)=2, 0 B tbopuym amopena meea tzx-x+

+—3—+a(x=). 7. e ’-1—x+5+a(x=),- 9 &F -1+h+x’—5x’—;x‘—
—--l%x’+o(x’]; 3) In(cosx)= —fz—z-gwtx‘]; ] sin'sinx-.t—-§+o(x’). 272 2
273, 0. 274, 1, 275, 0. 276, -1/12. 277. 1/3. 278, —1/4. 279. 19/90. 280, 1) Bos-
pacraer B& (—oo; +00); 2) BoapacTaet Ha (—co; 0) w yGusecr g2 {0; +oo); 3) 303~
pacraer Ra %; +co } @ yOLmaer 5a 0;5 ; 4) poapactaer aa (—o0, —1) @ (I, + )
u yGupaer 88 (—1, 1); 5} sospactaer g8 (—o0, —1) g ma (1, + o) & yOuipaer B2 (—1,
1. 282 1) lpr x=1/2 — nmEmMyM, /G)--—I,!ll; 2D mpa x=1je — MEREMYM,

I
f(;)--—-lfe; 3) mpE x=—1 — mEERMYM, f(—1)=17/12; opa xw=0 — maxcaMyd,

3
J©®)=2; opg x=3 — mmEEMYM, f(3)= oy 4) Ope x= =1 — MERAMYM, [(~1}=
= —1/2, opa xw=1 — maxcamys, f(1)=1/2; 5} opa x-O-—muaz, f(Q)=0, npa
¥=2 . saxcungym, f()mde?. 283, 3060 s, 284, 5 uw 5. 285. —. 286. -. 287.

v P 4 4nR? 2
3 J/2Wx L avx® - 8. ——-. 289 —xR%h. 290, ——. 291 2n: J-.
4 4+n 27 3J§ 3
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E f
292, (i' 0).293. 1) Tipe x«=2 — Towxa Iepereba, aa (— o, 2) — FLNYRICCTE BBEPK,

|
Ha (2, +®)—3Ew3; 2) upw x= —2 § x=] — rowN oepereba, Ba (—m, —2}—*1
BRITYKROCTE M3, B8 (-2, 1) — ppepx, ma (1, + ) — pums; 3) Ha (— o0, + @0} —
BRNYKAOCTE NS, TOWeK neperuba e, 4) xm —] B x=} — TOUKE neperuba, B
(—co, —1}-— sumyxrocTs ssepx, 2a (—1, 1) — semn, \a (1, +o) — snepx; §) wpm
xm]1/) — vouxa neperaba, Ea (0, 1/2) — samyxnocTs socpx, ma (172, +zu,ol— BEEI;
§)m (—m, +00)— BWOYXADCTL BEES, TOWX [cperifa mer. am—3,
1295, g==£2. 296. 1) xw] — DeprExansRax ACHMITTOTS, 1y=5—11::q:\mou-ra.ﬂmu.u
ACAMTITOTA, 2) X = ]{) — MepTEXATLRIG ACHMUTOTA, y=x+1/2 — RAXNOBAAS SCHMII-
To1R; 3) Xw+1 — BepTEEANBEIE ACAMIOTOTH, F=2x+ 1 — BARNCHHAR ACAMITTOTS;
4) x=0 — PepYRNATLEAN ACHMHTOTA, Y= X+ ] — BAKIOHEAR SCEMOTOTE; 5) Ope pad-
JTHTEL¢ BALIOHFLIE ACEMIOTOTM. Ym=X—X OpE X—++00 # yeX+X PpE X—+-—m,
297, Tlpa xm —] — MAXCHMYM, ywa2; (PR x=] — MBHBMYM, y= ~2: OpA x={) —
Toma meperdba. 298, Ilps x=2 — maxcamym, y=16; mpr x= —2 — MuHHMYM,
y=—16; opag x=0 — Towxa nepereba. 299. Iipa xw ~2 — MaEcumys, p=4/}; npE
x=() ~— mEERMys, y=0; npd x= 1 — Touxa neperata, 300, [Ipa x= +2 — MEEE-
My, ya=—4; opi x=0 — mazcmuym, y=0; opa x=+2./3 — T09KE neperata.
301. OGnacrs onpengnenny $yusuma {— oo, 0). YIpa x=—1] — makcivym, y=1; B3
(— 0, 0) — BaLYLIOCTS n;px. 302. Ofnacty oapeaercaas yexusn {—oo, 1). [Ipx

x=3{3 — maKCEMYM, y=—F; B2 {— 5, 1} — BLAYKA0CTL pRepx. 30X Tipw x=2 —

3
MAKCEMYM, Jv'-?vf\/l-'; x=4'{3 — tonga neperafa; y=0 — ropHIcATANLHAYL ACHU-
mmupux-v+m.% OfnacTs onpeneneana |xi 2 1; p=2y @ p= —2x — HAKIOB-
Bhi¢ GCHMETOTH UPH X—+ -+ B UpH X—»—c0. 305, Obnacrs orpeneacens |x|21;
y=0 — ropasoarammbeay acemoroTs. M6, ITpe x=0 — aeEEmym, y=—1. 307, Ilpn
x=(0 — MaEcEMyM, y=0; OpU x=m] ~ MEEHMYM, }=-1, 308, [Ipg x=1 — mauA-
sy, ymi, 309 TIpe x=2 — MERmMYM, y=—2’\/5.; PN X= — 2 ~— MAKCAMYM,
y=20/2: mpE x=0 —rowxa mneperaba; y=0 — rOpPEIOHTAMLEAR ACHMITTOTE.

310. Ipw  x= 32 — MEREMYM, y-z’-\/i; upE  x=0 — MAKCEMYM, y-z’,/i.

3 4
311. IIpm x=3/5 — MaxcEmym, y-g’\/;; OpH X=] — MEAEMYM, y=0; NpE X=

=65 — Touka neperaba. 312 3xCTpeMALEE TOYCK HET. X= ] — BEPTEEATLHEE
ACHMOTOTH, }=0 — ropEiosransaas scaMIrotz., 313, DxcrpemansAKX To9ek HeT;
Xu 2 — BEPTEXEIHAME CAMITOTH, ¥ = — rOpEM BT b8 acaMnToT:. 314, [Ipa

2 3 4 t
x=-3 — MAKCEMYM, y-g’ 2—5; npE x =0 — maRAMym™, y=0; mpe = —L — Toua

nepereba, 315, IIpe x=1 -— maxcamym, y=i; ApE x=—] — mEHEMYM, y= —1/2;

opa x=0, xni\/i — TtomE  neperufa; y=0 — ropPICETATLHAN ACHMYITOTA.
M6. Ipe x=0 —mwu,g--—l; X=] —— PEPTHKANLHAL ACHMITOTA, ¥ ={ — rO-
palcETaxbEas acEMITeTR. 317, IIps x=) — Mmaxcamym, y=1; mpa x=1/2 — Touxa

04; x=21 — peprEKahEAq ACAMOTOTA, V=0 — rops3oEte/bHAN SCEMTITOTA.
SIE TIpE xm—]1 — maxcumys, y=2; mpa x=]1 — mEEEMYM, y=0; npr x=0,
x=ta/3— TomE peperAGa; y=1-— ropricATancAsg acEmrord. 319, Iipa
xm( — MuxcMyM, y=0; x= 41 — BepraxarpEnte acAMOTOTH, yY=1 — ropuaoca-
Tamaag acaunrora, 320, Ilps xr=—1 — maxcanym, y=0; x=0, x= —2 — pep1B-
FANLEEI SCHMITOTH, y=1 — ropEsoETaMsHES acAmMnTora. 321, IIpm xm=m2 — malx-
crmyM, y=2fe; npe x=4 — Touxa neperuba; y=0 — ropajoETANLEAS ACAMOTOTA
mpE x—+ +00. 321 Jipm x= 1 — mEEEMyw, /(1) =¢; ToTex neperuba mer; x=0 — acp-
TEER/ILHAN 4CHMITTOTA, }w{ — ropailOETALIBEAS ACEMOTOTA OB x—+ —c0. 323, Ilpa
x=1/2 — wEmEMyM, y=]/ée?; Toucx mepernfa Her; X=0 — DEPTEEANLHAY ACAMI-
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TOTE opa X—0+, h_g‘ e =0, 324, Mpa xa  MoxcEMyM, ym |; opg xm —1 —
X -—
TOYEZ 6a; y =0 — ropesoHTssBas acaMrTora. 325, Ilpe x=1 — muxcendym,

y=tio/e opa xm —1 — amraayn, y--lf\/;;mx-t 3 — Tomze neperuta;
y=0 — ropmsoETAmAEAL aceMrroTa. 326, IlpE xw= —) — umEEmMyM, y= - 27/eY; npu
x-—!;t\/i--mm peperaba; y=0 — rOpEOETANLHLN ACEMITOTE HIPS X— « 00,
327 lipn x=3 — maxcaysm, y=27/e’; npa x=0, xn3¢~/§—-rom peperpba;
y=0 — rOPpEIOETANLEAS ZCEMNTOTA IPpE Xx—++c0. 328, TIpm x=2 -— MaxcCwuay,
y=—clfd; x=1— SCAMOTOT, a0 — TOPA3OETATAEAS ACEMOTOTA
opn x——c0. 329. llps xw —3 — Mmmimym, y=¢*/6; mpE xw=l  MaxcamyM,
y==1{le; xzj:\/?;—— ACAMITYOTH, ¥ =0 — FOPRICETAILEAL ACHMII-
TOTA OPE X+ 0, mm TOMEK Betr. x={ — BePTEXAILHAS SCMMG-
ToTA, y=+1 — rOpEORTANGEMNE ACKMETOTH, [y>1. 331, Dxcrpemansanx Tovex
per. [Ipa x=0 — TouEs neperaba; y= j:l TOPRIOHTATLELE ACEMUTOTH, (W <1,
332, Nips x=—4 — makcaMyM, y=—2e'; x=-3 — pepTRRagpEas  ACEMOTOTS,
y={} — rOpRIOATATHRLE ACUMOTOTA OPH x-+ +t0. 33, IIpA x= 41 — MaKCamyM,
yalje; ope x=0 — mEEEMyM, y=0; y =0 — copErOgTANNEAR ACRMITOTA; Qynxnad
Beorpritavenssan 3M. [Ipe x=1/e — pmaervym, y= —1fe; {1; 0) — Toaxa nepeceqs-
ung ¢ ocee Ox; % y=0, Tovex neperaba mer. 335, [lpx x=1 s@msmmym, y=1;
A0+

$yExEs DOAORNTeNbER, Xx=0 — Kanbiad acamoTord opa x—0+, 336, [Ipe

1
x=} — maxcusym, y=1; opet x=¢ — TOuKa meperuda; X =0 — BEPTAXLILHAR ACH-
MIITOTa PR x-—-0+. ¥y= Odropfmum munff‘ra opa x— 4. 337, [pa

Xx= ] — vEERMYM, y=0; Dpa Xm 7 — MBKCHMYM, y= Iim yw=0; ¢yoxuns seor-
€ &t r—0+
i 1
pureasss. 338, [Ipg x=- — maxcuniyss, Y= OB Xx=i — MEEBMYM, =0,
e e
1 1
im y=0; npg x&—— B xx— —vouxR pepersba; dyMS BEOTPEUATEALEA.
-+04 elﬂ e’ﬂ

339, [lpu x=¢ — MVEBMYM, y=&; Bpl X=¢6 — TORKA neperuba; i yu;x=l—
x-+D+

i
npmmmmrlplx-l-b\/ u:myu,y-— opa x=]+

+\/_ Tomga peperpfia; Xw} — BEPTEXLILAAS ACAMIITOTS HPA x—¢1+,y-0—
TOPE3ORTAIMARY ICHMWTOTE UpS x—+ 0. M1, Hpr x=1 — mEMNMYM, y=2; ops
x=—1— y=—215 x=0 — PePTUKLILEAN ACEMOTOTA, Vw X — SAXTORNAN
acamarora. ML Dlpg x=0 — jaaxcinyss, y=0; opr x=4 — musBwys, y=3;
X=) — SPTAKAILEAS ACHMIITOTR, ywi-+1 — BAKTOHHAS acEMnToTE. M3. Ilpx
Xom—3 — MANCHMYM, = —49/12; ape x=1 — mancindym, ¥=5/4; opa x =2 — ME-
YR, g-ws; opE x=9{7 — youka neparaba; x=0 — BEPprEXATL.AAE ACHAMITOTA,

ynax—;«-—m acavnrota Md Tlpa x=2 — usmguym, y=2; mpe
X} — MAKCTMYM, =2 x=0 — PEPTHKATMARS ACHMOTOTL, ¥ X/2 — BANIOR-
EAS ACHMITOTA. mflp( Xuu| - pEEEMyM, y=); TOTEX neperEba BeT; X0 —
PEDTENAIREAS ACHMUTOTR, y=2x — BAKNORHSS AcAMITOTA. 6. Tlps x= —of 3 —
u-uyu,y-lfﬂ;m:-J—-mmuyu,y--!Jﬂ,x-tl—w
M ACHMATOTEL, ¥ — X — SALTORNAN SCHMIYOTE. 347. DKCTPEMATMANL TOWE BT,
Tipe x=0, x= +./3 — Toms neperaBa, y=x — psxaonsae scumgrors. 348, Tipu
x=) — umsmys, y=27/4; x=1 — JEPIEXLILALL CHMITOTA, ¥=X+ 2 —- HAKIOR-

maa acasnrora. MY, Ilpm x=1/2 — wEEEMYM, ysl\/iz‘z; x=( — BepTEKAHHAN
ACEMITOTL OPE X404, ym x +3f2 — BANIOAELS ACAMETOTA ODE ¥ + &&. 380, Dyer.
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PeMANLELIL TORCE BET. 1IPH X =) - TOTEA OCPErADA, J = X+ 1)L — RAKICHALS aCHMITY
TOTA APE X-++00, FmX-—n{2 — BAKIOERAN SCHMUTOTL Xx—=—w, 361, leq

xm( — MERRMYM, y-o;nplx-—d-—mm,y--%—?; xm =] —upnn.vu{
HAS ACEMITOTA, y-x-—3—11m:om- acmarrota. 352. Iipm x--—ln—nml}:
MyM, y=—1/24n/4; npu X — MEERMYM, y=1/2—n}4; ymx—x/2 — Baxnoumes
ACEMITOTS NP X— =00, Y= X+ x{2 — BAKIORHAR SCEMITOTA HPH X~ — &,

Txans 6
X ¥ a2 x5 1
R P Re R —5-+Ex’-,/;:+2;\/;——-+hlxl+c‘ 4 2arctgx—
X

X x

1

x

~3acinx+C. & —+—+C. 6 2t +—+C. 7. —cosx+Ssnx+C. R x—
In2 In3 3

.‘.1
—cosx+C. 9, —(tgx+cigx)+C. 18 -3——x+aretgx+c. 1. 3tgx+2ctgx+C.

1
12 cotx~—cigx+C. 13 —(cigx+x)+C. 14, i(x—sinx)-i-c. 15, arcsinx—Injx+

1 -5
+-\/1+x’|+C. 16. x—arctgx+C. 17. EhE—s 0 [x+/x* +5]+C.
x

x 3 |x- 1 1
arctg—=+C. 19, x+-In +C. 20. In[x]==-——+C.
‘/- s,\/i 2 L+l‘ . x 2%

X
34 2 1

. 2/ x—44/x+C W —tC B F+gx+C U P-—+C.
nd [y T

ll.arc&in+

2
Zs.ix\/;—-3x+6\/;—ln!xi+c, 2. Igx—4ctgx+C. 27 x+coex+C.

X
1 1

@) X arctgx+C, 3L —x* ——x  +arcigx+C.
2+ 4 2

1
1 2 ’
2 gx’—Zx-iln L’:—:-: rc -f-imﬁ L
$mhs 22
35 ;—E[sz—h}-x;j]+c. VEajaEge: YMAOKETH TECIATETS N MEAMGCHATETR
OOAKKTETPANLACrC MJpawends B2 wEcic 8§ B npomeciu mpeclpaiosaume:

sin 3x cos 7x
Smi 44433, 36.—;—-4-(.‘. 37. — +C. n—;m(s.wswc. ».

1 1 _ 1 1

Ee"+c. . ~lnjoorsl+C. 41, —e *4C a2 Ee”+5=”+e‘+lnle‘-1r+c.
1 Ix x +Sxyte

R T t—'i—afc. 6 3agic @ =

2 1 3 1
N ;(zx—s)’”+c. . —E(z—vx)“w. S0, _ln[sx+2+C.
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sonxysaem nahdepeEnELLEOE YpAsAERRE

y =z,

E3 KOTOporo Bafo HAHTM 34PBECEMOCT: OYTH y OT BPEMCHE f, T. ¢ BaAc HadTm
PEREEENE ITOCC YPABRCHEN, YROBACTROPSIOIICS 34 SAHMMM BASQTLELDY YCIOBEIM

Pl=o=0 H ¥’ lrug=vp.
IToaarax v (=)', nonyuscM ypanHepms v s g wun dvegds. MaTerpupys, Baxoqmm
vugi+Cy

x+1 X
+(l-xf2]linx-——-i-- cosx. 194 ym=m

Hoxaran 3gece (=0 B ACOOMLIYE BTOPOS HAVANLAOS YCHOBNS, WMECM YPABBSHHE
vomg 0+ C). Orcrons €y mvy &

Vagli4vy.
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Q.
W\rna{lmurpmxmpn,m

dy £t?
E-grw.,. dy=(gt+vp) dy, y-T+vo.r+c,.

JAnz oupenencant C; SAMETHM, ITO B CHAY IEPBOTO HATRILHOTO Yenosas ym={0 npw
tu (), [logcTannan 37TH JHATCEES B NOCACIBCE YDURACHRE, [IOTYSHM

ﬂug—'O-FVQ‘O-I-Cg,
2
orxyna Cy=0. Crenosareseo,
l!
y-;-i-vor.

Taxow 3aK0H DBKEHHA TOIRY Op cEOGOIHOM DANCHEH ¢ BATAnLE0H cropocTsio vp.

202 y-vor-s—;.-. 203. S-&'n' v-k‘n; a—g em 204, t=m6) mER. PelmcaNme.
06038 TEMOCPATYRY TEA2 B ECXOTOPHI MOMEAT Bpemens § wepea T (/), Torna
CEOPOCTh NIMCHCENR TCMISPATYPH DO BPEMEHH PARHR MPORIBOMHON g Tak xuk

CXOPOXTE OXHAKISARA NPONOPUHORAHEA PAIAGCTE TemMuepaTyp (3axo8 HetoToRa), To
GONy4ats ypapacHEe

a7 k (T—24 a7 kdi
g F T30 o g =kl ©

3peck & — MEOSRTEN: NPONOPURCHATIROCTH, DOASXAMAN oOPEASICARY, FTO YpaD-
HeaRt ¢ PAIICIAICIIEMECE NepemenshivE. MaTerpapys, HaXoaHM:

It [T— 20| mkt +l0.Cy (Cy>0), [T—20{=Cse ",
T-HW=14Ci¢ =Ce¢ , T=le +20.

Tlonywana obuee pemeswe ypasuennd (+). J[n4 BHAEIEHAT SACTHOD PENFCHEA BCNOE-
ayes HATLTRACE YCAOBHE T [gm o= 100. TToAcTabIng 3TO SHAWENC B DOCACIHES YPADHE-

k0
mme, gonyiaes Ce 1+ 20= 100, orxyng Baxomam, 570 C=380. Mrax, vacTaoe peuesme
HMECT BEE

T=80e" 4+20.
Jna onpenenends BEAIBECTHOO MEOKBETATR K HCHOARIYEM BTOPOC nonomiubnoe
yonosee: ape (=20 maa T=560°C. Toraa In40=20k+In30, otxyna k-—ﬁ In2
Taxe oSpason, ECKOMOE PenICHES YPABBLENS (;')2‘l
Tw=20+ 80 (;)
XOTOPOS N BLIPANACT 3AKOH OXMAmgesns Tenz. [Ipm T=30°C monysiem ypapmeEme

AN Al t
w-so(i) m(i) =E.ommmom-£]-3mf-60 ame. 08, Slogy 202

2
@215 mmm. 206 T=- f——. 207 w35c 208 x=¢ (C,+Caf), ym
o¥ g
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M-
=” (C—C+Caf). WY, y=Ci6 +C 2= -G8 o2 210, x=

=" (Cicont+Caeins), pme (Cisini—Cicons). 211. x=Cicost+ Caainy, ym=
1 - -
=; (€1~ G oost+(Cy+Cp) ind. 12 ymCle +C , smCie —Cpe . 213, ym

=2C) conx+2C,8in x, 3w(C)—Cy) 008 x+(Cy+C) sinx. 24 xm—~2Cie +2Cae",
y=Cio ' +Ce" 218, xime” (Crcos1+Casins), yme (Cysin 1~ Cycons). 216, xm
=c" (Cicoat+Casing), yme. (Cisini—Crcond). 217, ywCie” +Cx”>  zm
=Cie +2C" 218, ymCi+CR  2=Ci—4C 219, yme (Cjcondx+
+Ciinde), zme (Csindx—Crooedx). 220, xm—2Ce —8Cx ~3Cse", ym
—CE 438+ C  zm2Cie +ICe +3CET 220, xm2C 4+ Cot' £ Ct”  ym
-=3C.'1—2C.'33” z-C1+Cge'+2C;e” 122, x=(Cy+Cy) cost+(—Cad Cy) tine, ym
1
=C1e'+Cgoosl+Cgsint. z-C;e'-szinHC;cou; Xwens!, y=;(cosl+sim),
1 - -
r= (cont-sing. 23 yme HO+Cp, rme T [-C+G(1-X)} 24 xw

= (G40, yme ‘RO+CQ1-1) 225 xmCet G’ pm—2Ce '+
+3Ci6'~3Cy0', 2w2Ci8 " +Cre. 26 xmCie +(Cot+CrCR) €, pm—2Ci '+
+3Cx, zm2C10 +H(C+Ci)e. 2N xmC +Cse , p=3C1—3C;—2Ce”" zm
mCr 20y 18, xmCi+Cy (t+1)+Co8 ,ym3Cs—208 ", 2=Ci 4 Cat+2Cie .
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